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Beyond the Lamb—Dicke limit, this paper investigates the squeezing properties of the trapped ion in the travelling-

wave laser. It shows that the squeezing properties of the trapped ion in the travelling-wave laser are strongly affected

by the sideband number k, the Lamb—Dicke parameter n and the initial average phonon number.
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1. Introduction

The investigation of trapped ions manipulated by
laser beams has attracted considerable attention in
recent years.[!!l This is not only due to the funda-
mental physics involved, but also because of poten-
tial applications, such as generations of macroscopic
quantum states of a single trapped ion: the even/odd

(2] (3]

coherent states,®) precision spectroscopy,”’ quantum

computation, and quantum state reconstruction. 56!

Some authors have extensively investigated many
dynamical properties of the trapped ion system. In
Ref.[7] Liu has studied the dynamics of a trapped ion
placed at an antinode of the standing wave inside a
high finesse cavity with consideration of the second
sideband excitation between the ionic internal levels
and the light field. Also Svandal and Hansen [ con-
sidered the collapse and revival dynamics of two en-
tangled trapped ions. In addition, many schemes for
generation of quantum states have been proposed, for
example, the motional thermal, Fock, coherent, and
squeezed states of a harmonically bound ion have been
generated experimentally.[6:9:10]

In general, what has been achieved so far con-
cerns most of the dynamics of trapped ions and gen-
eration of states; less attention has been paid to the
squeezing properties of these ions, especially beyond
Lamb-Dicke limit.

and the atom have potential applications in high-
(11]

In fact, the squeezing of light

precision atomic fountain clocks, high-precision

spin polarization measurements,!'?l and the genera-
tion of squeezed light.['3] Previously, Fang and Liul'4
studied the squeezing properties of trapped ions in a
standing-wave laser by transforming the trapped ion
system to the Jaynes—Cummings type system under
the Lamb-Dicke limit. The results show that the
squeezing of a trapped ion depends on its position in
the latter, the detuning parameter and the initial av-
erage phonon number. In this paper, we investigate
the squeezing properties of a trapped ion driven by

travelling-wave laser beyond the Lamb—Dicke limit.

2. The model

We consider a single two-level ion stored in a coax-
ial resonator RF ion trap with w, < wy .. Only the
quantized vibrational motion along the x direction is

considered for the cooled ion.[5]

The trapped ion is
driven by a classical travelling-wave light field of fre-
quency wi, and initial phase ¢r,. In the rotating-wave
approximation, the corresponding Hamiltonian can be
described as!'® (assuming & = 1)

1 0 2
H= w <d+d+ 5) + §&Z + 5{&+ explin(a +a™)

—i¢r] +H.c.}, (1)

where 7 is the Lamb—Dicke parameter, which describes
the strength of coupling between the internal and ex-
ternal degrees of freedom of the trapped ion. a*and
a are the creation and annihilation operators of the
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atomic external vibrational quanta with frequency w.
0, and o4 are the Pauli operators, defining by the
internal ground state |g) and excited state |e) of the
ion of mass M as o, = |e){e| — |g){g|,0+ = |e){yg|,
and o_ =|g)(e|. § = wp — wy, is the detuning between
the ion and the applied classical laser beam. {2 is the
carrier Rabi frequency which describes the coupling
between the classical laser beam and the ion. The fre-
quency wi, and phase ¢r, of the applied classical laser
beam are experimentally controllable. Obviously, un-
der the rotating-wave approximation and beyond the
Lamb-Dicke regime, we can easily obtain the Hamil-

tonian in the interaction picture:

N . i . s (in)QndJrndnJrk
Zen/2 i¢ o2 7
2 ¢ [e o+ (Z nl(n+k)!

n=0

Hy =

+H.c|, (2)

by using laser beams with frequencies wy, = wy — kw,
(k =0,1,2,---). Note that the Lamb-Dicke parame-
ter, n = (wo — kw)//h/(2Mwc?) is almost unchanged
for different excitation, because of wy > w (in usual
wo = 2m x 4.11 x 10! kHz and w = 27 x 135 kHz).
we assume that the initial state of the present system
is described by the state vector,

[#(0)) = [¥)a ® [¥)s
_lal? a™
= e 3 Iimh @)

i.e., the ionic internal levels prepared in the ground
state |g) and the ionic vibrational centre-of-mass mo-
Where a =
Viiexp(ip), fi is the initial average phonon number

tion prepared in the coherent state.

and ¢ is the phase of the phonon coherent state. The
state vector for the system governed by the above
Hamiltonian at anytime ¢ is:

k—1 %)
_la? a™ _la? a™
|@(t) = e 2 W|m> ®lg) +e 2 Z W[COS(Qm%,ktﬂ”ﬁ ® |g)
m=0 : m=k :
+ik—leTi¢ Sin(Pm—_rk)|m — k) @ le)], (4)

(in)** (m — k)!

Q k 2 m' ek i

Here ¢ is the duration of the applied laser beam.

3. Squeezing properties of a

trapped ion

To analyse the squeezing properties of a trapped
ion, we define the two Hermitian quadrature operators

1 1
Sl:_(SJr'i_S*)a SQ:_-(SJF_S*)a (6)
2 24
and they obey the commutation relation

[Sl, SQ] =1S5. (7)

Acos(¢ — k),

Sy) =
S Asin(¢ — k),

(k=2n+1, n=0,1,2...),
(k=2n, n=0,1,2...).

Correspondingly, the Heisenberg uncertainty relation
is

(AS2(D82) 2 7189 Q

where (AS;)? = (S?) — (S;)? is the variance in the
component S;(I = 1 or 2) of the ionic dipole. The
fluctuations in the component S;(I = 1 or 2) of the
ionic dipole are said to be squeezed if S; satisfies the

condition
1
Fi = (AS)? - 5|<53>| <0,(l=1 or 2). (9

After a straightforward calculation, the expectation
values of the Hermitian operations S;(I = 1,2 or 3)
and S?(I =1 or 2) are given by

(10)
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—Asin(¢p — k), (k=2n+1, n=0,1,2..), (1)
—Acos(¢p —kp), (k=2n, n=0,1,2...).
L e |
_Z —la —|af?
(Ss) = —3 2 3 Z cos(zrzm kkt), (12)
(S1)=(S3) = (13)
where A is
2m+k 2m-+k
e~ lal? | sin( t)+e ~laf® o] sin( t) cos(Qpm—k kt)- 14
2: fom i) §:¢ﬁ7ﬂif fom i) €05(m i) (14)

o Vml(m+k)!

The corresponding squeezing function F(S;)(i =

1,2) can be expressed in the form:

F(S1) = — {517 - 5155,
F(S)= 7 — (827 - 51Sal (15)

If F(S;) <0 (i =1,2), the squeezing is said to exist.
In the following, we will numerically discuss the
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properties of squeezing for the trapped ion in the dif-
ferent conditions. Figures 1 and 2 exhibit the numer-
ical results of time evolution of the function F'(S;) for
different values of the Lamb-Dicke parameter 1 and
the initial average photon number 7, respectively. The
result shows that the squeezing properties strongly de-

pend on the parameters k,n and 7. (For convenience,

™
Z.po=0.
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Fig.1. Time evolution of the squeezing factor F'(S1) of a trapped ion. The ion is initially in the ground
state |g) and the phonons in the coherent state. 7 = 25, k = 0. (a) n = 0.01; (b) n = 0.1; (c) n = 0.2; (d)

n=0.8.
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Firstly, we study the effect of the Lamb—Dicke
parameter 7. The time evolution of function F'(S;) is
shown in Fig.1, with n = 25,k = 0 and different 7.
It is observed that, for the small value of the 7, the
trapped ion shows the periodical squeezing effects in
S1, with the increasing of 1, the periodicity of squeez-
ing is dismissed, and the amplitude of the squeezing is
decreased. When 7 is large enough, it can be seen that
at the early stage of the time evolution, the quantum
fluctuation in S; of the trapped ion can be squeezed.
However, the squeezing properties disappear after an
interval, as shown in Fig.1.

Secondly, we discuss the influence of the mean
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photon number 7 which can be reached in the current
experiment.['”) Beyond the Lamb-Dicke limit, we take
n = 0.8 and £ = 0. When 7 is small, the squeezing
effects still display periodically, while for large average
phonon numbers the squeezing in S; shows a chaotic
behaviour, as shown in Fig.2(a) and (b). Contrarily,
for the small Lamb-Dicke parameter n = 0.01, i.e., in
the Lamb-Dicke limit, we notice that the squeezing
properties of trapped ion display periodicity for larger
n too, and the period is invariable. But the squeezing
time becomes short with the increasing of n, as shown
in Fig.2(c), (d), (e) and (f).
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Fig.2. Time evolution of the squeezing factor F/(S1) of a trapped ion in the running-wave laser. The ion is initially
in the ground state |g), the phonons in the coherent state and k =0 (a) n = 0.8, 7 = 0.01; (b) n =10.8, 7 = 1; (c)
n=0.01,3=0.1; (d)y = 0.01, @ = 1; () = 0.01, & = 5; (f)y = 0.01, & = 15.
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On the other hand, when k which can be experi-
mentally controlled in the applied classical laser beam
is large enough, even if the other parameters remain
unchanged, our results show the squeezing effects van-
ish.

In conclusion, we have investigated the squeezing
properties of a trapped ion in the running-wave laser
beyond the Lamb-Dicke limit.
we see that the squeezing effect can be optimized by

In our calculations,

properly adjusting the parameters n, n and k. In fact,
under the Lamb-Dicke regime, the spatial dimension

of the motion in the ground state of the trapped ion is
much smaller than the effective wavelength of the ap-
plied laser field. That is to say, the trapped ions must
almost be cooled utterly, the experimental conditions
is very rigorous. However, beyond the Lamb-Dicke
regime, the conditions of the experiment can be easily
realized and the present system can also provide pe-
riodic squeezing characteristic for proper n and k. So
our investigation has realizable meaning and is feasible
in the current technology.
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