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The coupled nonlinear Schrédinger equations (CNLSEs) of two symmetrical optical fibres are nonintegrable, how-
ever the transformed CNLSEs have integrability. Integrability of the transformed CNLSEs is proved by the Hamilton

dynamics theory and Galilei transform. Making use of a transform for CNLSEs and using the ansatz with Jacobi elliptic

function form, this paper obtains the exact optical pulse solutions.

Keywords: dual core fibre, the coupled nonlinear Schrédinger equations, elliptic function

PACC: 0340K, 0220

1. Introduction

The optical fibre transmission network can sup-
port high-speed communication because of tremen-
dous bandwidth of the optical fibre. The optical soli-
ton has the characteristic of a particle; neglecting
the loss of the optical fibre, the wave form and en-
ergy of the optical soliton will remain intact during
the process of transmission, thus the optical soliton
communication technology is a kind of effective tech-
nology to realize high-speed communication. In re-
cent years, research on optical soliton technology has
received wide attention.! =9 For the optical soliton
transmission technology to become practical, people
must develop photonic devices which are applicable
for the all-optical exchanging and switching in high-
speed communication. Because the response speed of
a device in the electric domain limits the information
processing speed, it further limits the capacity and
speed of communication. But the optical fibre cou-
pler based on nonlinear effect has extremely fast in-
formation processing capability, thus it is a candidate
device for all-optical communication, and people have
carried out a large amount of research on it.[10=13! The
nonlinear response has the characteristic of fast speed,
thus if there is a nonlinear effect in optical fibre cores,
the optical fibre coupler can be used as the all-optical
switching device with high speed.

The nonlinear optical fibre coupler is regarded as
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a directional coupler, where there are soliton pairs
whose form and energy remain intact, thus the cou-
pled nonlinear Schrédinger equations (CNLSEs) of
two cores should have accurate soliton solution. But
in general, the CNLSEs of two symmetrical cores in
an optical fibre coupler are nonintegrable; thus far, the
analytical solution has not been obtained in the liter-
ature; numerical solutions and approximate solutions
have been obtained in correlated literature.!'0—15]

In this paper, after performing transform for the
CNLSEs in the optical fibre coupler, we identify that
the system of the transformed CNLSEs is a Hamil-
ton system with conservation quantities, and it does
not change in Galilei transform. Using the separa-
tion variables method for the transformed CNLSEs,
we find their exact solutions, and finally obtain the
exact solutions of the CNLSEs in optical fibre coupler
with two symmetrical cores.

2. Theory

In the dual core of coupler, the propagating equa-
tions in optical fibre coupler with two symmetrical
cores arell0]
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= +1, §5 is the second-order dis-
persion coefficient, and 0 = kLp is the zero-order cou-

where s = sgn(32)

pled coefficient, other normalized quantities are as fol-

lows:
§=z/Lp,
u=(yLp)"?Q1,
v = (yLp)"/?Qs,

where z is the transmission distance, t is time delay,

T = t/To,

Lp = T§/|B2| is the second-order dispersion length,
Ty is the pulse width, @1, Q2 are the slowly-varying
envelope amplitude of the field, and -y is the nonlinear
coefficient.

Equation (1) is nonintegrable, but by performing
the transform

"= %(1/)1 Figs), v= %(1/)1 — i),
we get the following equations:
100 SO P + 2
—~ ngw; + oy =0,
36_1/;2 N 3361/’2 (|¢2|2 + 201 [) s
Zd@; — otpy = 0. (2)

Through the following identifications, the above men-
tioned equations have integrability.

3. Analysis of equation’s integra-
bility

3.1. Conservation Hamiltonian of the
coupled equation

We can obtain the following Lagrangian density
from Eq.(2):

- 5(%63—1? —wlif)
(% aaq/: a(;z;;)
-3(5+ 152 )
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where * accounts for the conjugation.

Also we can get the simple law of conservation as
follows:

o0 d
N = / (1] + [ 2)dr, d—if:o, (4)

then we can easily obtain the following quantities of
conservation from Egs.(3) and (4):

i—lg:o, P:%L [(1/}186_1/;1_1/}18612;)+(w288_1/?_¢23(;¢;2)} T, (5)
‘L—?:o, H—% / [wlaif ‘%f 8‘/;2 81/;? L]ar, (6)

where P is considered as the momentum of system , H is the Hamiltonian of system.

Substituting Eq.(3) into Eq.(6), we can get the conversation Hamiltonian

atvviod = [ 5%

1
+ gi/ff

In this way, Eq.(2) can be expressed as the varia-

tion of H{1, 2, ¥, 95}

% o 5H{¢171/)27¢T7¢;}
B3 oY ’

(8)
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We consider the equation of mechanical quantity

A{d}laq/}Qaq/}Taq/};} as
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3
where [A{Q/Jlu "/127 wfv ¢§}7 3{1/117 ¢27 wfv w;}] is Pois-

son bracket, which is defined as

[A{¢17¢27¢T7¢§}73{¢171/1271/1T71/13}]

= [H,A], (10)
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So we can consider the system of Eq.(2) as a Hamilton

system.

3.2. Galilei transform
Substituting the following transforms into Eq.(2):
P1(§,7) = U(E,7')e

Ua(§,7) = V(E,7)e!

=¢, 7' = 7 — b are new coordinates, we can

i(pé— QT)
i(pé— QT) (12)

where &’
get b and p from Eq.(2)

b=—s2, p= 392. (13)

New equations after Galilei transform can be easily
obtained as follows:

6U s0U 1
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4

So, Eq.(14) has the same form as Eq.(2), which shows
that the system of Eq.(2) has invariability of Galilei

oV =0. (14)

transform.
According to the above analysis, we can find that
Eq.(2) are integrable.

4. Periodic solution of equations

In the case of abnormal dispersion s = —1, con-
sidering Eq.(2), we assume

Y1 =ePhi(T), o = ePoeha(T), (15)

where p is a constant. Substituting ¥1, ¥2 into Eq.(2),
we get the following expressions:

1d%¢,

1
5oz 3@+ e — (p—0)ér =0,

1d¢2
2 dr?

(¢1 + ¢3)d2 — (0 +p)¢1 = 0. (16)

Coupled equations of Eq.(16) are multiplied by
d¢1/dT, deo/dT respectively, and integrated with re-
spect to 7, we obtain

&

2
DY = 01t 20— 0) ~ 20368 — 19

d 2
(S2)" =0y + 260 +0) — 267163 — 204,

where C7 and Cy are constants. So we have proved
that Eq.(16) have solutions of elliptic function form.
Considering (p+0) > (p— o), we obtain the solutions

of coupled equations as follows:

¢1 = Arksn(at, k), ¢ = Ascen(ar, k), (17)

where sn(at, k) and cn(art, k) are Jacobi elliptic sine
and cosine function, Ay, Az, a, p and the elliptical
function modulus k satisfy the following dispersion re-
lations:

, 4o 20%(1 —2k*) +4(p+ o)
N k2 ’
A3 =201+ k) +4(p—0).

2 _
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Finally, substituting Eq.(17) into Eq.(15), and us-
ing the transform relation v = 1/2(¢; + iv2) and
v =1/2(¢1 —it2), we can get the solution of Eq.(1)
in the case of abnormal dispersion

u= %[\/ig(l —2k2)+4(p+o0) sn(\/gr, k:)
+i \/ig(1+k2)+4( —J)cn(\/gﬂk)}

x exp(ipf)

v = [\/2(;(1—2k2)+4(p+0)sn(\/;§7,k)
/204 0) + 4o — o) en( 221

x exp(ipf), (18)

where 0 < k < 1, k is a free parameter.

5. Conclusion

In conclusion, using the Hamilton dynamics the-
ory and Galilei transform, we have found that the
transformed CNLSEs have integrability and they have
the solutions of Jacobi elliptic function form. So we
start with the ansatz with Jacobi elliptic function
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