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1. Introduction

The study of symmetries plays an important role

in branches of some natural sciences especially in in-

tegrable systems. In a standard method, the first step

is to find infinitesimal transformations, i.e. to find the

symmetry algebra of the studied model and then to

find a generalized finite transformation, a symmetry

group, by using the well-known first fundamental the-

orem of Lie.[1] However, it is still quite complicated

and difficult to find Lie point symmetry groups via

the standard method. In Ref.[2], Lou and Ma have

introduced a method of deriving symmetry groups of

a nonlinear system. The method is much simpler than

the standard approach. Though the new method takes

a similar ansatz as the Clarkson–Kruskal (CK) direct

method, [3,4] the two methods are completely differ-

ent from each other at least in two aspects. Firstly,

the new method is used to study the symmetry group

while the CK direct method is used to reduce a high-

dimensional system to lower-dimensional ones. Sec-

ondly, all the results from the first method are related

to strict symmetry transformations while some results

obtained from the second method may be related to

only the conditional symmetries.[5]

In the remainder of this paper, we firstly apply

the standard method to a (2 + 1)-dimensional model

equation, the general Broer–Kaup (GBK) system, to

obtain the Lie point symmetries, then use the Lou–Ma

method to acquire a general symmetry group (finite

transformation) of the system.

2. Lie point symmetries by the

standard approach

In this section, we use the standard approach to

obtain the Lie point symmetries of the GBK system[6]

ht − hxx + 2hhx + ux + Au + Bg = 0, (1)

gt + 2(gh)x + gxx + 4A(gx − hxy)

+4B(gy − hyy) + C(g − 2hy) = 0, (2)

uy − gx = 0, (3)

where A, B and C are arbitrary constants.

According to the traditional method, the first step

is to find the Lie symmetry algebras. Based on the

symmetry definition, the symmetry of the GBK sys-

tem σ ≡ (σh, σg, σu)T, where the superscript T means

the transposition of the matrix, satisfies

σh
t − σh

xx + 2(hσh)x + σu
x + Aσu + Bσg = 0, (4)

σ
g
t + 2(gσh)x + 2(hσg)x + σg

xx + 4A(σg − σh
y )x

+4B(σg − σh
y )y + C(σg − 2σh

y ) = 0, (5)

σu
y − σg

x = 0. (6)

For the Lie point symmetries, the general solution of

Eqs.(4)–(6) can be written as[7]
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σ(x, y, t, h, g, u) =









σh

σg

σu









= X









hx

gx

ux









+ Y









hy

gy

uy









+ T









hy

gy

uy









+









H

G

U









, (7)

where G(x, y, t, h, g, u) ≡ G, H(x, y, t, h, g, u) ≡ H, U(x, y, t, h, g, u) ≡ U, X(x, y, t, h, g, u) ≡
X, Y (x, y, t, h, g, u) ≡ Y and T (x, y, t, h, g, u) ≡ T , i.e. H, G, U, X, Y, T are all functions of

x, y, t, h, g and u.

Substituting expression (7) into Eq.(6) and letting g(x, y, t), h(x, y, t) and u(x, y, t) be a solution of the

GBK system yield

2gThh2
x + [2hTuux + (4ATh + 2hTh − Xh + 2gTg)gx − 4BThhyy − Gh + 4BThgy

−gyYh − 4AThhxy + Thgxx + 2gTx + CuTh − 2CThhy]hx + [2(2A + h)Tugx

−4ATuhxy + Xggy + Xhhy − 4BTuhyy + Tugxx − Gu + Xy + CgTu + 4BTugy

−YuGy − 2CTuhy]ux + (2hTg + Yu − Xg + 4ATg)g
2
x + [2hTx + Tuut − 2CTghy

+4ATx − 4BTghyy + 4BTggy + Yhhy + Yy + CgTg − Gg − 4ATghxy + Tggxx − Xx

+Uu]gx − Yxgy + (Tggy + Thhy + Ty)ut − 2CTxhy − 4ATxhxy − 4BTxhyy

−Gx + Txgxx + CgTx + Uy + Uhhy + uggy + 4BTxgy = 0 (8)

where ht, gt, uy and their higher-order derivatives have been eliminated by use of the GBK system. Equation

(8) holds true for an arbitrary solution (h, g and u) only for all coefficients of the polynomials of the different

derivatives of the functions h, g and u with respect to space x and time t being zero.

Letting the coefficients of the polynomials of the derivatives of h, g and u be zero, we have

T (x, y, t, h, g, u) = T (t), Y (x, y, t, h, g, u) ≡ Y (x, y, t, g, u),

X(x, y, t, h, g, u) = X(x, y, t, h, u), G(x, y, t, h, g, u) = G(x, y, t, h, u),

U(x, y, t, h, g, u) = U(x, y, t, h, u),
∂X

∂g
=

∂Y

∂u
,

∂U

∂g
=

∂Y

∂x
,

∂G

∂u
=

∂X

∂y
,

∂G

∂x
=

∂U

∂y
,

∂G

∂g
=

∂Y

∂y
− ∂X

∂x
+

∂U

∂u
. (9)

Under these conditions, substituting expression (7) into Eq.(4) we have

−4h2Thxx + 2Chghy − (Au + Bg)Hh − Yxxhy + 2hHx + AU + BG + 2(−Hxg

−2AYghy − Yuhxx + Yx − 2AHg − Yxghy − Yghxy)gx + Yuhyut − CGHg − CgYghy

−4BYggyhy + Ythy + Ux + Tthxx − (Au + Bg)Tt − 2Hggxx + Ht − Hxx − 2Yghygxx

−Yuhyuxx − 2Xxhxx + (−Huu + Xu − Yuu + Xu)u2
x + (−2gYu − Hgg)h

2
x + [−Xuuu2

x

+2(−Yuugx + hXu − Xxu − Hhu)ux − Ygug2
x + 2(2Yu − Hgh − Yxu) + 4BgT + 2CYuhy

−CgYu2hTt − 2gHg + 2hXx − 2AUT + 2H − 2Yugxx − Xxx − 2Hxh − 4BYugy + Xt

−XuUxx + 4AYuHxy + 2AuT + 4BYuhyy − 4BgT + Xuut − 2gXghy]hx + 2(Yx

+2AYghy + 2AHg)hxy + 4BYghyhyy + 4h2Thxx − 4BHggy + 2CYghyy + 2hYxhy

+Hu(ut − uxx) + 4BHghyy + [2(Hgu + Yu − Yguhy)gx − 2Yu(hxy − hhy) − 2Yxuhy

−Hh + 2hHu − Tt − 2Hxu + Xx + Uu − 2Xuhxx]ux − (Ygghy + Hgg − Yg)g
2
x = 0, (10)

which has the following solutions for the determining equation system, obtained by vanishing the coefficients of

the polynomials for the derivatives of h, g and u:

Y (x, y, t, g, u) ≡ Y (y), U(x, y, t, h, u) = U(x, y, t),
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G(x, y, t, h, u) = gG(x, y, t) + G0(x, y, t), G(x, y, t) =
d

dy
Y (y) + G(t),

H(x, y, t, h, g, u) = H(x, y, t, h) = hG(t) + H(x, y, t),

X(x, y, t, h, u) = X(x, y, t) =
1

2
x

d

dt
T (t) + x0(y, t),

H(x, y, t) = −1

4
x

d2

dt2
T (t) − 1

2

∂

∂t
x0(y, t), G(t) =

1

2

d

dt
T (t), (11)

where x0(y, t) is an arbitrary function of y and t. Then the Lie point symmetry of the GBK system is reduced

to

σ(x, y, t, h, g, u) =









σh

σg

σu









=

























1

2

dT (t)

dt
(hx)x + x0(y, t)hx + Y (y)hy + T (t)ht −

1

4

d2T (t)

dt2
x − 1

2

dx0(y, t)

dt

1

2

dT (t)

dt
gxx + x0(y, t)gx + Y (y)gy + T (t)gt +

dY (y)

dy
g +

1

2

dT (t)

dt
g

1

2

dT (t)

dt
uxx + x0(y, t)ux + Y (y)uy + T (t)ut +

dT (t)

dt
u + U(x, y, t)

























,

while Eqs.(4)–(6) are reduced to

Cx0yu + 2G0hx + 4AG0x + 4BG0y + CG0 + 2hG0x + (x0yu)t + g0t + 2Bx0yyt + CX0yt

+2huxx0y + 2hxx0yu − 2AgxTt + 4Auxx0y + 8Bgxx0y + 4BYygy − 4BTtgy − 2Cx0yhx

+2CTthy + x0yuxx + 2ATthxy + G0xx − CTtg − 4Ax0yhxx + 4Bx0yyu + 4BgYyy

−8Bx0yhxy − 4Bx0yyhx − 4B(Yyhy)y + 4BTthyy = 0, (12)

−1

4
Ttttx + Ux − BgTt −

1

2
AuTt −

1

2
x0tt + Bux0y + BgY + BG0 + AU = 0, (13)

Uy − G0x = 0. (14)

Vanishing the coefficients of uxx and hx of Eq.(12)

leads to

x0(y, t) = x0(t), G0(x, y, t) = 0 (15)

and then

U(x, y, t) = U(x, t), (16)

due to Eq. (14).

To study further, according to the different

choices of the constants A and B and the arbitrary

functions, Y (y), T (t) and x0(t), there exist five possi-

ble cases of the symmetries which have to be consid-

ered separately as follows:

Case a A 6= 0, B 6= 0.

In this case, the symmetry is

σh = x0(t)hx + y0hy + t0ht −
1

2

d

dt
x0(t),

σg = x0(t)gx + y0hy + t0gt,

σu = x0(t)ux + y0uy + t0ut + e−Axu0(t)

+
1

2A

d2

dt2
x0(t), (17)

with x0(t) and u0(t) being arbitrary functions of t,

and y0 and t0 being arbitrary constants.

Case b A 6= 0, B = 0.

In this case, the symmetry is

σh = x0(t)hx + Y (y)hy + t0ht −
1

2

d

dt
x0(t),

σg = x0(t)gx + Y (y)hy + t0gt + g
d

dy
Y (y),
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σu = x0(t)ux + Y (y)uy + t0ut + e−Axu0(t)

+
1

2A

d2

dt2
x0(t), (18)

where x0(t) and u0(t) are arbitrary functions of t,

Y (y) is an arbitrary function of y, and t0 is an arbi-

trary constant.

Case c A = 0, B 6= 0.

In this case, the symmetry is

σh = x0(t)hx + y0hy + t0ht −
1

2

d

dt
x0(t),

σg = x0(t)gx + y0hy + t0gt,

σu = x0(t)ux + y0uy + t0ut + u0(t)

+
1

2
x

d2

dt2
x0(t), (19)

with x0(t) and u0(t) being arbitrary functions of t, y0

and t0 being arbitrary constants.

Case d A = B = 0, C 6= 0.

In this case, the symmetry is

σh = x0(t)hx + Y (y)hy + t0ht −
1

2

d

dt
x0(t),

σg = x0(t)gx + Y (y)hy + t0gt + g
d

dy
Y (y),

σu = x0(t)ux + Y (y)uy + t0ut + u0(t)

+
1

2
x

d2

dt2
x0(t), (20)

with u0(t) and x0(t) being arbitrary functions of t,

Y (y) being arbitrary function of y, and t0 arbitrary

constant.

Case e A = B = C = 0.

In this case, the symmetry is

σh = (
1

2
x

d

dt
T (t) + x0(t))hx + Y (y)hy + T (t)ht +

1

2
h

d

dt
T (t) − 1

2

d

dt
x0(t) −

1

4
x

d2

dt2
T (t),

σg = (
1

2
x

d

dt
T (t) + x0(t))gx + Y (y)gy + T (t)gt + g

d

dy
Y (y),

σu = (
1

2
x

d

dt
T (t) + x0(t))ux + Y (y)uy + T (t)ut + u0(t) +

1

2

d2

dt2
x0(t) +

1

8
x2 d3

dt3
T (t), (21)

with u0(t), x0(t) and T (t) being arbitrary functions of t, and Y (y) being arbitrary function of y.

Once a symmetry (a generator of the symmetry group) is known, the corresponding finite transformation

can be obtained by Lie’s first fundamental theorem.[8] However, it is still difficult to find the finite transformation

due to the complex calculation, and the final expressions are very complicated and difficult to apply for practical

purposes. Here, the direct method is applied to acquiring the transformation groups of the GBK system.

3. Transformation group by the direct method

According to Ref. [2], it is straightforwardly assumed that

g = α1 + β1G(ξ, η, τ),

h = α2 + β2H(ξ, η, τ), (22)

u = α3 + β3U(ξ, η, τ),

which is a solution of the GBK system. Here, α1, α2, α3, β1, β2, β3, ξ, η and τ are functions of x, y and t.

Substituting expressions (22) into Eq.(1), letting G(ξ, η, τ), H(ξ, η, τ) and U(ξ, η, τ) also be a solution of the

GBK system but with independent variables, and eliminating Hτ , Gτ , Uη and their higher-order derivatives by

use of the GBK system yield

−β2τ
2
xHξξξξ + W (x, y, t, H, Hξ, . . . , Hη, . . . , Uξ, Uη, . . . , Uηη, . . . , Gξ, Gη, . . . , Gηη) = 0, (23)

where W is a complicated independent function of Hξξξξ (and its higher order derivatives). Equation (23) holds

true for an arbitrary solution H only for all coefficients of the polynomials for the derivatives of H , G and U

being zero.
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Obviously, β2 should not be zero and there exists no nontrivial solution for τx = 0, so

τx = 0, i.e. τ ≡ τ(y, t). (24)

Under condition (24), Eq.(23) is reduced to

β2(τt − ξ2
x)Hξξ − β2η

2
xHηη − 2β2ξxηxHξη + (β2ξt − 2β2xξx + 2α2β2ξx − β2ξxx)Hξ

+(β2ηt − 2β2xηx + 2α2β2ηx − β2ηxx)Hη + 2β2[(β2ξx − τt)Hξ + β2ηxHη + β2xH ]H

+(2(β2α2)x + β2t − β2xx)H + (β3ξx − β2τt)Uξ + (Aβ3 − Aβ2τt + β3x)U + β3ηxGξ

−B(−β1 + β2τt)G + β2t − α2xx + α2t + α3x + 2α2α2x + Aα3 + Bα1 = 0. (25)

It is easy to see that

ξ2
x − τt = 0, ηx = 0, (26)

to eliminate Hξξ and Hηη, or

ξ = xξ1 + ξ2, τt = ξ2
1 , η ≡ η(y, t), (27)

where ξ1 and ξ2 are only functions of y and t. Substituting expression (27) into Eq.(25) we have a simplified

equation as follows:

[β2(ξ1tx + ξ2t) + 2α2β2ξ1 − 2β2xξ1]Hξ + (β3 − β2ξ1)Uξ + β2ηtHη + 2β2(β2 − ξ1)HHξ

+2β2β2xH2 + [2(α2β2)x − β2xx + β2t]H + B(β1 − β2ξ
2
1)G + (Aβ3 − Aβ2ξ

1
1 + β3x)U

+α2t + α3x + 2α2α2x + Aα3 + Bα1 − α2xx = 0. (28)

By vanishing the coefficients of the polynomials of H ,

U , G and their derivatives, the remaining determining

equations of the functions read

β2(ξ1tx + ξ2t) + 2α2β2ξ1 − 2β2xξ1 = 0, (29)

−β2ξ1 + β3 = 0, (30)

β2ηt = 0, (31)

2β2(−ξ1 + β2) = 0, (32)

2β2β2x = 0, (33)

2(α2β2)x − β2xx + β2t = 0, (34)

B(β1 − β2ξ
2
1) = 0, (35)

Aβ3 − Aβ2ξ
2
1 + β3x = 0, (36)

α2t + α3x + 2α2α2x + Aα3 + Bα1 − α2xx = 0. (37)

From Eqs.(29)–(34) we can have the following results:

η ≡ η(y), β2 = ξ1,

β3 = β2ξ1 = ξ2
1 , α2 = −ξ1tx + ξ2t

2ξ1
. (38)

As to Eq.(35), there appear two cases due to the

different choices of the constant B.

Case 1 B 6= 0.

In this case, to vanish the coefficient of G or

Eq.(35) there is no choice but

β1 = ξ3
1 , β2 = ξ1. (39)

Under conditions (38) and (39), Eq.(28) is reduced to

−2A(ξ1 − 1)ξ4
1U − ξ1ξ1tt − ξ1ξ2tt + 2ξ2

1tx

+2ξ1tξ2t + 2Bξ2
1α1 + 2ξ2

1α3x = 0. (40)

To lose the coefficient of U , there are also two sub-

cases:

(i) A 6= 0.

In this situation, the required equation is

(ξ1 − 1)ξ4
1 = 0.

Obviously, ξ1 should not be zero due to ξ being the

transformation of x (27), so

ξ1 = 1. (41)

Substituting the known results into Eq.(2) and Eq.(3)

we have
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−4Bτ2
y Hξξξξ − 8BτyηyHξξη − 4Bτy(2Bξ2y + A)Hξξξ + 4BτyHHξξξ + 2(2Bτyy

+2Bξ2
2y + 2Aξ2y + Cτy)Hξξ + 8τy(A + 2Bξ2y)(H2

ξ + HHξξ) − 16Bτ2
y H2Hξξ

+32Bτ2
y (HξξHξ − HH2

ξ ) + 4(A − Aηy + 4AB2τ2
y − 2Bηyξ2y)Hξη + 16BηyτyHHξη

+2(C − 2ABηyy + 4B2Cτ2
y + 4BCτy − Cηy)Hη + 4(Cτy + 2Bτyy)HHξ

+16BηyτyHξHη + 2(α1 − Cξ2y − 2Bξ2yy)Hξ − Bτ2
y HξUξ − 8Bτy(1 + 2Bτy)GHξ

−8ABτ2
y UHξ + 2α1H + 4B[(1 + 2Bτy)

2 − η2
y ]Hηη + 4Bτ2

y Uξξξ + 4Bτ2
y Uξξη

+4τy(A + 2Bξ2y + ABτy)Uξξ + 4ABτ2
y Uτ + 2(2A2τy + 2Bτyy + 4ABτyξ2y

+Cτy)Uξ − 8ABτ2
y HUξ + 2A(Bτyy + Cτy)U + 4Bτy(2ηy − 1)Gξξ + 4B(−3Aτy

+2Bτyξ2y + 2Aηyτy − 4ABτ2
y + Bξ2y)Gξ + 4B(2Bηyτy − 4Bτy + ηy − 4B2τ2

y

−1)Gη − 8Bτy(2Bτy + 1)HGξ + 2(2B2τyy − 2B2τ2
y − BCτy)G

+α1t + Cξ2yt + 4Bα1yu + Cα1 + 4Aα1x − α1xξ2t + α1xx = 0, (42)

and

(ηy − 1)Gξ − β1xG + ξ2yUξ + τyUτ + α3y − α1x = 0. (43)

Vanishing the coefficient of Hξξξξ in Eq.(42) requires

−4Bτ2
y = 0, i.e. τ = τ(t), (44)

so it is easy to obtain the result from expressions (27)

and (41)

τ = t − t0, (45)

where t0 is a constant. Vanishing the coefficients of

Gξ and Uξ in Eq.(43) we have

η = y − y0, ξ2(y, t) = ξ2(t), (46)

where y0 is a constant.

Now the remaining determining reduced equa-

tions are

−ξ2t + 2α3x + 2Aα3 + 2Bα1 = 0,

2α1Hξ + 2α1xH + α1t + α1xx + 4Aα1x

+4Bα1y + Cα1 − α1xξ2t = 0,

α3y − α1x = 0. (47)

The general solution of these equations reads

α1 = 0,

α3 =
1

2A
ξ2tt + e−Ax + f1, (48)

where f1 is an arbitrary function of t.

In summary, the following theorem holds.

Theorem 1 If {G = G(x, y, t), H = H(x, y, t),

U = U(x, y, t)} is a solution of the GBK system (1)–

(3) when A 6= 0 and B 6= 0 then so is

g = G(x + ξ2, y − y0, t − t0),

h = −ξ2t

2
+ H(x + ξ2, y − y0, t − t0),

u =
1

2A
ξ2tt + e−Ax + f1(t)

+U(x + ξ2, y − y0, t − t0), (49)

with ξ2 and f1 being arbitrary functions of t, and y0

and t0 being constants.

It is obvious that once the symmetry group is ob-

tained, to find its symmetry algebra, the infinitesi-

mal transformations, is quite a straightforward work.

The generators of the symmetry algebra related to the

symmetry group theorem 1 can be obtained by setting

ξ2 = ǫX0(t), y0 = −ǫy0,

t0 = −ǫt0, f1(t) = ǫf(t), (50)

with ǫ being an infinitesimal parameter, then expres-

sion (49) can be written as

g = G + ǫ(X0(t)Gx + y0Gy + t0Gt),

h = H + ǫ(X0(t)Hx + y0Hy + t0Ht −
1

2
X0t(t)),

u = U + ǫ[
1

A
(X0(t)Ux + y0Uy + t0Ut)

+
1

2A
X0tt(t) + e−Axf(t)]. (51)

which is exactly the same as that for Case a in Section

2.
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(ii) A = 0.

If A = 0, the corresponding reduction equation is

−ξ1ξ1ttx − ξ1ξ2tt + 2ξ2
1tx

+2ξ1tξ2t + 2ξ2
1α3x + 2Bξ2

1α1 = 0, (52)

which is still difficult to solve. Now substituting ex-

pressions (22) and (24), (27), (38) and (39) into Eq.(3)

yields

β2ξ1(ξ1yx + ξ2y)Uξ + β2ξ1τyUτ + ξ1(β2ηy − β1)Gξ

+(β2ξ1)yU + α3y − α1x = 0, (53)

with the determining equations

β2ξ1(ξ1yx + ξ2y) = 0,

β2ξ1τy = 0,

ξ1(β2ηy − β1) = 0,

(β2ξ1)y = 0,

α3y − α1x = 0, (54)

which have the general solutions

τ = τ(t), ξ1 = ξ0, ξ2 = ξ2(t),

β2 = b2(t), η = ξ2
0y + y0, (55)

where ξ0 and y0 are arbitrary constants and τ(t), ξ2(t)

and b2(t) are arbitrary functions of t. Under these

conditions, Eq.(2) is reduced to

4Bξ5
0(b2 − ξ0)Hηη + 4Aξ5

0(b2 − 1)Hξη + 2Cξ4
0(ξ0b2 − 1)Hη + 2ξ3

0α1Hξ + 2ξ2
0α1xH

−4Aξ5
0b2Gξ + ξ3

0(−Cb2ξ
2
0 + Cb2 + b2t)G − α1xξ2t + ξ0α1xx + ξ0α1t + 4Aξ0α1x

+4Bξ0α1y + Cξ0α1 = 0, (56)

By vanishing the coefficients of the polynomials of H ,

U and their derivatives, we obtain the following re-

sults:

α1 = 0, α3 =
1

2

d2ξ2

dt2
x + a3,

b2(t) = 1, τ = t − t0, ξ0 = 1. (57)

We can arrive at the following final transformation

group theorem of the GBK system when A = 0:

Theorem 2 If {G = G(x, y, t), H = H(x, y, t),

U = U(x, y, t)} is a solution of the GBK system (1)–

(3) when A = 0 while B 6= 0, so is {g, h, u} with

g = G(x + ξ2, y + y0, t − t0),

h = −1

2

dξ2

dt
+ H(x + ξ2, y + y0, t − t0),

u =
1

2
x

d2ξ2

dt2
+ a3 + U(x + ξ2, y + y0, t − t0), (58)

where ξ2 ≡ ξ2(t) and a3 ≡ a3(t) are arbitrary func-

tions of t, and y0, t0 are arbitrary constants.

By setting

ξ2 = ǫX0(t), y0 = −ǫy0,

t0 = −ǫt0, a3(t) = ǫa(t), (59)

with ǫ being an infinitesimal parameter, the corre-

sponding symmetry algebra can be obtained as fol-

lows:

g = G + ǫ(X0(t)Gx + y0Gy + t0Gt),

h = H + ǫ(X0(t)Hx + y0Hy + t0Ht −
1

2
X0t(t)),

u = U + ǫ(X0(t)Ux + y0Uy + t0Ut

+
1

2
X0tt(t)x + a(t)). (60)

Case 2 B = 0.

If B = 0, Eq.(35) is identically satisfied. Then in

this case, the reduced equation is

[β2(ξ1tx + ξ2t) + 2α2β2ξ1 − 2β2xξ1]Hξ + (β3 − β2ξ1)Uξ + 2β2(β2 − ξ1)HHξ

+β2ηtHη + 2β2β2xH2 + [2(α2β2)x − β2xx + β2t]H + (Aβ3 − Aβ2ξ
2
1 + β3x)U

+α2t + α3x + 2α2α2x + Aα3 − α2xx = 0, (61)
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and it is straightforward to obtain the determining

equations by vanishing the coefficients of H , G and

their derivatives as follows:

β2(ξ1tx + ξ2t) + 2α2β2ξ1 − 2β2xξ1 = 0, (62)

−β2ξ1 + β3 = 0, (63)

β2ηt = 0, (64)

2β2(−ξ1 + β2) = 0, (65)

2β2β2x = 0, (66)

2(α2β2)x − β2xx + β2t = 0, (67)

Aβ3 − Aβ2ξ
2
1 + β3x = 0, (68)

α2t + α3x + 2α2α2x + Aα3 − α2xx = 0, (69)

with the general solutions of Eqs.(62)–(67) being

η = η(y), β2 = ξ1,

β3 = ξ2
1 , α2 = −1

2

ξ1tx + ξ2t

ξ1
. (70)

Under these conditions, Eq.(68) becomes

Aξ2
1(1 − ξ1) = 0. (71)

Similarly, there are two subcases due to the difference

of constant A:

(i) A 6= 0.

If A 6= 0, then we have

ξ1 = 1, τ = t − t1, (72)

where t1 is an arbitrary function of y. From Eq.(69)

it is found that

α3 =
1

2A
ξ2tt + e−Axa3, (73)

with a3 being an arbitrary function of y and t. And

then the reduced equations of Eqs.(2) and (3) become

−4At1yHξξξ − 2(2Aξ2y + Ct1y)Hξξ + 8At1yHHξξ + 4A(β1 − ηy)Hξη + 2(α1 − Cξ2y)Hξ

+2C(β1 − ηy)Hη + 4Ct1yHHξ + At1yH2
ξ + 2α1xH + 4At1yUξξ + 4A2t1yUξ + 2ACt1yU

+2β1xGξ + (β1t − ξ2tβ1x + β1xx + 4Aβ1x)G + 2β1xGH + α1xx + 4Aα1x + Cξ2yt + α1t

+Cα1 − α1xξ2t = 0, (74)

and

2A(ηy − β1)Gξ + 2Aξ2yUξ + 2At1yUτ − 2Aβ1xG + ξ2ytt + 2Ae−Axa3y = 0. (75)

Thus it is easy to obtain the solutions of the de-

termining equations as follows:

t1 = −t0, α1 = 0, β1 =
dη

dy
,

ξ2 = ξ2(t), a3 = a3(t), (76)

with t0 being an arbitrary constant and ξ2, a3 being

arbitrary functions of t. So the following theorem

holds.

Theorem 3 If {G = G(x, y, t), H = H(x, y, t),

U = U(x, y, t)} is a solution of the GBK system (1)–

(3) when A 6= 0 while B = 0, so is {g, h, u} with

g =
dη

dy
G(x + ξ2, η, t − t0),

h = −1

2

dξ2

dt
+ H(x + ξ2, η, t − t0),

u =
1

2A

d2ξ2

dt2
+ e−Axa3 + U(x + ξ2, η, t − t0), (77)

where ξ2 ≡ ξ2(t) and a3 ≡ a3(t) are arbitrary func-

tions of t, and η ≡ η(y) is an arbitrary function of

y.

By setting

ξ2 = ǫX0(t), η(y) = y + ǫY (y),

t0 = −ǫt0, a3(t) = ǫa(t), (78)

with ǫ being an infinitesimal parameter, the related

symmetry algebra can be obtained as follows:

g = G + ǫ(X0(t)Gx + Y (y)Gy + t0Gt + Yy(y)G),

h = H + ǫ(X0(t)Hx + Y (y)Hy + t0Ht −
1

2
X0t(t)),

u = U + ǫ(X0(t)Ux + Y (y)Uy + t0Ut +
1

2A
X0tt(t)

+e−Axa(t)). (79)

(ii) A = 0.

In this case, the reduced equations are
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−ξ1(ξ1ttx + ξ2tt) + 2ξ2
1tx + 2ξ1tξ2t + 2α3xξ2

1 = 0, (80)

−2Cξ3
1τyHξξ + 4Cξ3

1τyHHξ − 2ξ3
1(Cξ2yx + Cξ1y − ξ1α1x)Hξ + 2Cξ3

1(β1ξ1 − ηy)Hη

−2ξ2
1(Cξ1y − ξ1α1x)H + 2ξ3

1β1xGξ + [−ξ1β1x(ξ1tx + ξ2t) + Cξ2
1β1(1 − ξ2

1) + ξ2
1(β1xx

+β1t)]G + 2ξ3
1β1xGH + 2Cξ3

1τyUξ + C(ξ1ξ1ytx + ξ2yt) − (ξ1tx + ξ2t)(ξ1α1x + Cξ1y)

+ξ2
1α1xx − ξ1ξ1tα1 + ξ2

1α1t + Cξ2
1α1 = 0, (81)

ξ2
1(ξ1yx + ξ2y)Uξ + ξ2

1τyUτ + ξ1(ξ1ηy − β1)Gξ + 2ξ1ξ1yU − β1xG + α3y − α1x = 0, (82)

To vanish the coefficient of Hξξ in Eq.(81) we have

−2Cξ3
1τy = 0, (83)

which means that there exist two different cases be-

cause of the different choices of the constant C:

(a) C 6= 0.

If C 6= 0, the determining equations are

−ξ1(ξ1ttx + ξ2tt) + 2ξ2
1tx + 2ξ1tξ2t + 2α3xξ2

1 = 0,

ξ3
1τy = 0,

−2ξ3
1(Cξ2yx + Cξ1y − ξ1α1x) = 0,

2Cξ3
1(β1ξ1 − ηy) = 0,

−2ξ2
1(Cξ1y − ξ1α1x) = 0,

2ξ3
1β1x = 0,

−ξ1β1x(ξ1tx + ξ2t) + Cξ2
1β1(1 − ξ2

1)

+ξ2
1(β1xx + β1t) = 0,

2Cξ3
1τy = 0,

C(ξ1ξ1ytx + ξ2yt) − (ξ1tx + ξ2t)(ξ1α1x + Cξ1y)

+ξ2
1(α1xx + α1t + Cα1) − ξ1ξ1tα1 = 0,

ξ2
1(ξ1yx + ξ2y) = 0,

ξ2
1τy = 0,

ξ1(ξ1ηy − β1) = 0,

2ξ1ξ1y = 0,

−β1x = 0,

α3y − α1x = 0. (84)

The general solutions are as follows:

ξ1 = 1, τ = t + t0, η = η(y),

β1 =
dη

dy
, ξ2 = ξ2(t)

α1 = −1

2

dξ2

dt
, α3 = −1

2

d2ξ2

dt2
x + a3(t), (85)

where η is an arbitrary function of y, ξ2 and a3 are ar-

bitrary functions of t, and t0 is an arbitrary constant.

In summary, the following theorem is obtained.

Theorem 4 If {G = G(x, y, t), H = H(x, y, t),

U = U(x, y, t)} is a solution of the GBK system (1)–

(3) when A = 0, B = 0 and C 6= 0, then so is

g =
dη

dy
G(x + ξ2, η, t + t0),

h = −1

2

dξ2

dt
H(x + ξ2, η, t + t0),

u = −1

2

d2ξ2

dt2
x + a3(t) + U(x + ξ2, η, t + t0), (86)

with ξ2 and a3 being arbitrary functions of t, η be-

ing an arbitrary function of y, and t0 being arbitrary

constant.

By setting

ξ2 = ǫX0(t), η(y) = y + ǫY (y),

t0 = −ǫt0, a3(t) = ǫa(t), (87)

with ǫ being an infinitesimal parameter, the symmetry

algebra in this case can be obtained as follows:

g = G + ǫ(X0(t)Gx + Y (y)Gy + t0Gt),

h = H + ǫ(X0(t)Hx + Y (y)Hy + t0Ht −
1

2
X0t(t)),

u = U + ǫ(X0(t)Ux + Y (y)Uy + t0Ut

+
1

2
X0tt(t)x + a(t)). (88)

(b) C = 0.

If C = 0, the GBK system is reduced to the usual

BK system

ht − hxx + 2hhx + ux = 0, (89)

gt + 2(gh)x + gxx = 0, (90)

uy − gx = 0, (91)

then substituting expression (22) and the known re-

sults into Eq.(89)–Eq.(91) yields
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−ξ1(ξ1ttx + ξ2tt) + 2ξ2
1tx + 2ξ1tξ2t + 2α3xξ2

1 = 0, (92)

2ξ4
1α1xHξ + 2ξ3

1α1xH + 2ξ3
1β1xGξ + [−ξ1β1x(ξ1tx + ξ2t) + ξ2

1(β1xx + β1t)]G

+2ξ3
1β1xGH − ξ1α1x(ξ1tx + ξ2t) + ξ2

1α1xx − ξ1ξ1tα1 + ξ2
1α1t = 0, (93)

ξ2
1(ξ1yx + ξ2y)Uξ + ξ2

1τyUτ + ξ1(ξ1ηy − β1)Gξ + 2ξ1ξ1yU − β1xG + α3y − α1x = 0, (94)

with the determining equations

−ξ1(ξ1ttx + ξ2tt) + 2ξ2
1tx + 2ξ1tξ2t + 2α3xξ2

1 = 0,

2ξ4
1α1x = 0,

2ξ3
1β1x = 0,

−ξ1β1x(ξ1tx + ξ2t) + ξ2
1(β1xx + β1t) = 0,

−ξ1α1x(ξ1tx + ξ2t) + ξ2
1α1xx − ξ1ξ1tα1 + ξ2

1α1t = 0,

ξ2
1(ξ1yx + ξ2y) = 0,

ξ2
1τy = 0,

ξ1(ξ1ηy − β1) = 0,

2ξ1ξ1y = 0,

−β1x = 0,

α3y − α1x = 0, (95)

which have the general solutions:

α1 = 0, τ = τ(t), τt = ξ2
1

ξ2 = ξ2(t), β1 =
dη

dy
ξ1,

α3 =
ξ1ξ1ttx + 2ξ1ξ2tt − 2ξ2

1tx − 4ξ1tξ2t

4ξ2
1

+a3(t), (96)

where τ , ξ1, ξ2 and a3 are arbitrary functions of t.

Theorem 5 If {G = G(x, y, t), H = H(x, y, t),

U = U(x, y, t)} is a solution of the GBK system (1)–

(3) when A = B = C = 0, so is {g, h, u} with

g =
dη

dy
ξ1G(ξ1x + ξ2, η, τ),

h = −ξ1tx + ξ2t

2ξ1
+ H(ξ1x + ξ2, η, τ),

u =
ξ1ξ1ttx + 2ξ1ξ2tt − 2ξ2

1tx − 4ξ1tξ2t

4ξ2
1

+a3(t) + ξ2
1U(ξ1x + ξ2, η, τ), (97)

where τ , ξ2 and a3 are arbitrary functions of t, ξ2
1 = τt

and η is an arbitrary function of y.

By setting

ξ1(t) =
√

τt, ξ2(t) = ǫt2(t),

η(y) = y + ǫY (y), τ(t) = t + ǫT (t), (98)

a3(t) = ǫa(t),

with ǫ being an infinitesimal parameter, the relevant

generators of the symmetry algebra can be obtained

as follows:

g = G + ǫ((xt1(t) + t2(t))Gx + Y (y)Gy + T (t)Gt + (t1(t) + Yy(y))G),

h = H + ǫ((xt1(t) + t2(t))Hx + Y (y)Hy + T (t)Ut + t1(t)H − 1

2
xt1t(t) −

1

2
t2t(t)),

u = U + ǫ((xt1(t) + t2(t))Ux + Y (y)Uy + T (t)Ut + 2t1(t)U

+
1

4
t1tt(t)x

2 +
1

2
t2t(t)x + a(t)). (99)

The result for this case is just that for case e in the last section. Furthermore, the finite transformations given

in Theorem 5 are related to the non-Lie sector of the symmetry group.
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4. Summary and discussion

In this paper, using the Lie symmetry method de-

veloped by Lou, the general Lie point symmetries, the

generators of the Lie point symmetry algebra, of the

GBK are studied. It is found that the Lie point sym-

metry algebra structures for five different cases are

quite different.

In principle, once the Lie point symmetry algebra

of a model is known, one can find its Lie point sym-

metry group constructed by finite symmetry transfor-

mations by the Lie’s first fundamental theorem. How-

ever, the results obtained by Lie’s first fundamental

theorem are difficult not only to acquire but also to

understand. In this paper, we solve the problem via

a direct method established by Lou and Ma. Using

the direct method, we successfully find not only all

possible Lie point symmetry groups for five different

cases of the GBK system but also the non-Lie point

symmetry group.
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