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Using a new symmetry group theory, the transformation groups and symmetries of the general Broer—-Kaup system

are obtained. The results are much simpler than those obtained via the standard approaches.
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1. Introduction

The study of symmetries plays an important role
in branches of some natural sciences especially in in-
tegrable systems. In a standard method, the first step
is to find infinitesimal transformations, i.e. to find the
symmetry algebra of the studied model and then to
find a generalized finite transformation, a symmetry
group, by using the well-known first fundamental the-
orem of Lie.[ll However, it is still quite complicated
and difficult to find Lie point symmetry groups via
the standard method. In Ref.[2], Lou and Ma have
introduced a method of deriving symmetry groups of
a nonlinear system. The method is much simpler than
the standard approach. Though the new method takes
a similar ansatz as the Clarkson—Kruskal (CK) direct
method, 4 the two methods are completely differ-
ent from each other at least in two aspects. Firstly,
the new method is used to study the symmetry group
while the CK direct method is used to reduce a high-
dimensional system to lower-dimensional ones. Sec-
ondly, all the results from the first method are related
to strict symmetry transformations while some results
obtained from the second method may be related to
only the conditional symmetries. (5!

In the remainder of this paper, we firstly apply
the standard method to a (2 4 1)-dimensional model
equation, the general Broer—-Kaup (GBK) system, to
obtain the Lie point symmetries, then use the Lou—-Ma
method to acquire a general symmetry group (finite
transformation) of the system.
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2. Lie point symmetries by the

standard approach

In this section, we use the standard approach to
obtain the Lie point symmetries of the GBK system!®

hy — hyy + 2hhy + uy, + Au+ Bg = 0, (1)

+4B(gy — hyy) + C(g — 2hy) =0, (2)

where A, B and C are arbitrary constants.
According to the traditional method, the first step

is to find the Lie symmetry algebras. Based on the

symmetry definition, the symmetry of the GBK sys-

h

tem o = (0", 09,0%)T, where the superscript T means

the transposition of the matrix, satisfies

ol — ol +2(ho™), + 0% + Ac" + Bo? =0, (4)

o +2(go") e 4+ 2(ho%)z 4 09, + 4A(c9 — 02)1

+4B(0?9 — olt)y + C(0? — 200) =0, (5)
o, — ol =0. (6)

For the Lie point symmetries, the general solution of
Eqgs.(4)-(6) can be written asl”
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a" he hy h, H
o(@ythgu)=|o09 | =X|g, |+Y g, [+T ]| g |+| G| (7)

Where G(I’ y’ t? h’ g’ u) = G’ H(I’ y? t’ h7 g7 u) = H7 U(x7 y? t? h’ g’ u) = U’ X(x7 y’ t? h’ g’ u) =

X, Y(z, y, t, h, g, u) =Y and T(x, y, t, h, g, u) =T, ie. H, G, U, X, Y, T are all functions of
z, y, t, h, g and u.

Substituting expression (7) into Eq.(6) and letting g(z,y,t), h(z,y,t) and u(x,y,t) be a solution of the
GBK system yield

2gTyh2 + 2hTuy + (4AT), + 20Ty, — Xy, + 29Ty)ge — 4BTyhyy — G, + 4BTyg,

—gyYn — 4AThhyy + Thaw + 2975 + CuT), — 20T hylhy + [2(2A + W) Tugs

—4AT hyy + Xggy + Xnhy — ABT hyy + Tygew — Gu + Xy + CgT,, + 4BT,g,

~Y,Gy — 2CT, hyJu, + (2hTy + Y, — X, + 4AT,)g2 + [2hT, + Tyu — 2CT,h,

+4AT, — 4BT,hy, + 4BT,g, + Yihy, + Y, + CgT, — Gy — 4ATyhyy + Tyguw — Xa

+Uu)gs — Yagy + (Tygy + Tnhy + Ty)uy — 2CT hy — 4AT hyy — ABT,hy,

~Gy + Tuguw + CgTy + Uy + Uphy + uygy + 4BT.g, =0 (8)

where hy, g¢, uy and their higher-order derivatives have been eliminated by use of the GBK system. Equation
(8) holds true for an arbitrary solution (h, g and u) only for all coefficients of the polynomials of the different
derivatives of the functions h, g and uw with respect to space x and time ¢ being zero.

Letting the coefficients of the polynomials of the derivatives of h, g and u be zero, we have

T(z,y,t,h,g,u) =T(t), Y(z,y,t, h,g,u) =Y (x,y,t,g,u),

X(z,y,t,h,g,u) = X(z,y,t, h,u), G(z,y,t,h,g,u) =G(z,y,t,h,u),

0X 9y 90U 0Y

dg  Ou’ dg oz’

0G _0x 9 _ou oG _ov ox U o
ou Oy’ Ox Oy 99 Oy Oxr  Ou

U(:I;’ y7 t? h7 g? u) = U(‘T7 y7 t? h7 u)7

Under these conditions, substituting expression (7) into Eq.(4) we have

—~4h®Thyy + 2Chyhy — (Au+ Bg)Hy, — Yyzhy + 2hH, + AU + BG + 2(—H,,

—2AY,hy — Yuhao + Yo — 2AH, — Yaghy — Yyhay)ge + Yuhyu, — CGH, — CgYyh,

—4BY,gyhy + Yihy + Uy + Tihey — (Au+ Bg)Ty — 2HyGaw + Hy — Hyo — 2Yghygon

~Yuhytze — 2Xohey + (—Huyu + X — Yo + X )u2 + (=29Y0 — Hyg)h2 + [~ Xoput2

+2(=Yuubs + hXy — Xow — Hpu)tg — Yguge + 2(2Ys, — Hgp, — Yau) + 4BgT + 2CY, by,

—CgY, 2hT; — 2gH, + 2h X, — 2AUT + 2H — 2Yyguw — Xux — 2Hen — 4BY, g, + X,

~XouUspy + 4AY, Hyy + 2AuT 4 4BY, hyy — ABgT + X, ui — 29X ghylha + 2(Ys

+2AY,hy + 2AH,)hyy + ABY,hyhy, + 4h*Thy, — ABH,g, + 2CYyhy, + 2hY,h,

+Hy (Ut — Uzs) + 4BHghyy + [2(Hgu + Yo — Yguhy)ge — 2Yu(hey — hhy) — 2Ya,hy

—Hy, +2hH, — Ty — 2Hyy + Xo + Uy — 2X o how e — (Yoghy + Hyy — Yy)g2 = 0, (10)

which has the following solutions for the determining equation system, obtained by vanishing the coefficients of
the polynomials for the derivatives of h, g and w:

Y(I5y7t5g’u) = Y(y)’ U(x7y5t7 h)”) = U(I5y7t>5
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Gl ot ) = 9Gla,ut) + Golo ), Gl t) = 1Y (1) + G
H(z,y,t,h,g,u) = H(z,y,t,h) = hG(t) + H(x,y,t),
X(z,y,t,h,u) = X(x,y,t) = %x%T(t} + x0(y, t),
Ht) = —sa 1) - L0000, c) = 130, 1)

where xq(y, t) is an arbitrary function of y and ¢. Then the Lie point symmetry of the GBK system is reduced

to

O'h
U(x7y, t7 h,g’ u) = O-q
o.u
1d7T(¥) 1d%7T(t) 1 dzo(y,t)
QT(hiU)z-i-Io(yaf)hm+Y(y)hy+T(t)ht—Z 2 LT
1dT(t) dY(y)  1dT(t)
= ——— ,t T Y Tt a ?
5 9z + 20(Y, )92 + Y (y)gy + T(t)g: + Qy 9t 5—q 9
147t AT (¢
O o oy, e+ Y 0y + T+ Tt U, 0)

while Eqgs.(4)—(6) are reduced to

Cxoyu + 2Goh, + 4AGo, + 4BGOy + CGo + 2hGoe + (x()yu)t + got + 2Bxoyy: + CXoyt
+2hugzoy + 2hexoyu — 249, T + 4Auzxoy + 8Bgyxoy + 4BYy gy — 4BTigy — 2Cxoyhy
+2CT hy + ToyUes + 2AT hey + Goze — CTrg — 4Axoyhey + 4Bxoyyu + 4BgYy,

—8Bxoyhyy — 4Bxoyyhy — 4B(Yyhy)y + 4BTihy, = 0, (12)
1 1 1
_ZTtttx + Ux - Bth - §AUTt - §x0tt + BUZEOy + BgY + BGO + AU = 0, (13)
U, — Go, = 0. (14)
|
Vanishing the coefficients of u,, and h, of Eq.(12) In this case, the symmetry is
leads to 14
O'h — Io(t)h,x —+ yoh,y —+ t()h,t — gaxo(t),
xo(y?t) :xo(t)v Go(x7y5t) = 0 (15) o'g = Io(t)gx+y0hy+togt7
and then ot = @o(t)us + youy + tous + e~ uo(t)
1 d2
+——=x(t), 17

due to Eq. (14).

To study further, according to the different
choices of the constants A and B and the arbitrary
functions, Y (y), T'(¢) and z((t), there exist five possi-
ble cases of the symmetries which have to be consid-
ered separately as follows:

Casea A#0,B#0.

with 2o(t) and wug(t) being arbitrary functions of ¢,
and yo and ty being arbitrary constants.

Case b A#0,B=0.
In this case, the symmetry is

1d
o = 2o(t)hy + Y (y)hy + tohy — Eaxo(t),

d
0 = x0(t)gz + Y (y)hy + tog: + gd_yy(y)’
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o = 2o(t)us + Y (y)uy + tous + e~ M ug(t) and ty being arbitrary constants.
1 d?
+ﬂ@$o(ﬂ, (18) Cased A=B=0,C#0.

. . In thi , th try i
where z((t) and ug(t) are arbitrary functions of ¢, 1l LIS €ase, TRe SyHmeLy 1s

Y (y) is an arbitrary function of y, and ty is an arbi- A

Q
Il

1d
he + Y (y)hy +toht — - —=z0(t),
trary constant. zo(t) (W)hy +tohs 2dtw0()

d
2o(t)ge + Y (y)hy + toge + gd—yY(y),

Casec A=0,B #0. w
In this case, the symmetry is T IO(t)lzlzz—i_ Yyl
1
2o (t)he + Yohy + tohy — 55%@)’

Q
Il

09 = 20(t)gs + yohy + toge, with wo(t) and z(t) being arbitrary functions of ¢,

Y (y) being arbitrary function of y, and ty arbitrary
o = xo(t)ug + Youy + tour + uo(t) )

constant.
1 d2
+§$@$O(t)u (19)
Casee A=B=C=0.
with zo(t) and ug(t) being arbitrary functions of ¢, yo In this case, the symmetry is
|
1 d 1. d 1d 1 d2
h
= (z2—T(t Nhe + Y ()hy + T he + ~h—T(t) — =—a0(t) — ~2—=T(t),
o = (52 TT() + 2o + Y ()hy + T(Ohe + hET() — 3 Cao(t) — oz ()
1 d d
of = (gfﬂ&T(t) +z0(t))g: + Y (y)gy +T(t)g: + gd_yy(y)’
v = (LT o)) + Yy + T+ uo(t) + S ao(t) + 2 1) (21)
ot = (=x— T Uy U up +u ——= —rt— ,
2t 0 Y7ty LT T gt T T s

with ug(t), 2o(t) and T(t) being arbitrary functions of ¢, and Y (y) being arbitrary function of y.

Once a symmetry (a generator of the symmetry group) is known, the corresponding finite transformation
can be obtained by Lie’s first fundamental theorem.®) However, it is still difficult to find the finite transformation
due to the complex calculation, and the final expressions are very complicated and difficult to apply for practical
purposes. Here, the direct method is applied to acquiring the transformation groups of the GBK system.

3. Transformation group by the direct method

According to Ref. [2], it is straightforwardly assumed that

g=a+ BIG(gunaT)a
h = Q2 + BQH(f, 7777-)7 (22)
u=az+ ﬁ?)U(gu 7777—)7

which is a solution of the GBK system. Here, a3, as, as, 01, 02, B3, £ n and 7 are functions of x, y and ¢.
Substituting expressions (22) into Eq.(1), letting G(&,n,7), H(E,n,7) and U(&,n,7) also be a solution of the
GBK system but with independent variables, and eliminating H,, G-, U,, and their higher-order derivatives by
use of the GBK system yield

—BoT2Heeee + Wi,y t, H Hey oo\ Hyyy oo U, Uy oo Uy o, Gy, Gy Gy = 0, (23)

where W is a complicated independent function of Heeee (and its higher order derivatives). Equation (23) holds
true for an arbitrary solution H only for all coefficients of the polynomials for the derivatives of H, G and U
being zero.
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Obviously, B2 should not be zero and there exists no nontrivial solution for 7, = 0, so
> =0, ie. 7=7(y,t). (24)
Under condition (24), Eq.(23) is reduced to
B2 (Tt - fi)HEE - 6277§Hm7 - 2525177961{577 + (52515 — 206228z + 202328, — 5259696)115
+(Bane — 2082200 + 2020821 — Bonwe) Hy + 202[(828 — 7)) He + Bone Hy + foo H|H
+(2(B202)z + Bot — Boza) H + (B38s — Ba1i)Ue + (ABs — APty + B32)U + B31:Ge
—B(=p1 + B27)G + Par — Qaga + a2t + Q35 + 200000, + Az + Bag = 0. (25)
It is easy to see that
gi — Tt = 07 Ne = 07 (26)
to eliminate H¢e and H,y,, or
5 = :Eé-l + 527 Tt = 5%7 n= n(yat)v (27)

where £ and & are only functions of y and ¢t. Substituting expression (27) into Eq.(25) we have a simplified

equation as follows:

[B2(§1e + &2¢) + 2020261 — 2032261 He + (B3 — B261)Ue + Pane Hy + 202(082 — &) HH,
+26202: H? + [2(a22)x — Bozaz + Poue] H + B(B1 — B2&3)G + (ABs — ABebi + B3:)U
+aor + sy + 20000, + Aag + Bag — qiage = 0. (28)

By vanishing the coefficients of the polynomials of H,
U, G and their derivatives, the remaining determining
equations of the functions read

B2(&1ew + &21) + 202261 — 202:61 = 0, (29)
—B261 + B3 =0, (30)
Bane =0, (31)
2032(=&1 + B2) = 0, (32)
202322 = 0, (33)
2(a2f2)s — Poza + P2t = 0, (34)
B(B1 — 2£7) = 0, (35)
ABs — ABaoE} + B3 = 0, (36)
gt + gz + 20000, + Aoz + Bag — agge = 0.(37)

From Egs.(29)—(34) we can have the following results:

n=ny), B2=2~&,

B3 = By = &5, ag = —M.

261
As to Eq.(35), there appear two cases due to the

(38)

different choices of the constant B.

Case 1 B #0.

In this case, to vanish the coefficient of G or
Eq.(35) there is no choice but

Br=¢, o=t (39)
Under conditions (38) and (39), Eq.(28) is reduced to

—2A(& — 1)EIU — &&1u — E1bon + 264
+2€14€0s 4+ 2BE oy + 2€3 a3, = 0. (40)

To lose the coefficient of U, there are also two sub-

cases:

(i) A#£0.
In this situation, the required equation is
(& —1)&i =0.

Obviously, & should not be zero due to £ being the
transformation of x (27), so

=1 (41)

Substituting the known results into Eq.(2) and Eq.(3)

we have
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—4BT§H§§§§ — 8BTynyHeen — ABTy(2BE2y + A)Heee + 4BTyHHeee + 2(2BTy,
+2BE3, + 2A%y + C1y)Hee + 87, (A + 2By ) (HE + HHee) — 16 BT, H* Hee
+32B7, (Hee He — HHZ) + 4(A — Any + 4AB*7) — 2Bn,&ay)He,, + 16 B, 7, H He,
+2(C — 2ABny, + 4B*Cr. + ABCt, — Cny)H, + 4(C1y + 2B7,, ) HH¢
+16Bny 7, He Hy) + 2(0q — Coy — 2BEayy)He — BT, HeUe — 8BT,(1 + 2B7,)GH;
—8ABT.UH; + 201 H + 4B[(1 4 2B7y)* — 12| Hyy + AB7 Ugge + 4B7.Uceyy
+47y (A + 2By + AB7,)Uge + 4ABT, U, + 2(2A%7, + 2BTy, + 4ABT,{2)
+C71y)Ue — 8ABT,HU; + 2A(Btyy 4+ C1y)U + 4B7, (20, — 1)Ge¢e + 4B(—3Ar,
+2B7,&oy + 2An, T, — 4ABT, + B&s,)Ge + AB(2Bn,1, — 4B, + 1y — AB’1,
~1)G, — 8B7,(2B7, + 1) HG¢ + 2(2B*7,, — 2B°7; — BC1,)G

+aiy + Cloy + 4Banyy + Car + 4Aai, — a1zéor + ige =0,

and

(77y - 1)GE - ﬁlzG + §2yU§ + TyUT —+ gy — Q1 = 0.

Vanishing the coeflicient of Heeee in Eq.(42) requires

—4B7; =0, ie. T=71(t), (44)

so it is easy to obtain the result from expressions (27)
and (41)

T = t—to, (45)

where ¢y is a constant. Vanishing the coefficients of
G¢ and Ug in Eq.(43) we have

) (y7 t) =& (t)v (46)

n=1Y - Yo,

where y is a constant.
Now the remaining determining reduced equa-

tions are

—&ot + 2a3, + 2Aasz +2Ba; =0,
20(1H5 + 201, H + aqp + 1gp + 4A01,
—|—4Boz1y + Caq — 0411521& =0,

azy —ay, = 0. (47)
The general solution of these equations reads
ap = O,
L tein oy f (48)
a3 = — e
3 24 2tt 1

where f1 is an arbitrary function of ¢.

In summary, the following theorem holds.

Theorem 1 If {G = G(z,y,t), H = H(x,y,t),
U=U(z,y,t)} is a solution of the GBK system (1)—
(3) when A # 0 and B # 0 then so is

g = G(I+€25y_y05t_t0)a
h = _%+H(I+§27y_y07t_t0)v

1
ﬂ&tt +e M4 fi(t)

+U(I+§27y_y07t_t0)7 (49)

with & and f; being arbitrary functions of ¢, and yo
and o being constants.

It is obvious that once the symmetry group is ob-
tained, to find its symmetry algebra, the infinitesi-
mal transformations, is quite a straightforward work.
The generators of the symmetry algebra related to the
symmetry group theorem 1 can be obtained by setting

52 = 6—‘XVO (t)7

to = —Eto,

Yo = —€Yo,
fl(t) = Ef(t)v

with € being an infinitesimal parameter, then expres-

(50)

sion (49) can be written as

9= G+e(Xo(t)Gs + yoGy + toGr),
h= H+e(Xo(t)Hy +yoH, +toH; — %XOt(f)),
u= Ut el (Xo(t)Us + Uy + tols)

+h Xoult) + e AE (1)) (51)

2A
which is exactly the same as that for Case a in Section
2.
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(i) A=0. B2&imy =0,
If A =0, the corresponding reduction equation is &1(Bany — P1) =0,
—&&nr — Gbon + 285, (Bota)y =0
261160 + 2620, + 2BE20y =0, (52) gy — a1z =0, (54)
which is still difficult to solve. Now substituting ex-  \hich have the general solutions
pressions (22) and (24), (27), (38) and (39) into Eq.(3)
ylelds T=101), & =%, & =~E&(1),
P81 (§1yw + §29)Ue + 52517’yUr + & (B2my — B1)G, B2 =ba(t), 1= &y + o, (55)
+(6261)yU + gy — =0, (53)

with the determining equations

B261(E1yT + &2) = 0

4BE (bs

where &y and yo are arbitrary constants and 7(t), &2(t)
and by(t) are arbitrary functions of ¢. Under these

conditions, Eq.(2) is reduced to

— &0)Hypy + 4AES (by — 1) Heyy + 205 (Eoba — 1) H,) + 2€5 01 He + 285 a1, H

—4AE DG + €5 (—Cba&d + Chy + bay)G — a1zbar + Eovize + Eoonr + 4A&ar,

+4B&yary + Céay =0,

By vanishing the coefficients of the polynomials of H,
U and their derivatives, we obtain the following re-

sults:
d2
a; =0, az= B dt€2x+a3,
bo(t) =1, T=t—ty, & =1 (57)

We can arrive at the following final transformation
group theorem of the GBK system when A = 0:

Theorem 2 If {G = G(x,y,t), H = H(x,y,t),
U =U(z,y,t)} is a solution of the GBK system (1)
(3) when A =0 while B # 0, so is {g, h, u} with

g=G(x+ &,y +yo,t—to),
1dés

h=—§E+H($+§2ay+y07f—to)
we L CE Ut Gyt o t—to), (58)
2 Q2 3 2,Y T Yo, 0/

where & = &5(t) and az = as(t) are arbitrary func-
tions of ¢, and yo, to are arbitrary constants.

(56)

By setting

S = GXO(t)a

to = —€to,

Yo = —€Yo,

as(t) = ealt), (59)

with € being an infinitesimal parameter, the corre-
sponding symmetry algebra can be obtained as fol-

lows:
g= G+ e(Xo(t)Gy + yoGy + toGt),
1
h= H+ G(Xo(t)Hm + yoHy +toH; — §X0t(t)),
u= U + E(Xo(t)Um + yQUy + toUs
Case 2 B=0.

If B =0, Eq.(35) is identically satisfied. Then in
this case, the reduced equation is

[Ba(&rea + Eat) + 2000281 — 202,81 He + (B3 — 261)Ue + 262(82 — &1 ) H He

+Bom Hyy + 2822, H® +

[2(a282)s —

Fagy + aze + 20000, + Aag — age =0,

Bowe + BorH + (ABs — AB2l + B32)U
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and it is straightforward to obtain the determining
equations by vanishing the coefficients of H, G and
their derivatives as follows:

B2(§11w + &at) + 2026281 — 202,61 =0,  (62)
=261 + B3 = 0, (63)
Bane =0, (64)
202(=&1 + f2) =0, (65)
203232: = 0, (66)
2(2f32)s — P2za + Bar = 0, (67)
ABs — AR} + Baa = 0, (68)
ot + sy + 20000, + Ao — 2z =0, (69)

with the general solutions of Egs.(62)—(67) being

n=ny), B2=¢&,
1
PR T

Under these conditions, Eq.(68) becomes
A (1 - &) =0. (71)

Similarly, there are two subcases due to the difference
of constant A:

(i) A#£0.
If A # 0, then we have
51:15 T:t_tlv (72)

where ¢; is an arbitrary function of y. From Eq.(69)
it is found that

1
a3 = ﬂggtt —+ e_A:”a3, (73)

with a3 being an arbitrary function of y and t. And
then the reduced equations of Egs.(2) and (3) become

—4At1yH555 — 2(214521/ + Ctly)Hgg + SAtlyHHgg =+ 4A(61 — ny)an + 2(041 — Cfgu)Hg
+2C(By — ny)Hyy + 4Ct 1 HHe + Aty HE + 201, H + 4At1, Uge + 4A4%11,Ue + 2ACt, U
+20612Ge + (Bit — £2e010 + Biaa + 4A012)G + 201.GH + qizp + 440, + Cloyr + o1y

+CO&1 - 0411521& = 0,

and

2A(77y — 51)G§ + 2A§2yU§ + 2At1yU7— — 2A61IG + §2ytt + 2A67Ama3y =0. (75)

Thus it is easy to obtain the solutions of the de-
termining equations as follows:

t1 = —to, B = 3_27
& =&(t), a3z = as(t), (76)

with to being an arbitrary constant and &3, as being

a1=0,

arbitrary functions of ¢. So the following theorem

holds.

Theorem 3 If {G = G(z,y,t), H = H(z,y,t),
U=U(z,y,t)} is a solution of the GBK system (1)-
(3) when A # 0 while B =0, so is {g, h, u} with

= —G(z+ t—1t
g dy (517 2,1, 0),

1d
:_§§+H(x+@,n,t—to>,
1 d? _ Az
w= 5 S e My 1 U+ ot~ o), (T7)

where & = &(t) and a3 = ag(t) are arbitrary func-

tions of ¢, and n = n(y) is an arbitrary function of
y.

By setting
§2 = eXo(t), ny) =y+eY(y),
to = —etg, as(t) = ea(t), (78)

with € being an infinitesimal parameter, the related
symmetry algebra can be obtained as follows:

g= G+ e(Xo(t)Gs +Y(y)Gy + Gt + Yy (y)G),
1
h= H+eXo(t)Hs +Y(y)Hy + toH: — §X0t(t)),

1
u= U+ eXot)Us +Y(y)Uy + toUs + ﬂXOtt(t)

+e 4%q(t)). (79)

(i) A=0.
In this case, the reduced equations are
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—&1 (& + Eane) + 265, + 261,601 + 203,85 = 0, (80)
=208, Hee + ACE Ty HHe — 283 (Coyx + Céry — E1anz ) He + 2083 (8161 — my) H,
—263(Cé1y — &1ona)H + 267 B12Ge + [~&1B1e (§1m + E20) + CEFPL(L = &) + & (Praa
+611)]G + 265 p1.GH + 2087, Ue + C(&1€10w + Eoyt) — (§162 + E21) (€101, + C&1y)
+& e — &€ + Eany + Céfag =0, (81)
E(Erym + E24)Ue + E1yUsr + E1(E1my — B1)Ge + 26161,U — B12G + a3y — a1, = 0, (82)

To vanish the coefficient of Hee in Eq.(81) we have
—-20¢}7, =0, (83)

which means that there exist two different cases be-
cause of the different choices of the constant C':

(a) C #0.

If C # 0, the determining equations are
—&(&1nx + Eore) + 265, @ + 2814600 + 203,67 = 0,
ngy =0,

—26}(Céya + Clry — E101,) = 0,

2C€ (B1é1 —ny) = 0,

—263(Cé1y — &101a) = 0,

267 Bz = 0,

—&1 Bz (b + E20) + CE B (1 — €7)

+&1 (Braz + P1e) =0,

20&T, =0,

C(&1&1yer + Eayr) — (Eirx + &ot) (§1a1z + Céry)
+&3 (120 + a1t + Con) — E1€1101 = 0,
5%(517433 +&2y) =0,

5%7—1/ =0,
&i(&my — B1) =0,
26161y =0,
_61x = Oa
Q3y — Qg = 0. (84)
The general solutions are as follows:
G=1, 7=t+to, n=ny),
dn
= — = t
61 dy’ 52 52( )
1dé&, 1d2&
QlZ—ig, a3:—§ﬁz+a3(t), (85)

where 7 is an arbitrary function of y, £2 and as are ar-
bitrary functions of ¢, and t¢ is an arbitrary constant.

In summary, the following theorem is obtained.

Theorem 4 If {G = G(z,y,t), H = H(x,y,t),
U=U(z,y,t)} is a solution of the GBK system (1)
(3) when A =0, B =0 and C # 0, then so is

dn
=—G t+t
g dy ($+§27’l’]7 + 0)7

1d
h = _igH(x—’—g?unat—i_tO%
__1d%
S 2 de?

with & and a3 being arbitrary functions of ¢, i be-

x4+ as(t) + Uz + &,n,t +to), (86)

ing an arbitrary function of y, and ty being arbitrary

constant.
By setting
&2 = eXo(t), n(y) =y+e¥(y),
to = —eto, as(t) = ea(t), (87)

with € being an infinitesimal parameter, the symmetry
algebra in this case can be obtained as follows:

g= G+ e(Xo(t)Gor +Y(y)Gy + toGy),

h= H+e(Xo(t)Hy + Y (y)Hy + toH, — %X()t(t)),
u= U+e(Xo()Us +Y (y)U, +toU;
-l—%XOtt(t):c +a(t)). (88)
(b) C=0.

If C =0, the GBK system is reduced to the usual
BK system

hy — hye + 2hhy +u, =0, (89)
gt + 2(9h)z + gzx = 0, (90)
Uy — go =0, (91)

then substituting expression (22) and the known re-
sults into Eq.(89)-Eq.(91) yields
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—& (&1 + Eopr) + 263,70 + 261,80 + 203,67 = 0, (92)

2§ilale§ + 25%04le + 25%611G§ + [_51611 (5115'r + th) + g% (6111 + ﬂlt)]G

+2612GH — & 0n(§14m + Eat) + § Qaw — G610 + Eary = 0, (93)
& &1y + E2y)Ue + §7yUr + E1(E1my — 1) Ge + 26161,U — PraG + a3y — a1z = 0, (94)
|
with the determining equations where 7, &1, & and ag are arbitrary functions of ¢.
2 2 _
—&1(&nw + Eaue) + 2655 + 281080 + 203,67 = 0, Theorem 5 If {G = G(z,y,t), H = H(z,y,1)
261 a1, = 0, U=U(z,y,t)} is a solution of the GBK system (1)-
26331, = 0, (3) when A= B =C =0, sois {g, h,u} with
&1 B (&1 + E21) + & (Braa + Pre) =0, d
2 2 g= T6G(Ex +n,7)
—Gra1(§ur + &) + G aree — S&uan + an =0, dy P
2 _
i(glywr&y) - h = —5”‘2;1 = + H(&z+ &,m,7),
51 TU = 07
‘ E1&iux + 26180 — 263, — 481,80
51 (flny - ﬁl) = 07 U = 4&-2 L
1
218y =0, +as(t) + UG + &2, 7), (97)
_ﬁlm =0,
agy — gy =0, (95) where 7, & and ag are arbitrary functions of ¢, £ = 4
and 7 is an arbitrary function of y.
which have the general solutions: By setting
=0 r=rlt) m=4 Q)= VA, &(t) = chr(t)
dn
§=286(1), pi= d—y&, ny) =y +eY(y), 7(t)=t+eT(t), (98)

as(t) = ea(t),

_ &i&iur + 26180 — 2821 — 4€1,€0; with € being an infinitesimal parameter, the relevant
8 4¢2 generators of the symmetry algebra can be obtained
+as(t), (96)  as follows:

g=G+e((at1(t) +t2(1)Go + Y (y)Gy + T ()Gt + (t1(t) + Yy (¥))G),
h=H + e((wts () + ta2(8)) Hy + Y () Hy + Ty + 1 (6) H %xtlt(t) - %tgt(t)),
w= U+ e((wts(t) + ta(0)Us + Y ()T, + T()Us + 26, (1)U

1 , 1
+Zt1tt(t)l“ + §t2t(t)$ + a(t)). (99)

The result for this case is just that for case e in the last section. Furthermore, the finite transformations given
in Theorem 5 are related to the non-Lie sector of the symmetry group.
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4. Summary and discussion

In this paper, using the Lie symmetry method de-
veloped by Lou, the general Lie point symmetries, the
generators of the Lie point symmetry algebra, of the
GBK are studied. It is found that the Lie point sym-
metry algebra structures for five different cases are
quite different.

In principle, once the Lie point symmetry algebra
of a model is known, one can find its Lie point sym-
metry group constructed by finite symmetry transfor-
mations by the Lie’s first fundamental theorem. How-
ever, the results obtained by Lie’s first fundamental

theorem are difficult not only to acquire but also to
understand. In this paper, we solve the problem via
a direct method established by Lou and Ma. Using
the direct method, we successfully find not only all
possible Lie point symmetry groups for five different
cases of the GBK system but also the non-Lie point
Symimetry group.
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