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This paper studies the unified symmetry of a nonholonomic system of non-Chetaev type with unilateral constraints

in event space under infinitesimal transformations of group. Firstly, it gives the differential equations of motion of the

system. Secondly, it obtains the definition and the criterion of the unified symmetry for the system. Thirdly, a new

conserved quantity, besides the Noether conserved quantity and the Hojman conserved quantity, is deduced from the

unified symmetry of a nonholonomic system of non-Chetaev type with unilateral constraints. Finally, an example is

given to illustrate the application of the results.
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1. Introduction

The theory of symmetries and conserved quanti-
ties is a very important research field in mathemat-
ics and physics, especially in analytical mechanics.
There are three main methods used to seek the con-
served quantities of a mechanical system: namely, the
Noether symmetry,!' =3/ the Lie symmetry!*—¢ and the

7-10] As to the conserved quantity,

(1-3]

form invariance.|
there are mainly the Noether conserved quantity,
the Hojman conserved quantity!*'=14 and a new type
of conserved quantity.['>~17 Previous studies on sym-
metries and conserved quantities are all carried out
from a certain kind of symmetry to seek a type of
conserved quantity. Recently, Mei et al gave a unified
symmetry of a Lagrange system![!'8l that could lead
to the three kinds of conserved quantities mentioned

above. Subsequently, significant achievements have

been obtained in the study of this method.19~21]

The study of symmetry and conserved quantities
has become a popular subject in event space. In recent
years, some important results have been obtained in
event space.?2-28] In this paper, we generalize Mei’s
results to a nonholonomic system of non-Chetaev type
with unilateral constraints in event space and ob-
tain the three kinds of conserved quantities mentioned
above.

2. Differential equations of mo-
tion

Here we consider a mechanical system whose con-
figuration is determined by the n generalized coordi-
nates ¢s(s = 1,...,n). Let its motion be subjected
to the g ideal nonlinear unilateral nonholonomic con-

straints of non-Chetaev type

08(4s;4s; 1) 20, (B=1,...,9). (1)

Limitations of the nonholonomic constraints (1) added
on the virtual displacements are

¢ﬁs(qudsat)5QS =0, (ﬁ: 17-"79)7 (2)

the repeated subscripts represent the summation.
Generally speaking, 1gs(8 = 1,...,g) have no rela-
tions with d¢g/0¢s. If ¥gs = O¢p/0§s, constraints
of non-Chetaev type become constraints of Chetaev
type. Then, the differential equations of the system
can be expressed in the form of configuration space

d 0L 0L

= - = s A ED

105, Og @A

/\5207 (bﬁzov )\ﬁ(bﬁzoa (6:1379)7 (3)
where L = L(tq,q) is the Lagrangian, Q, =

Qs(t,q,q) are the nonpotential generalized forces, Ag
are the multipliers of constraint.
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We construct a space R"*! (event space) in which ~ where

the coordinates of a point are ¢5(s = 1,...,n) and t.

We introduce the notion I, = Ng Vg = (T4, 2),). (12)

(s=1,...,n), (4)

then all the variables z,(a = 1,...,n + 1) may be

1 =1, Zst1 = s,

given as a function of some parameter 7. Let z, =
24(7) be such curves of class C? that dx,/dT = 2/,
where the z/, are not all zero simultaneously. We set
To = duo/dt = !, /2), where &, denotes the deriva-
tive with respect to ¢ and z/, denotes the derivative
with respect to 7. In event space, the Lagrangian
A(zq,2,,) and the nonpotential generalized forces P,

are defined by the following equations
A(Ia5IIOL) :IllL(Iavx/Q/Illv'-'7x;7,+1/x/1)5 (5)

Pl = _st;+17

PS+1 :IIIQS(IOHI&/'I/D'"axinrl/Ill)' (6)

Equations (1) and (2) can be expressed in the

form
@g(a:a,x;)ZO, B=1,...,9),
(a=1,...,n+1), (7)
WQQ(IQ,I;)(&Z?Q = 07 (6 = 17 e ag)a
(a=1,...,n+1), (8)

then the motion of the mechanical system can be de-
scribed by the differential equations in event space as

follows: (29!
d o4 oA
E@Ifx —% = Po + A3 ¥ga,
Ag >0, D3>0, N\gPg =0,

B=1,...

Suppose that the system is not singular. If the

,9),(a=1,....n+1). (9)

system is constrained, i.e. constrains (7) take the sign
of equality, we have

P3=0,(6=1,...,9), (10)

Ag can be expressed as function of z, and z/,. Thus,
Eq.(9) can be expressed as follows:

d o4 oA
T 0w, Oz Tet il

(@=1,...,n+1), (11)

Though (n + 1) equations of Eq.(11) are not re-
spective, we can find the last n #7, ;. In summary

x/S'Jrl:AS(a:a,x;,:r'l/), (a=1,...,n+1). (13)

If the system is free from the constraints, that is,
the sign of inequality in constraints (7) holds strictly,

we have

@ﬁ(Ia,I;) > O’ (6 = 17"')9)5
(a=1,...,n+1). (14)

The Eq.(9) can be expressed as follows

d o4 oA

—55 — 75— = Fa,
dr 0x!, Oz,

(@=1,...,n+1). (15)

Though (n + 1) equations of Eq.(15) are not re-
spective, we can find the last n z7, ;. In summary

x;/+1:BS(xa,xg,x’1/), (a=1,...,n+1), (16)

3. Definition and criterion of uni-

fied symmetry

Definition If a symmetry is a Noether one as
well as a Lie one and is also form invariant at one
time, the symmetry is called a unified symmetry.

Take the following infinitesimal transformations:

x5, (T7) = 20 (7) + sfa(:ca,x;),

T =1,
(a=1,...,n+1), (17)

where € is an infinitesimal parameter and &, are in-
finitesimal generators.

For the nonholonomic system of non-Chetaev
type with unilateral constraints in event space, the
Noether identity can be written in the form

XOU) 4 (Pat o+ =Gx =0, Vol =0, B =0;
T

- d
ﬂ%m+a@+xﬁpm,%>o (18)
T
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The determining equations of the Lie symmetry are

KO [Bo(4)] = XO(Py + 10,) = 0. X [By(raa})] = 0,

Ugaba =0, Pg=0;

x® [ENQ(A)} —~XW(p) =0, @3> 0. (19)
The criterion equations of the form invariance are
Xa [X(l)(/l)} — XW(Py+ ) =0, XW[&s(wa,2,)] =0, &3 =0;
E. [XU)(A)} — XDy =0, d5>0, (20)
|
d
where B — = I;i +x’1’i/ + Bs——, ®3>0.(22)
" o d o dr Oz oz 0,y
XV =&a —&am
¢ 0% q dT5 ox!,
f@_gw 44, 9
drdr ™ Oy According to the above definition, the following result
= d 0 0 can be obtained easily.
E,=— - 21 :
dr 0x!, Oz, (21)
and Criterion If there exists such a gauge function
d B B Gn = Gn(xa, ) that the infinitesimal generators &,
— =a — +af + A, , D5 =0; .
dr Y Oxq oz o)y satisfy

¢5>0,

then the symmetry is a unified symmetry of the non-
holonomic system of non-Chetaev type with unilateral

constraints in event space.

4. Conserved quantities deduced

from unified symmetry

The unified symmetry of the nonholonomic sys-
tem of the non-Chetaev type with unilateral con-
straints in event space can lead to all of the Noether
conserved quantity, the Hojman conserved quantity

XO(A) 4 (Po + Ia)ew + ;_TGN}

(B[R] - X0R. - 1) =0

X (1)(¢ﬁ) = 07 Lpﬁocfa = O, @5 =0
d 2 _ . ~

D(A) + Pobo + EGN} + {X(z) {Ea(/l)} _ X(l)(Pa)}

X
(B, [x0 )] - X<1>(Pa)}2 ~0,

+{XO [B)] - K0P, + 1))

2

(23)

and the new conserved quantity under certain condi-
tions.

Proposition 1 For the nonholonomic system of
the non-Chetaev type with unilateral constraints in
event space, the unified symmetry will lead to the
Noether conserved quantity

oA

= a7
ox!,

In £o + Gn = const. (24)

Proof Because the unified symmetry is certainly
a Noether symmetry, there exists such a gauge func-
tion Gn = Gn (x4, x,,) satisfying the Noether identity
(18). According to Ref.[29], the system has the con-
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served quantity (24).

Proposition 2 For the nonholonomic system of
the non-Chetaev type with unilateral constraints in
event space, under the special infinitesimal transfor-
mation in which z; (§4 = 0) remains unchanged, if
there exists such a function g = u(x,,2,,) that

04, d

— 4+ —1 =0, P53=0;
(’“)x’.s+1+d7 ne v 5P '
OB, d

—1 =0, ¢ 0 25
ozl 4 +d7' D » @820, (25)

then the unified symmetry will lead to the Hojman
conserved quantity
1 9 1.9 d
ﬁaxs+1 (1€s+1) + 1O /S-‘rl (UE&SJA)
= const. (26)

Iy =

Proof Because the unified symmetry is certainly
a Lie symmetry, by using Hojman’s proof method,
Proposition 2 is easily verified.

Proposition 3 For the nonholonomic system
of the non-Chetaev type with unilateral constraints
in event space, if there exists such a function Gy =
Gr(xq,x),) that

XOLXOU)} + XD(Py + M) + G =0
-

@5 = O;

KOLZOU)} + XO (P + —GF

By > 0. (27)

then the unified symmetry will lead to the new con-
served quantity

dX MW (4)
ox!,

Proof Because the unified symmetry is certainly

Ir = ¢a + Gy = const. (28)

a form invariance. When a form invariance satisfies
condition (27), there is a new type of conserved quan-
tity (28).

5. An illustrative example

The Lagrangian, the nonpotential generalized
forces, the unilateral constraint equation of a non-
holonomic system and limitations of the nonholonomic
constraints added on the virtual displacements are, re-

spectively,
1 . ) .
LZg(Qf+qg)+Q1, Q1=0, Q2=q1, (29)
¢ =4q2—1q1 20, (30)
5(]1 - 5(]2 =0. (31)

Let us study the unified symmetry of the system in
event space.
In event space, we have

1 )\ 2 i\ 2
e N N 3
{2[() +(xa)

+ xz} ) (32)

!
Pi=-2x, P =0, Py=a, (33)
1
1
D= — (2 — xay) >0, (34)
zy
Sas — by = 0. (35)

The differential equations of motion of the system can

d (xé) ,

— =) =25 - A,
dr \ 7} 2

0,

where A is the multiplier of constraint.

be expressed as

d (xé) ,
— (=) -2 =\,
dr \ 7} !

A>0, $>0, \b= (36)

If the system is subjected to the constraint, from
Egs.(34) and (36) we have

) x, T !

A M _ 1 c2.0
142’ :C1+1+x’1 L
I/QII :17/

If the system is free from the constraint, from Eq.(36)
we obtain

/ /
Lo n L3 n !0
By =32+ 21", By = 231 + xha!. (38)
1 1
Choose the special infinitesimal generators as

51 = 07 52 = 53 = 17 (39)

it is very easy to verify that the generators (39) have
unified symmetry.

Substituting Eq.(39) into Eq.(23) ,we obtain the
gauge function

Gn = — (1 + x2), (40)

and Proposition 1 gives

:E ZL‘
In="24+2 _ 3, — 2y = const., (41)
Il 'rl

which is a Noether conserved quantity deduced from
the unified symmetry (39).
Equation (25) gives
1

Ao (42)

2
xp dr
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from which we obtain

p=(2h)7 (43)

! T
b= (@) (—? T G ) R

Ty I

From Egs.(39) and (44), by using Proposition 2,

we obtain

! !
I I

/ / -1
Iy = — (2 + T3 _ x] — {[;2> = const., (45)

which is a Hojman conserved quantity deduced from
the unified symmetry (39).

Substituting Eq.(39) into Eq.(27) ,we obtain

Ty | T3
Gr x—,l-i-x—,l—!ﬂl—wm (46)

and Proposition 3 gives

/ /
Th o x
2 + =3 — 1y — xy = const., (47)
Ty I

Iy =

which is a new conserved quantity deduced from the
unified symmetry (39).
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