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This paper studies the perturbation to symmetries and adiabatic invariant for nonholonomic controllable mechan-

ical systems with non-Chetaev type constraints. It gives the exact invariants introduced by the Lie symmetries of the

nonholonomic controllable mechanical system with non-Chetaev type constraints without perturbation. Based on the

definition of high-order adiabatic invariants of mechanical system, the perturbation of Lie symmetries for nonholonomic

controllable mechanical system with non-Chetaev type constraints with the action of small disturbances is investigated,

and a new type of adiabatic invariant of system are obtained. In the end of this paper, an example is given to illustrate

the application of the results.
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1. Introduction

The study of adiabatic invariants has become a
popular subject after Burgers first proposed adiabatic
invariants which point to a special type of Hamilton
system in 1917.[1 The adiabatic invariants mean that
they are almost unchanged when the parameter varies
very slowly and they play a very important role in
the research into quasi-integrability of a mechanical
system. In fact the very slowly varying parameter is
equivalent to the action of a small perturbation.??!
Research on adiabatic invariant has become an im-
portant and active field of mechanics,*? atomic and
molecular physics,® etc., and obtained series of im-

7=15] But the previous studies on adi-

portant results.!
abatic invariants are Noether conserved quantities. In
Ref.[16], Zhang et al gave a type of Hojman adiabatic
invariant for Lagrangian system, in this paper we shall
conduct our research by the latter model.

There are plenty of dynamical problems of the
controllable systems in nature as well as in engi-
neering, many scholars study the controllable systems
and obtained some important development.!'7=24 But
people did not study the perturbation to symmetries
and adiabatic invariants of controllable mechanical

systems. In this paper, we study the perturbation
to symmetries and Hojman adiabatic invariants for
nonholonomic controllable mechanical systems with
non-Chetaev type constraints, firstly, we construct the
equations of this system, and propose the concept of
higher order adiabatic invariants. Secondly, we prove
the conditions for existence of the exact invariants and
adiabatic invariants, and give their forms. In the end
of this paper, an example is given to illustrate the

application of the results.

2. The differential equations of
motion of the system

Assume that the configuration of the mechani-
cal system is determined by the n generalized coor-
dinates ¢s(s = 1,...,n). Let its motion be subjected
to the g independent nonholonomic constraints of non-
Chetaev type

Fﬁ(taq.saqsuﬂruﬂr)zo (ﬁzl,...,g), (1)

where u,-(r = 1,...,p) are controlled parameters. The

motion of the mechanical system is controlled by using
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the controlling parameters p,., which are important for
a mechanical system.

The condition for the constraints (1) acting on
the virtual displacements is

g
Zfﬁs(t7qsaq.sau’l")ﬂ’l“)6q5:0 (/8:1579) (1)
B=1

Generally speaking, fgs is independent on
0Fp/0¢s, especially when
fos = 0Fp/04qs, (2)

the constraint will be nonholonomic constraints of
Chetaev type.

From the d’Alembert—Lagrange principle and vir-
tual displacements of Eq.(2) and using the method
of Lagrange multiplier we can obtain the differential
equation of motion of the system as

g
ES(L) = Qs + Z fﬁsAﬁ

B=1
(s=1,...,n8=1,...,9), (3)

where L = L(t,¢s,4s) is the Lagrangian, Q, =
Qs(t,qs,Gs) are the nonpotential generalized forces,

Es are the Euler operators

d 9 0
B = Ea(h a 8q5' (4)

In general, it is supposed that the system (3) is non-

det(agj(;;k) £0, (5)

singular, i.e.

before integrating Eq.(3), we can find Ag as functions
of ¢, Gs, Gs, firs fir 1€

A= At s, Gs, fors flr) (6)

the equations of motion of the holonomic system cor-

responding to the nonholonomic system expressed by

Egs.(1) and (3) are
E{(L)=Qs+4; (s=1,...,n), (7)

Ay = Z fsAs- (8)
B=1

From Eq.(7), we can find all the generalized ac-
celerations

ds:as(tuqsuqS7MT7/:LT) (5217-"7n)' (9)

3. Lie symmetries and exact in-
variants

We first introduce infinitesimal transformation in
terms of generalized coordinates and unchanged time

(= =0)

=t q() = g+ Ags (s =1,...,m), (10)
or their expansion formulas
=t

q; (t") = as(t) + €2 (¢, as, ),

where ¢ is an infinitesimal parameter and £V are in-

(s=1,...,n), (11)

finitesimal generators. Introduce an infinitesimal gen-
erator vector and its first extension

0 0 d 0
5(0) _ 0 xW o0 Qe 0 gy
gs aqs5 gs aqs + dtés 8qs ( )
Where _ 5 5 5
d
= = L g —. 13
Erialiey + qk o0 + ay Dir (13)

The invariance of Eq.(9) under the infinitesimal trans-
formation (11) leads to the following determining
equations

XD (ay). (14)

Definition 1 Under the special infinitesimal
transformation with unchanged time (7° = 0), if the
generators £ satisfy the determining equations (14),
then the corresponding transformation is called the
Lie symmetrical transformation, and the correspond-
ing symmetries are called Lie symmetries.

Theorem 1 Under the special infinitesimal trans-
formation with unchanged time (7° = 0), if the gen-
erators £ satisfy the determining equations (14), and
there exists a gauge function i° = a°(t, gs, ds, fir, fir)
satisfying the following equation:

oy d . o
94, + Elnu =0, (15)

then the exact invariants introduced by the Lie sym-

metries will lead to a Hojman conserved quantity

_ L9 o0 1 9 (0d
IO_ [Lo aqs(ﬂ §S)+ /10 3% (/J‘ dté—s)

= const. (16)

Proof Under the special infinitesimal transfor-
mation with unchanged time (7% = 0), where con-
trolled parameters u, do not appear obviously, ac-
cording to the definition, the generators £ have Lie

symmetry, i.e. they satisfy

n
dag

) Oqr

2 da, d
—&. (17)

&+ :
P dq dt
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From expressions (14)—(17), by using Hojman’s

proof method, we have

d dogd d o d 0 L5 0
EI dt dgs ' dt D, dt _5 (In )
_0 0_ x(V
= 94, [dt dt§ (0‘5)}
oas d .
+ X (345 + e Inj )
= ()7

thus Theorem 1 can be proved, hence I is an exact
invariant of the system.

4. Perturbation to symmetries

and Hojman adiabatic invari-
ant

Firstly we give the concept of higher adiabatic
invariants.

Definition 2 If I,(t,¢s,gs, t4r, f1r) is a physical
quantity including ¢ for which the highest power is
z in a mechanical system, and its derivative with re-
spect to time ¢ is directly proportional to e**1, then
I, is a zth order adiabatic invariant of the mechanical
system.

Suppose the nonholonomic mechanical system
corresponding to Eq.(7) is perturbed by small quanti-
ties eWy, then the equations of motion of the system
become

EJL)=Qs+ Ay +eW, (s=1,...,n). (18)

Equation (5) becomes

. . . M
ds = Oés(taQS;QSv,urv,ur) +e Dk Wi
(s=1,...,n), (19)
where )
0L
D= det[ il }
8q58Qk

My, is the algebraic complement of 92 L/9q,0¢y of D.

Due to the action of eW, the primary symmetries
and invariants of system may vary. Suppose the varia-
tion is a small perturbation based on the symmetrical
transformation of the system without perturbation,
and £, express the generators of space after being per-
turbed, then

E =8l +ell+282+ - (20)

The infinitesimal generator vector and its first exten-

sion are
XO ¢, 8?15’ (21)
XM= gsaiqs + %556%. (22)
Substituting Eq.(20) into Eq.(22), we have
x@=engr Dy omdent (23)
i gt qk% + (oek + E%W ) (;Zk . (29)

Equation(24) leads to Eq.(13) based on the sym-
metrical transformations of the system without per-
turbation, after being perturbed, Eq.(14) becomes

4 X0, +ex(2a

dt dt

Substituting Eq.(20) into Eq.(25), and making the co-
efficients of ™

Wk). (25)

equal, we obtain

S em = xW(a,) + X, (%

D Wk) ) (26)

when m = 0, the condition &, = 0 holds.

Theorem 2 For nonholonomic controllable me-
chanical systems with non-Chetaev type constraints
perturbed by small quantities eWs, if the generators
€0 satisfy the determining Eq.(26), and there exists
a gauge function p = u(t, gs, Gs, fir, fir) satisfying the
following equation:

8as 0 Msk d
R ( Wi ) Smi=0,  (27)
then
. m ~m 10 ~ d m
Iz - mzog |:Ta . (/’Lgs ) + ﬁaqs (M&gs )i|
= const. (28)

is a zth order Hojman adiabatic invariant of the me-
chanical system, where m =0, i = ji°.

Proof
d . ordoem d o d.,
= X (G * aog s
d
—xWOni
+ XD (), (29)

the generators &' under the special infinitesimal

transformation are Lie symmetrical, we havel16:2%]
d d
S xq x >( 1 )
LX) = xO (S (30)
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After calculation, we obtain

O, Oag
dt (ai dg, dt _55) (aqs)

X (”ﬁ’“%)}

8[c_ld

_ X W) — ex®
5 £ — XWD(ay) —eX (

= Sk, %Wk)}. (31)

Substituting Eq.(20) into Eq.(31), and making the co-

(e
s

ai - ng{a{; [

+X§nlll[i,(%w )] +X<1(i1nu

0¢s \ D dt

- 3ot [ ()] o

N

& = X (as) = X

efficients of €™ equal, we obtain

(%5(;5 0qs dt 55 ) X ((?93: )

& = X0 (an) - X2 (FpEm) . 32

Substituting Egs.(32) and (30
Eqgs.(27) and (28), we have

) into Eq.(29), using

2 (R i (52)
)}

ar (5w}

)] - 3 [ (2

)

o ()] ) [ ()] xS )

945 945 945
) [ ()] et g () et [ (5w
- [ (R - 2X<1>[81<M“m>}
- ()] - e ()
g ()] e g ()]
e (g [ ()| = e g (St

when m = 0, the condition W = 0 holds.

This shows that (d/dt)I, is directly proportional
to e**1, so I, is a zth order Hojman adiabatic invari-
ant of the mechanical system.

5. Illustrative example

The Lagrangian of nonholonomic system is

S+ ). (3)

The nonpotential generalized forces are

Q1 =Q2=0. (34)

L=

The nonholonomic constraint is
Fg = go — p(t)g1 = 0, (35)

where p(t) is the controlling parameters.

Suppose that the constraint Eq.(35) is non-
Chetaev type, the virtual displacement equation of the
velocity space is

5(]1 - 5(]2 =0. (36)

Let us study the perturbation to symmetries and
adiabatic invariant of this system.



1520 Xia Li-Li et al

Vol. 16

Equation (3) give the equations of motion as fol-
lows
GL=2A Ga=—A\ (37)
From Eqgs.(33) and (35), we obtain
Lo
A=— . 38
e (38)

Substituting Eq.(38) into Eq.(37), we obtain

i

—— i G = . 39
a1 1+MQ1 a2 1+MQ1 (39)
The determining Eq.(14) gives
ad, Aond
— = (- )= 40
dt de>! ( 1+u)dt§1’ (40)
ad.,
w2 =0 (41)
Eqgs.(40) and (41) have solutions
& =6 =+ g (42)
Equation (15) gives
d fi
— gl = ) 43
a T, (43)

Equation (43) has solution

i = expldit + dot — q1 — g2 + In(1 + p)]. (44)

So we can obtain the following exact invariant by The-
orem 1

Iy = —2(41 + g2)- (45)

Next we study the adiabatic invariants of the sys-
tem. Suppose the system is perturbed by the small
quantities

EWl = —E(jl, EWQ = E(jl. (46)

Then Eq.(26) gives
m :u (_1 m a m—1

P = = — 4
&+ (1+u)dt€1 +dt§1 0, (47)

&' =0, (48)

S 2a
P

Wherem:(),{l_l:{{l:O

Equations (47) and (48).have solutions
§=6&=d+ (49)
Equation (27) gives
i

d
Chp=t e 50
T SR (50)

Equation (50) has solution

i = explgit + Got — q1 — g2 + et +1In(1 + p)].  (51)

So we can obtain the following exact invariant by
Theorem 2

I = =2(¢1 + ¢2) — 2¢(q1 + G2)- (52)
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