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In this paper the energy diffusion controlled reaction rate in dissipative Hamiltonian systems is investigated by

using the stochastic averaging method for quasi Hamiltonian systems. The boundary value problem of mean first-

passage time (MFPT) of averaged system is formulated and the energy diffusion controlled reaction rate is obtained as

the inverse of MFPT. The energy diffusion controlled reaction rate in the classical Kramers bistable potential and in

a two-dimensional bistable potential with a heat bath are obtained by using the proposed approach respectively. The

obtained results are then compared with those from Monte Carlo simulation of original systems and from the classical

Kramers theory. It is shown that the reaction rate obtained by using the proposed approach agrees well with that from

Monte Carlo simulation and is more accurate than the classical Kramers rate.
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1. Introduction

Reaction rate theory is a branch of nonlinear sci-
ence of importance to much of physics, chemistry and
biology. The development of reaction rate theory be-
gan in the 19th century with the observation of Arrhe-
nius that the log of reaction rate is proportional to the
reciprocal temperature. Modern reaction rate theories
are based on the pioneer research works of Eyring!"
and Kramers!?! etc., which are of basic importance for
the understanding of the feature of reaction.® Clas-
sical Kramers reaction theory describes reactions as
transitions over a potential barrier due to stochas-
tic forces. Kramers derived the rate expressions for
various ranges of damping forces, including strong
damping (spatial diffusion regime) and weak damping
(energy diffusion regimes). Although Kramers intro-
duced his theory for describing chemical reaction, it
has wide applicability to activated processes and has
been modified or corrected in various ways by many
researchers.!*~6 Tt has been shown that Kramers’ rate
and the inverse of mean first-passage time (MFPT) are
universally equivalent.[”) Thus, the reaction rate can
be determined through evaluating the MFPT. How-
ever, the class of processes for which the MFPT may

be calculated is rather limited.
In the last decade,
method for quasi Hamiltonian systems has been devel-

the stochastic averaging

oped in mechanical /structural engineering field.[®—11
The term ‘quasi-Hamiltonian system’ means a weakly
stochastically excited and dissipated Hamiltonian sys-
tem. In the present paper, the stochastic averaging
method for quasi-Hamiltonian systems formerly used
in mechanical/structural engineering field is applied
to the study of the energy diffusion controlled reaction
rate in dissipative Hamiltonian systems. The proce-
dure of dealing with a one-dimensional system under
the classical Kramers bistable potential with a heat
bath is illuminated in detail. The proposed approach
is also applied to the reaction rate problem under a
two-dimensional bistable potential with a heat bath.
The obtained results are compared with those from
Monte Carlo simulation of original systems and the
classical Kramers theory.

2. Reaction rate in one-dimen-

sional potential

A general model in the reaction rate theory is a
bistable oscillator coupled to a heat bath. The me-
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chanical realization of the oscillator is a reacting par-
ticle of mass m moving in a potential U(z) with two
local minima. The bath exerts a linear damping force
and a Gaussian white random force. The motion of
the reaction system is then described by the following
Langevin equation:

d?z dzx
m—
dt?

92+ D apew, )

where the mass m of reacting particle is generally

taken to be one unit. £(t) is a normalized Gaussian
white noise with mean value ({(t)) = 0 and correla-
tion function (£(¢)&(t + 7)) = 6(7). The strength D of
the random force is related to damping constant v and
temperature 7' of the heat bath by the Einstein rela-
tion D = vk, T, where k; is the Boltzmann constant.
The potential

Uz) = azx® — Vabz® + br'/4, a,b>0, (2)

is shown in Fig.1. The energy difference or potential
barrier between the saddle point and the minima is
AU = a?/4b.
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Fig.1. A reacting particle moving in the classical Kramers
bistable potential governed by Eq.(2) with a = 1 and
b=1.

The random force £(¢) is caused by the heat bath
and drives the particle out of the stable state. There
are realizations of the random force that drive the par-
ticle from one stable state over the saddle point to
the other stable state. The bistable oscillator is just
one of the simplest examples of this widespread and
important effect. It has many different applications
in physics, chemistry, biology and technical sciences.
For example, a molecule may exist in two different
configurations A and B. In a solvent, transitions be-
tween the two configurations denoted by A < B may
occur. In the energy landscape of the molecule, the

two configurations A and B correspond to two minima
which are separated by potential barrier. The inter-
action with solvent molecules provides the necessary
energy to overcome this hindrance.['? Assuming that
the solvent acts with many weak collisions on a fast
time scale, we find that the reaction can be described
by a Langevin equation such as Eq.(1) where U(z) is
a conveniently defined potential of mean force. Char-
acteristic for the reaction system is the transition over
the barrier that acts as a bottleneck for the dynam-
ics. The transition rate was derived according to two
different damping regimes.!¥ According to classical
Kramers theory, in the moderate and large damping ~y
regime, the transition rate is approximately given by
2

= [(pret) " Sl (ir ) ©

Here wyq is the angular frequency associated with po-
tential minimum where the transition starts and wy, is
the angular frequency associated with potential maxi-
mum where the transition happens. It is easy to show
by using Eq.(2) that wyp = v2a and wy, = /a. The
MFPT in large damping case can also be obtained by
neglecting the inertial term md?z /dt? in bistable sys-
tem (1).13=15] On the other hand, in the weak damp-
ing regime, the transition rate is controlled by energy
diffusion and approximately given by
~yAU —AU
W kT T, T )

k exp( (4)

Combining the two kinds of transition rates Egs.(3)
and (4), one arrives at an estimation for general tran-
sition rate

he = (k" kDT (5)

which is applicable in the weak, moderate and large
damping regimes. For the system parameters used in
Ref.[16], the numerical results from Eqs. (4) and (5)
and Monte Carlo simulation of original system (1) are
shown in Fig.2 by using dash lines and symbols e ¢
respectively. It is seen that Eqgs.(4) and (5) are quite
good approximations of the reaction rate. In the fol-
lowing a more accurate reaction rate in weak damping
regime will be obtained by using the stochastic aver-

8 and

aging method for quasi Hamiltonian systems
by evaluating the MFPT of the averaged systems.
By treating the system (1) as a stochastically ex-
cited and dissipated Hamiltonian system, we can ob-
tain the following equivalent It6 stochastic differential

equation from Eq.(1)

dr = vdt,
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dv = (—=dU(z)/dx — yv)dt + \/29k,TdB(¢t), (6)

where z is the so-called generalized displacement and
v = dz/dt is generalized momentum, B(¢) is unit
Wiener process. The Hamiltonian or the total energy
of Eq.(1) is

H=v?/2+U(z). (7)

The It6 stochastic differential equation for H(t) can
be derived from Eq.(6) by using the It6 differential
rulel’” as follows:

dH = (—yv* + vk, T)dt + v/2vk,TdB(t). (8)

Among the three variables x, v and H in Eq.(8), only
two variables are independent since v can be replaced
by H by using the following transformation:

v — /2 —20(a). (9)

Assume that the damping is light and the excitation is
weak. It is seen from Eq.(8) that the Hamiltonian H
is a slowly varying process while the generalized dis-
placement z and generalized momentum v are rapidly
varying processes. According to a theorem due to
Khasminskii, '8 the H (t) process converges in proba-
bility to a one-dimensional diffusion process in a time
interval 0 <t < T, where T' ~ 0(¢~!). In other words,
the H process may be replaced in the first approxima-

tion by a diffusion process.
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Fig.2. The reaction rate of system (1) witha=1,b=1
and AU /kgT = 4. Solid line (—) denotes the theoretical
results from Eq.(21), dash line (---) denotes the results
from Eqgs.(4), (5), the diamond (#) and the dot (e) denote
the associated simulation results.

The It6 equation for the limiting diffusion process
of H(t) can be obtained by applying time averaging
to Eq.(8). Making use of the first equation in Eq.(6),
i.e., dz = vdt, we can replace the time averaging by a

space averaging with respect to x under the condition
that H is kept constant. As a result, the averaged Ito
equation for the Hamiltonian H (t) is

dH = m(H)dt + o*(H)d B(t). (10)

By using space averaging, we derive the drift coefli-
cient m(H) and diffusion coefficient o?(H) as follows:

m(H) = ﬁ/ﬂ(—wﬂ + 7k, T)d,

o?(H) = ﬁ/ﬁ(Q’kaTv%dx,
71 = [ (/e
N ={z|U(z) < H}. (11)

Using Eq.(9) to replace v by H and completing the
integrations in Eq.(11), we can obtain the following
compact expressions for m(H) and o?(H):

m(H) = vk, T —S(H),
o?(H) = 2vk,TS(H),

! (a+ Va?—4bH )

~3b

« (aE@ ~ o —mH),

K(e)
a—+va?—4bH
a++vaZ—4bH’

where the K(-) and E(-) in Eq.(12) are the complete
elliptic integral of the first and second kind respec-

S(H)

e =

(12)

tively. In fact, the coefficients in Eq.(12) can be writ-
ten in a form of more clear physical sense

m(H) = vk, T = -1 (H)w(H),

o2(H) = ~

s

I(H) = f\/w —20(z)dx (14)

is the action variable at energy level H, and

Yk TI(H)w(H), (13)

where

w(H) =2m0H/0I (15)

is the frequency of the undamped system at energy
level H. The Fokker—Planck equation associated with
It6 equation (10) is

w _ %[m(H)p(Ha )]
+ %aif o (H)p(H.t)].  (16)

The first-passage time of Hamiltonian process
H(t) is defined as the time when Hamiltonian reaches
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critical value H, for the first time the initial Hamilto-
nian is given to be Hy < H,. The Pontryagin equation
governing the MFPT 7(H,) is('"

dr 1, d?r

Ho)—— 4 ~62(H, -1 1
m( O)dH0+2U( o)ng ) (17)

where Hpnin < Hyg < H.. In the present case, the ini-
tial Hamiltonian is Hy;n = 0 and the critical value
of Hamiltonian is H. = AU. It can be shown from
Eq.(12) that S(Hmin) = 0 at boundary Hy,i,. That is,
Hpiy is a singular boundary of the first class. The fol-
lowing quantitative boundary condition for Eq.(17) at
Hin can be obtained from Eq.(17) with 02(Hyin) =
0,

(Ar/dHo) i, — st = —1/7ksT. (18)

The other boundary conditions at H. is
7(Ho = H.) = 0. (19)

Under the boundary conditions (18) and (19), we can
obtain the following exact solution of Eq.(17):

HC U 1
T(HQ)ZQ/HO du/o 2(0)

(
X exp {—Q/UU Z((Z)))

Based on the equivalence of Kramers’ reaction rate

dw}dv. (20)

and the inverse of MFPT,["] the energy diffusion con-
trolled reaction rate k, can be obtained as inverse of
7 with initial energy Hp = 0, that is

ky, = 1/7(0). (21)

Some numerical results for the reaction rate ob-
tained from Eq.(21) is shown in Fig.2 by using solid
line. Comparing these results with simulation results
(denoted by 4, e), we see that the proposed approach
yields more accurate result than the Kramers’ result
in the case of light damping.

It is noted that the rate expression in Eq.(21) is
In fact, Eq.(21)
can be reduced to Eq.(4) under some restrictive con-

more general than that in Eq.(4).
ditions. First, if the transition rate of the reacting
particle is approximately estimated by using the lin-
ear model, then the action I(H) and frequency w(H)
in Eq.(13) will be reduced to I(H) = 27 H /wy and
w(H) = wp respectively. The integrals in Eq.(20) can
then be completed exactly. The MFPT 7(0) and the
associated estimation for transition rate k; in linear

case can be obtained as follows:

1 AU/]CBT et _ 1
o)== [ “La, k= 1/7(0) (2)
0

Under the same restrictive condition as that used in
derivation of Eq.(4), i.e., AU /k,T > 1, the following
limit exists:

v [([" S /(BN =1

By wusing this limit and the restrictive condition
AU/k,T > 1, Eq.(22) is further reduced to the fol-

lowing expressions:

0= B on(2)
e

where k,, in Eq.(24) is completely identical to the
Kramers’ expression in Eq.(4). The errors of Egs.(22)
and (24) or (4) relative to Eq.(21) for the parameters
used in Fig.2 are illustrated in Fig.3. It is seen that
the relative error between k., and k, is decreased as
AU /k,T increases.

60

Relative error/%

AU/kyT

Fig.3.
Eq.(4) and the linear estimation k; in Eq.(22) for system
(1) witha=1,b=1 and v = 0.01.

The relative error of Kramers estimation ky, in

3. Reaction rate in multi-dimen-

sional potential landscape

One more advantage of the proposed approach for
estimating the reaction rate is that it is applicable to
multi-dimensional quasi Hamiltonian systems. There
are many situations which are described by the motion
of a particle in a multi-dimensional potential land-
scape that can not be reduced to a single coordinate.
For the reaction rate in multi-dimensional metastable
field, Langer2% studied the spatial diffusion controlled
reaction rate in over damping case and obtained the
following important result:

A [detH, [—AU
by = f 2
LT o |detHb|eXp( ke, T ) (25)
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where X is the positive Lyapunov exponent of the de-
Hy and Hy
are the Hessian matrix of the energy function at the

terministic motion at the saddle point.

metastable state and at the saddle point respectively.

To the authors’ knowledge, there is no similar re-
sult in the light damping case. Now, the proposed
approach is applied to investigate the energy diffusion
controlled reaction rate in a two-dimensional bistable
potential landscape. The system is governed by the

following Langevin equations:

d?x dz oU (1, x2)
ET I T P G

ox

d2$2 dl‘g (9U $1,!E2

F + ’YW +— = 2’7k fg (26)

where & (t) and &»(t) are independent Gaussian white
noises of unit intensity. The two oscillators in system
(26) are coupled by the bistable potential

Uz, z2) = —axi/2 4+ ba] /4 + cx3 /2 — exy 1o,

a,b,c,e >0, (27)
which is inseparable with respect to xz; and zs as
shown clearly in Fig.4, The potential difference AU

between the saddle point and the minima in one well
can be obtained easily. It is

AU = (ac + £%)? /4bc? . (28)

6
| 6
~ 47 ~.
Gy
R h",""'/// 7 43
g, g o
=) ) 'j';///, ///////////// /// : g
" 9 =
0 R
2 -0
2
—27_2 -1 T1
Fig.4. A reacting particle moving in two-dimensional

bistable potential landscape governed by Eq.(27) with
a=1,b=1,c=1and € =0.5.

System (26) can be converted into the following
1t6 stochastic differential equation:

dxl = ’Uldt,
dvy = (=0U/dxy — yv1)dt + \/2vk, T d By (t)
d.IQ = ’Uth,

d’l}g = (—6U/6;v2 — ’}/Ug)dt + v 2’7]€BTng(t), (29)

where v; = dzp/dt and vy = dao/dt, Bi(t) and Ba(t)
are independent unit Wiener processes. The total en-
ergy of system is H = (v} +v3)/2 + U(x1,22) which
is the only first integral of the Hamiltonian system as-
sociated with system (26). Using Itd differential rule,
we can obtain the following It0 stochastic differential
equation for H(t) from Eq.(26)

dH = (—yv? — yv3 + 27k, T)dt
+ v1y/ 27k, Td B (t)
+ va4/ 2’7kBTdBQ (t) (30)

For the case of light damping, it is seen from
Eq.(30) that the energy is a slowly varying process.

(18] we can obtain

Based on Khasminskii’s theorem,
the averaged Itd equation of the form of Eq.(10) by
the time averaging of Eq.(30). In this case, we can
use the first equation in Eq.(29) to replace the time
averaging by space averaging with respect to x1. Us-
ing the expression for H we can replace vy in Eq.(30)
by H. To eliminate x2 and vs, further averaging with
respect to x2 and vy is conducted. The last averaging
is based on the following ergodic hypothesis: the evo-
lution of a completely non-integrable Hamiltonian sys-
tem takes it, with equal probability, through all states
which are accessible from the starting point subject to
the constraint of energy conservation.?!l As a result,
the averaged drift coefficient and diffusion coefficient

are

m(H) = 27k, T — 2vH + 2vG(H),
0?(H) = 4vk,TH — 4vk, TG (H),

H) z//U(:vl,:Eg)dxld:vg / //dxldxg,
0 7]

QZ{($1,$2)|U($1,$2) SH} (31)

The integration region {2 in Eq.(31) is shown in Fig.5
and G(H
critical Hamiltonian is H. = 0 and the initial Hamil-
—AU. The MFPT 7(Hy) for the
original system (26) can be obtained approximately by

) is the mean potential in this region. The
tonian is Hyin =

substituting the coefficients in Eq.(31) into Pontryagin
equation (17) and then solving it together with proper
boundary conditions. The energy diffusion controlled
reaction rate is then obtained by Eq.(21). The numer-
ical result is shown in Fig.6. It is seen from Fig.6 that
the theoretical result is in good agreement with that
from Monte Carlo simulation of Eq.(26).
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Fig.5. The numbers

Contour of the potential (27).
are the values of potential. The shadow part (2 is an

integration region for Eq.(31). The parameters are the
same as those in Fig.4.

4. Conclusions

In the present paper a new approach for evalu-
ating the energy diffusion controlled reaction rate in
dissipative Hamiltonian systems has been proposed
based on the stochastic averaging method for quasi
Hamiltonian systems and the equivalence of inverse
MFPT and Kramers reaction rate. It has been shown
that for the classical Kramers model the proposed ap-
proach is more general than the Kramers theory in the
sense that it is applicable for larger parameter ranges

10!

100

10-2 10-! 100 10t
Y
Fig.6. The energy diffusion controlled reaction rate
of system (26). The theoretical result obtained from
Eq.(21) is denoted by solid line (—) and the simulation
result of original system (26) is denoted by symbols (#)
and (e). The parameters are the same as those in Fig.4.

and the result reduces to the Kramers’ result in the
limiting case of AU/k,T > 1. One more significant
advantage of the proposed approach is that it is ap-
plicable to predict the energy diffusion controlled rate
in multidimensional potential landscape. It has been
shown through comparison with the Monte Carlo sim-
ulation that the proposed approach yields accurate re-
sults. Thus, the proposed approach is very promising
in prediction of energy diffusion controlled reaction
rate.
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