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This paper constructs more general exact solutions than N-soliton solution and Wronskian solution for variable-

coefficient Kadomtsev—Petviashvili (KP) equation. By using the Hirota method and Pfaffian technique, it finds the

Grammian determinant-type solution for the variable-coefficient KP equation (VCKP), the Wronski-type Pfaffian solu-
tion and the Gram-type Pfaffian solutions for the Pfaffianized VCKP equation.
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1. Introduction

There has been rising concerns with the nonlinear
science. As an important part of nonlinear science, the
soliton theory is widely used in many correlated sub-
jects . One of its important application is to search for
the solutions of the nonlinear partial differential equa-
tions. In the past decades, there has been significant
progress in the development of various methods, in-
cluding the inverse scattering transformation,™? the
Bicklund transformation,!3—¢ the algebra-geometric
method,["=13] the Hirota method,'*~1¢! the homoge-
neous balance method,[!”l the Darboux transforma-
tion method."8) Among them, Hirota method is re-
garded as one of the most efficient methods to con-
struct the N-soliton solution for the soliton equations.
In recent years, this method has been extended to
successfully obtain other more general kinds of exact
solutions, such as Wronskian solutions and Pfaffian
solutions.19-22

This paper is interested in the study of variable-

coefficient Kadomtsev—Petviashvili (KP) (VCKP)
equation??]

ur — h(Uge + 6uu, + 3a28_1uyy)

— b1ug + k(zug + 2u + 2yuy)

+ abyuy + 2ab0" uy, = 0. (1)

Deng et al have discussed the Wronskian solution
and N-soliton solution.!?3! Here by using the Hirota

method and Pfaffian technique, we find the Grammian
determinant solution, the Wronski-type solution and
the Gram-type Pfaffian solutions for the VCKP equa-
tion (1).

Through the transformation
u=2(In7)ys, (2)

equation (1) can be transformed into the following bi-
linear form

DDy 7 WD 74 3D ) D
+k(xD21 - 7+ 27,7 + 2yD,Dy7 - T)
+abixDyDy1 - T+ 2abi7yT =0, (3)

where D is the well known Hirota bilinear operator:

DLDT'D}a-b = (0y — 0ur)(0y — 9y ) (0, — D)

x a(z,y, )b’y 1) o1 =a =y tr=t- (4)
Expanding Eq.(3), we have

2(Tutm — TaTt) — 2h(TawwaT — ATaTawa

+ 37’31 + 3a27'yy7' - 30427"3) — 2b1 (TauT — 7'12)

+ 22k(TyeT — Tf) + 2k, T 4+ Ayk(TpyT — ToTy)

+ 2zaby (TgyT — TyTz) + 2aby7yT = 0. (5)
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2. Grammian expression of the 9y 1% . _,,
. ay - a 6;62 3 - ) yr )

VCKP equation 5
995 _
In this section, we will show that the VCKP equa- ot Ox? a” dx?

tion (1) has a solution in the following Grammian [t is easy for us to get the following differential rules:
form:

d%g; dg;
0z~ Fgr - )

a . . ok
7 = det |aij|197j§N = (1,2,...7N,N*,...,2*,1*), %(Za] ) = (d07d0ala] )7
C ey * 0% . . o
aij = (i,] >=cz—j+/ figjds, 52 (0:07) = (A1, d, i, 5) + (do, i, 4,57), (9)
(i,5) = (i*,5%) =0, ¢;; = constant, (6) where
where
. an . on
of; 1 (92][1' . (dn,J*) = %gjv (dy,. 1) = %flv
p) ___a 2 (1_1725"'7]\[)5
oo , . (dms dn) = (d5ys d3) = (A, )
af; o°f; 2k 0°f; 0° fi ) .
N = 4h 973 =+ Ey 22 + xby 922 = (dn,l) = (dm,l ) =0.
ofi Ofi
—zk 8f +2b J ) (7) Through some calculations, we also have
T ox
|
a_y(lv.] ):_E[_(dladOaZa] )+(d05dlala.] )]7 (10)
0

D06,5%) = A0l i, 5°) — (s, 5%) + (o 5, 5] + 2yl (i, i 5°) + (do, )]
+ xb1[—(d1,dg, 4, 57) + (do, di, 4, 57)] + b1(do, d§, 4, 57°) — xk(do, di, 4, 5°) + k(3,57). (11)

Using Egs.(9)—(11), we obtain
7= (o), o= (do,d’,®), Tew=(d1,d’,e)+ (do,dr,e),
Togz = (d2,d, @) + 2(dy,d7, ) + (do, d5, ®),
Toezs = (ds, djy, ®) + 3(dz, d], ®) + 2(do, d, d1,d7, @)+3(dy1,d5, @) + (do, d3, ®); (12)
7y = [ g, ®) + (do, di )] (13)
= Ah(da, 3, 0) — (dh, 05, @) + (do, 3, )] + oyl (dy, iy @) + (do, i, )]

+ xby[—(dy1, dj, @) + (do, d7, ®)] + b1(do, d, ®) — xzk(do, djy, @) + k(e), (14)

where (o) denotes the character (1,2,..., N, N* ... ,2* 1*) common to each Pfaffian.
Substituting Eqgs.(12)—(14) into Eq.(5), we get

—24h](do, dg, d1,d7, 8)(e) — (d1,d7,®)(do, dp, ®) + (di1,d5, ®)(do, d7, ®))] = 0. (15)

It is easy for us to see that Eq.(15) is nothing but the Jacobi identity for determinants and also a special
case of the Pfaffian identity

(dOvdEk)vdlvdikv.)(.) = (dlvdT7 .)(d()vdsv .) - (dlvdgv.)(dmd;v .) - (dOvdlv.)(dsv Iv.)v (16)

since

(do,d1,)(d;,d7,e) =0. (17)

Therefore we have proven that the Pfaffian (6) solves the bilinear equation (3).
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3. Wronski-type Pfaffian solution

Here we introduce the coupled system for VCKP:

DDyt -7 — h(Dr -7 4 30(2D§T 7)) = D31 -7

+k(xD27 - 7 + 27,7 + 2yDyDyT - T) + abix D, Dy 7 - T + 2aby 7,7 = —24hé 0, (18)
[2hD? + D, — 6ahD,D, — (2ky — xab1)Dy + (vk — by) D)o - 7 = 0, (19)
[2hD3 + D; + 6ahD,D, — (2ky — xab1) Dy, + (xk — b1) D, - 7 = 0. (20)

Later we will easily see that Eqs.(18), (19) and (20) are the Pfaffianization of the VCKP. Through the
dependent variable transformations,

u=2(logT)ps, v=0/7, v=8&/T,
the equations above can be written as
ut — h(Upge + 6uug, + 3a28_1uyy) — biug + k(zuy + 2u + 2yuy) + abizuy + 2ab16_1uy + 24v5 = 0,

Uy + 2hVz00 — (2ky — zabr)vy + (k — b1 + 6uh)v, — 6k (vzy + v/ uydx) =0,

vt + 2hvges — (2ky — xaby)vy + (xk — by + 6uh)v, + 6ah (vmy + ’U/ uydx) =0, (21)
|
which reduces to the VCKP equation when v = ¢ = 0. (.,j=0,1,...,2N+1; n=0,1,2,...). (24)
Here we will propose Wronski-type Pfaffian solu-
tion for the Pfaffianized VCKP. The entries of one special kind of the Wronski-type
The Wronski-type Pfaffian solution for the Pfaffi- Pfaffian solution are expressed as:
anized VCKP (18) and (19) is given by M
. D G 7)o (i
A - T ST
) AR ) k:1
where where
g —(0,1,...,2N—3), _@k:¢£)7 _lpk:!plg ), (26)
817" a:En
eV =(0,1,...,2N + 1), (23)
9 so we will obtain a differential rule for the Wronski-
%(7’7]) =(i+n,j)+ (4,5 +n), type Pfaffian
|
9 2N—1
(0,91, .. ,%2N-1) = 1055tk + My laN—1).
< )= >« + ) (21)
" k=0

We also assume that

0

) = Lii+2,) + (0, +2),

o«
o0, . . . . 2k . . ..
gy 7) = 4h[(i +3,5) + (1,5 +3)] + (gy + wbl) [(i+2,5) + (i, + 2)] + (—ak + b1)

X [0+ 1,5) + (i 1)] = (2N = )bu(i + 1,) + 2N — j)ba(i,j + 1). (28)
From Eq.(28), we come up with the following differential rules

W = AR[(2N —4,2N — 2,2N —1,2N) — (2N — 3,2N — 1,2N + 1) + (2N — 2,2N + 2)]
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2% | —— _ . .
— Zy[(2N —3,2N = 1,2N) — (2N — 2,2N 4 1)] — 2k(2N — 2,2N) — N(2N — 1)k(2N — 1)
«

— 2b1[(2N —3,2N —1,2N) — (2N — 2,2N + 1)] + b1 (2N — 2,2N), (29)
7V = AR[(2ZN —5,2N — 3,2N — 2,2N — 1,2N) — (2N — 3,2N,2N + 1) + (2N — 2,2N + 3)]
- %y[@ﬁ—\ax, 2N —2,2N —1,2N) — (2N — 2,2N + 2)] — 2k[(2N — 3,
2N —1,2N) + (2N — 2,2N +1)] — k(2N — 2,2N) — N(2N — 1)k(2N — 2,2N)
—aby[(2N —4,2N —2,2N —1,2N) — (2N —2,2N +2)] — bi[(2N — 3,2N — 1,2N)
— (2N —2,2N + 1)] + by[(2N — 3,2N — 1,2N) + (2N — 2,2N +1)]. (30)
Substituting Eqgs.(29) and (30) into Eq.(18), we find that Eq.(18) is equivalent to
— 24h[(2N —1)(2N — 3,2N,2N +1) — (2N — 2,2N)(2N — 3,2N — 1,2N + 1)
+ (2N —3,2N — 1,2N)(2N — 2,2N + 1)] = —24h(2N — 3)(2N + 1). (31)

Equation (31) is nothing but the Pfaffian identity.
Substituting Eqgs.(29) and (30) into Eq.(19), we find that Eq.(19) can be written as

(2N —4,2N)(2N — 1) — (2N —3)(2N —4,2N — 2,2N — 1,2N)
— (2N —4,2N — 1)(2N —2,2N) + (2N — 4,2N — 2)(2N — 3,2N — 1,2N) = 0, (32)

which is nothing but the Pfaffian identity. In the same  where

wa, ify that the Wronski-type Pfaffian (22
y, We can Yerly at the Wronski-type Pfaffian (22) ofi  10% g 10%,
and (23) satisfy Eq.(20). oy~ a2 oy a0’
Thus we have proved that the Pfaffianized VCKP o/, Bf 2k O o2,
(18)—(20) has the Wronski-type Pfaffian solution. a—; =4h 69631 + Y (’“)x; + by (’“)x;
ofi ofi
—rh—— + 2by —
R e Ox ’
4. Gram-type Pfaffian solution 0g; _ 0% 2k 0%; . O 0y
ot 03 a ¥ B2 U2 Ox ’
In this section, we discuss another Pfaffian solu- (i,j =1,2,...,2N). (34)
tion, which is the Gram-type Pfaffian solution for the
Pfaffianized VCKP Egs.(18)-(20). By using the above differential rules of Gram-type
The Gram-type Pfaffian solution is proposed as Pfaffian, we get
S (L2,....2N) 2 (i,) = (cordov )
/PN N 8$ ) ) 3 Uy )
.o * 62
(1,4) = ci +/ (figi — fg:)ds, (33) 573 (1:3) = (co,dv i, ) + (e1,do, 1, ), (35)

where
) o , am
(cnuj)_@gja (dnuz)_a?fiu

(dmvdn) = (Cmvcn) = (dmacn) = (dmi) = (diimi*) =0,

We also get the expression of ¢ and ¢

(m,n=0,1,...).

0% =—(co,¢1,1,2,...,2N), 6% = (dy,d1,1,2,...,2N). (36)
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Through direct calculation, we also have

9
dy
)

E(%]):4h[(007d2717])_(Cludluz7])+(c27d07z7])]+Ey[(coadlalaj)_(017d07273)]

(1.3) = ~~[(condi.5) — (ex.doi, )], (37)

+ xb1[(co, d1,4,5) — (c1,do, 4, J)] + b1(co, do, %, J) — zk(co, do, i, 7) + k(i, 7). (38)
Thus it is easy for us to have the following equation:
7% =4h[(co,do, 1,...,2N) — (c1,d1,1,...,2N) + (¢c2,do, 1,...,2N)]
+ %y[(co,dl, 1,...,2N) — (c1,do, 1,...,2N)] + xb1[(co, d1,1,...,2N) — (¢1,do, 1,...,2N)]
+ b1(co,do, 1,...,2N) — xk(co,do, 1,...,2N) + k(1,...,2N). (39)

Using the same procedure as Hirota and Ohtal'®! and substituting Eqs.(37) and (38) into Egs.(18)—(20), then
we find that Eqs. (18), (19) and (20) respectively equal to

—24h[(co,do, c1,d1,0)(e) — (c1,d1,®)(co,do,®) + (co,d1,®)(c1,dp,®)] = 24h(dy,d1,®)(co,c1,e), (40)

6[—(co, c1, c2,do, ®)(e) + (co, c1, 0)(c2,do, ®) + (c1, 2, 0)(co, do, ®) — (co, 2, ®)(c1,do, ®)] = 0, (41)
and
6[(007 d07 dlu d27 .)(.) + (d07 dlu .)(007 d27 .) - (dlu d27 .)(007 d07 .) + (d07 d27 .)(007 d17 .)] = 07 (42)
where (o) denotes the character (1,2,...,2N) common to each Pfaffian.

It is not hard for us to see that Eqs.(40), (41) and (42) are nothing but the Pfaffian identities.
Therefore, we have proven that the Pfaffianized VCKP Eqs.(18)—(20) has the Gram-type Pfaffian solution.
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