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Improved confinement of tokamak plasma with central negative shear is checked against the resistive ballooning

mode. In the negative shear regime, the plasma is always unstable for purely growing resistive ballooning mode. For

a simplest tokamak equilibrium model, the s—a model, characteristics of this kind of instability are fully clarified by

numerically solving the high n resistive magnetohydrodynamic ballooning eigen-equation. Dependences of the growth

rate on the resistivity, the absolute shear value, the pressure gradient are scanned in detail. It is found that the growth

rate is a monotonically increasing function of « while it is not sensitive to the changes of the shear s, the initial phase

0o and the resistivity parameter eg.
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1. Introduction

Improved confinement of tokamak plasma is
thought to be necessary for an economic magnetic fu-
sion reactor. Encouraging improved confinements re-
alized in some large tokamaks, such as the TFTR,[!
DII-D,?! JET,B] JT-60U,[ are characterized by neg-

d
ative magnetic shear (s < 0,s = zd—q, with r be-
r

ing the minor radius, ¢ the safety factor) in the cen-
tral region of the toroidal plasma. In this region, the
plasma is known to be stable against the high n (the
toroidal mode number) ideal magnetohydrodymanic
(MHD) mode (hereafter the IBM).5) However, the
plasma in this region can be unstable against non-
ideal MHD modes(® and kinetic modes.[”] The high n
resistive MHD ballooning mode (hereafter the RBM)
is the counterpart of the high n IBM. Basic theoretic
treatments of the RBM can be cast into two types:
the first is based on the asymptotic matching, i.e. to
solve the marginal IBM equation in the large 6 limit (9
is the poloidal angle) then to determine a parameter
Ap (a measure of the MHD energy available to drive
instability, Ag < 0 corresponds to unstable);[gfll]
the second is to directly solve the RBM eigen-mode
equation.'213] Most of the studies belong to the first
type. Fewer contributions have been devoted to the
RBM in the negative shear case and only the first

method has been used. In this paper, we start the

RBM study on the negative shear plasma by using
the second method.

2. Unified ideal and resis-

tive ballooning mode eigen-
equation/?

The simplest theoretical mode for describing the
plasma macroscopic instabilities is the single fluid in-
compressible MHD model. A unified ideal and resis-
tive ballooning mode eigen-equation was derived by
Bateman and Nelson!'? by using this model in the so-
called ballooning representation.l'¥ In an orthogonal
flux coordinates v, x and ¢ with ¥ being the magnetic
flux, x the poloidal angle variable and ( the toroidal
angle variable, the perturbed quantity is expressed as

A(h, X, ¢, t) = AW, x) exp[I't + inS(1, x, Q). (1)

Here
SW.x.0) = ¢ — / o, X)X’ 2)

is called the eikonal, and S = const represents a mag-
netic force line, I' is the growth rate of the unstable

B
mode, v = FJ/R? = }ch
J = (Vi x Vx - V({)~! is the Jacobian of the coor-
dinates. If we define X = RB, &y, this equation (¢ is

is the local safety factor,
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the displacement vector of the plasma) reads

2 2 2
B-V{'vs| B-VX}—F(DN—M)X

B2G B2
=0, (3)
where
n?|VS|?

=14+ — 4
G=1+—F—n, (4)

_dp/dy d B?

Di= [de(ﬁ 2

0S RB; 5

In the above equations, F' = B¢R, R is the major
radius of the plasma torus, B = Bcec + Byey, =

10 1
J 960 | JR?B2G

For the ideal MHD ballooning mode, G = 1, and this
equation is completely the same as that derived by
Connor et al in Ref.[14]. In the following, we use the
simplest tokamak equilibrium model, i.e. the (s, )
model, which describes the tokamak magnetic surfaces
as concentric circular toroids, then the unified ideal

and resistive ballooning eigenequation (7) becomes! ']

d f dF 2pm _
y L " Gf@} +KF— AI'Jwa)2fF =0, (8)
where
f=1+[5(0—6) — asind]?, (9)
n2ng?
G=1="5F] (10)
K = afcosf — asinf(s(0 — 6y) — asinb)], (11)
Rog* dp

In the above equations, ¢ is the safety factor, wa =
Va/qR is the Alfven frequency, Vo = B/\/fiopo is the
Alfven velocity. For the resistive ballooning mode,
we have A = eg while for the ideal ballooning mode,
er = 0, A = —1. As in ideal ballooning mode case, the
poloidal angle now is extended to —oco < 0 < ©.

As in Ref.[14], we introduce I" = I'/I'r, where
I'w = (n2¢?/m72)'3, TR = por?/n (the classical dif-

Vi x V(¢ + FV( is the total magnetic field, 7 is the
plasma resistivity. Parameter D,; represents the pres-
sure gradient driving force that is proportional to the
curvature of the magnetic force line while the first
term on the right-hand side of Eq.(5) is due to the
normal curvature, and the second term due to the
geodesic curvature. For a general toroidally axisym-

metric plasma equilibrium, we have

1

VS§ = EEC

- %ex — (RBy) (/X v;,dx’) ey (6)

Substituting it into Eq.(3) and making use of Eq.(5),
we obtain the resistive ballooning eigen-equation as

2/ B\ F ([, 10 (B>
L ) - = |2 (Z)|x
B (p+2) B /” 796 \ 2

(7)
fusion time), and er = (n¢?/Su)?/3, with Sy =

Tr/Ta (the magnetic Reynolds number), hence we ob-
tain the final eigen-equation of the resistive ballooning
mode for s—« equilibrium,

d

do

Iy dF

. +KF —erl?fF=0. (13
Py eng O rIf (13)

Equation (13) is the same as that in Ref.[13] where
this equation was used to calculate the growth rate of
the unstable mode in the second stability region of an
ideal MHD ballooning mode. In this paper, we uti-
lize an eighth-order Runge—Kutta scheme to numeri-
cally solve this equation for a negative shear tokamak
plasma. Basic parameters encountered are s, «, €g, 0g.
Different from Ref.[13] where the initial phase 6y = 0
was assumed, we consider 0 < 6y < 7 so that the
boundary condition is X — 0 for § — oco. For 6y = 0,
this condition is identical to the even mode parity:
0X/00 =0 at § = 0. For 6§y # 0, however, the mode

is an even-odd mixed parity one.
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3. s—a equilibrium model for a

negative shear tokamak plasma

For improved confinement discovered in Refs.[1]-
[4], the negative shear region is in the central shear re-
gion. We neglect the toroidal effect and the Shafranov
shift effect because they are very small in the central
region and the plasma is already stable by only the
negative shear effect against the ideal MHD balloon-
ing mode.!"! Now assuming the pressure profile to be
P = Py(1 — 2%)*, with A a parameter to measure the
pressure profile peakedness , we have

a = —2M6oq*(Ro/a)(r/a)(1 — a?)*~ 1.

Taking Gy < 0.1,q = 2, Ry/a = 4,7/a < 0.3, we have
a < 1.0 for A = 1 (parabolic profile); a < 2 for A = 2
(peaked profile). The appropriate negative shear value
should be in the range —0.1 < s < 0.

(14)

4. Characteristic of the most un-

stable modes

Usually, we can obtain several unstable modes, i.e.
for any fixed s, o, er, 0y, there are several eigenvalues
I' to satisfy the boundary condition. Physically, the

2.0

T'/Ty = 0.49215

1.6 1

1.2 4

F(0)

0.8

largest eigen value I corresponds to the most un-
stable mode. It is found that the eigenfunction of the
most unstable mode has the most reasonable structure
while the eigenfunction of the less unstable mode has
a much complex structure. Because their eigenfunc-
tions are very sensitive to the numerical errors of their
eigenvalues, it requires careful treatment to obtain the
correct solution. We need to check carefully every so-
lution by simultaneously determining the eigenvalue
and the corresponding eigenfunction. Figures 1(a) and
1(b) are examples of eigenfunctions of a most unstable
mode and a less unstable mode with the same external
parameters: s = —0.5,a = 0.5,6y = 0, and eg = 0.01
and eigenvalues I = 0.49215, I, = 0.48311. If not
particularly noted, in the following, we are mainly con-
cerned with the most unstable mode.

In a positive shear case considered in previous pa-
pers, the authors usually deal with the 6y = 0 case.['?!
However, some authors indicated that the most unsta-
ble mode does not definitely correspond to the 8y =0
case. We need check this point for the negative shear
case. However, we do not have a conclusion about
whether the 8y = 0 or the #y = 7w case corresponds to
the most unstable mode. It seems that this depends
also on other parameters like the s, @ and eg. It is ob-
served that the eigenvalue does not change much for
different 6y though the eigenfunction changes signifi-
cantly.

I'/T'g =0.48311

s=—0.5,aa=0.5

0.4 4 —1.01
er =0.01,00 =0 (b)
01 . . . . . -2.0 L————————————
—150 —100 -—50 0 50 100 150 —150 —100 —50 0 50 100 150
0 0
Fig.1. Eigenfunctions for the unstable modes. (a) Eigenfunction of the most unstable mode for s = —0.5, @ =

0.5, eg = 0.01,60p = 0. (b) Eigenfunction of the less unstable mode for the same parameters cited in (a).

5. Dependence of growth rate on

the absolute shear value

Our numerical study scanned over the absolute
values of the magnetic shear for the normalized growth

rate of the most unstable mode. It is shown in Fig.2
that it is rather flat against the change of the abso-
The difference
between the two curves is mainly due to the different

lute value of the magnetic shear s.

« values. The corresponding eigenfunctions, however,
are significantly different for different s while other
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parameters keep constant, as shown in Figs.3(a) and
3(b). Another comparable case with an intermediate
value s = —0.5 is found in Fig.1(a).

As can be seen from Fig.2, the normalized growth
rate of the most unstable mode decreases only slowly
with the increase of the absolute value of the nega-
tive shear. With the decrease of the absolute value of
the negative shear, the eigenfunction extends its pro-
file over the extended poloidal angle. Therefore, we
obtain a basic result that the growth rate of the most

unstable mode is written as
I'= C(O&,S,@R,oo)FR. (15)

Now the coefficient C(«, s, eR, 0p) is nearly unchanged
against the change of the shear value. Dependence on

5 /g = 0.49548
4-

—~ 37

N

Ry 9]
1_

s=-0.2,0a=0.5 (a)

0- er = 0.01,60 =0

—300 —200 —100 0 100 200 300

other three parameters a,egr,fy needs to be further
checked.

0.6
0.51 a=0.5
@

~ 0.4

o a=0.3
0.3
0.2 T T T T

-1.0 —-0.8 —-0.6 —-0.4 —-0.2

S

Fig.2. The growth rate of the most unstable mode versus
the shear value for two selected a.

LS Y HIM’/FR:O.4874
12{ a=0.5 w‘\h | ‘(\‘HM
Lo]er =0.01 ‘\‘u\“m MMH
6o =0 MHH\ | \“‘\ m\‘ MM\”\
s 8 i
~ \ “ | U ‘ﬂ
61 11 A |
i | il
4 n “‘\‘ n
I n
2 1 |V U
) mwib)
0+ . . . —
—100 —50 0 50 100

Fig.3. Eigenfunctions of the unstable modes. (a) The eigen-function of the most unstable mode for param-
eters shown in this figure with s = —0.2. (b) The same as in 3(a) with s = —1.0.

6. Dependence of growth rate on

ER

How the resistivity itself affects the growth rate
is an interesting problem in the resistive ballooning
mode. Because, for a very small value of eg, it is dif-
ficult to keep the numerical error small, we restrict
ourselves to the case of eg > 0.0001. It is found that
the normalized growth rate of the most unstable mode
is only slowly changing over a very wide range of egr
as shown in Fig.4. Here we purposely select the initial
phase 6y = 7. It can be seen in next section that the
normalized growth rate of the most unstable mode is
also a slowly varying function of 6y so we do not show
other curves for different 6y. For the eigenfunctions
that are quite different for different e, we still use

the 6p = 0 (Fig.5). Then we learn that the coeffi-
cient C(a, s,er, o) only slowly varies for quite large
changes of er; while for the smaller value of eg, this
change seems to be a little larger.

0.6

o5{

0.4

0.31

r/ry

0.2+

019 s — _05,0=05,00 =

0 r T T T T
1.0 1.5 2.0 2.5 3.0 3.5 4.0

—log(er)

Fig.4. The normalized growth rate of the most unstable
mode versus the change of eR.
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I'/I'g = 0.46750
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F(0)
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—40

—60

1.0

0.8
s=—-05,a0a=0.5

I'/T'y = 0.51604
0.61eg = 0.001,60 =0 /Tr

F(0)

50 100 150 200

—200—150—100 =50 0
0

Fig.5. Eigenfunctions of the unstable modes. (a) The eigenfunction of the most unstable mode for eg = 0.1.
(b) The eigenfunction for eg = 0.001. For an intermediate eg = 0.01, the eigenfunction is already shown in

Fig.1(a).

7. Dependence of growth rate on

the pressure gradient

As shown in Fig.6, the growth rate of the most
unstable mode is a monotonically increasing function
of a. This tendency remains when we change the pa-
rameters s, g, #p. The three curves shown in this fig-
ure are for eg = 0.01,6g = 0, and s = —0.1,—-0.5
We find that the difference
among these curves is too small to distinguish. It

and —1.0, respectively.

means that the coefficient C' in Eq.(15) depends only
very weakly on the negative shear value. The eigen-
function becomes much narrower for larger v as shown
in Figs.7(a) and 7(b). The curves of an intermediate
a = 0.5 with other parameters being the same as those
in Fig.7 are already shown in Fig.1(a). If neglecting
its dependence on s, €g, 6y, the coefficient C' in expres-
sion (15) can be fitted approximately by the following

7 I'/T'p = 0.88001
61 s=-0.5
54 a=12
4] er = 0.01
R 00 =0
SEEY B
2_
] (a)
0 .

—150 —100 —50 0 50 100 150

0

polynomial:

C(a, s,er,00) = 0.040884 + 1.25279a — 0.893140>
+0.4709502 — 0.09449*

for 0.02<a<2.0 (16)
1.4
1.2 oA
er = 0.01,00 =0 /n/!/.
1.0 e
u*!/!
~ ] s
08 !‘__,.g'
~ ‘..l'
~ 0.6 ‘,l'
—n—s5=—0.5
0.4 o5 = —1.0
0.2 —a-s5=-0.1
0 T T T T
0 0.5 1.0 1.5 2.0
«

Fig.6. Dependence of the growth rate of the most unsta-
ble mode on « for fixed eg = 0.01, 69 = 0 and three values
of s:s = —0.1,—-0.5, —1.0.

1.21 I'/Tg = 0.16910
1.0
0.8

0.6

Y Axis title

0.4+ s=-0.5,aa=0.1

ER = 0.01, 9() =0

0- T T T T T T T
—200 —150 —-100 =50 0 50 100 150 200
X Axis title

Fig.7. The eigenfunctions of the most unstable mode for different a. (a) The eigenfunction of the most
unstable mode for s = —0.5,a = 1.2 eg = 0.01 and 0y = 0. (b) The eigenfunction of the most unstable
mode for s = —0.5,a = 0.1, eg = 0.01 and 6y = 0.
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8. Summary

Now we can conclude from the above investiga-
tions: (1) In the negative shear region of an improved
confinement of tokamak plasma, the plasma is un-
stable against the resistive ballooning mode, (2) The
growth rate of the most unstable mode can be ex-
pressed by expressions (15) and (16) quite accurately,
and it basically is a monotonically increasing function

of o, keeping almost unchanged against changes in the
absolute value of the magnetic shear and the initial
phase 6y. The dependence of this growth rate on resis-
tivity, toroidal mode number n, and the safety factor ¢
is expressed through I'y = (n2q2n/uor2)l/3[ﬁ/3 with
I's being the typical Alfvenic time. This expression
to some extent can provide a basis for understanding
the resistive turbulence in the negative shear region.
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