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This paper studies quantum entanglement between two spatially separated atoms driven by a coherent laser field in

the dissipative process of spontaneous emission. It is shown that the entanglement strongly depends on the detuning of

the laser frequency from atomic transition frequency, the interatomic separation and the Rabi frequency of the coherent

laser field. A considerable amount of steady state entanglement can be obtained near A = —a (i.e., the dipole-dipole

interaction and the detuning cancel out mutually) for small atomic separation and large Rabi frequency of the coherent

laser field.
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1. Introduction

The subject of generation of entangled states has
attracted much interest since it became clear that en-
tanglement lies at the heart of many new applications
which come under the general heading of quantum in-
formation and quantum computation. Several meth-
ods of creating entanglement have been proposed in-
volving trapped and cooled ions or neutral atoms.[! 8!
Particular interest is paid to the generation of entan-
gled states in two-atom systems, since they can rep-
resent two qubits, the building blocks of the quan-
tum gates that are essential to implement quantum
protocols in quantum information processing. It has
been shown that entangled states in a two-atom sys-
tem can be created by a continuous driving of the
atoms with a coherent or chaotic thermal field, %910l
or by a pulse excitation followed by a continuous ob-
servation of radiative decay.!'! =13 Moreover, the effect
of spontaneous emission on initially prepared entan-
gled state has also been discussed.['*~17] These stud-
ies, however, have been limited to the small sample
(Dicke) model™® or the situation involving noninter-
acting atoms strongly coupled to a cavity mode. The
difficulty of the Dicke model is that it does not in-

clude the dipole-dipole interaction among the atoms
and does not correspond to realistic experimental sit-
uations of atoms located(trapped) at different posi-
tions. The present atom trapping and cooling tech-
niques can trap two atoms at distances of order of a
resonant wavelength,'9=2! which makes questionable
the applicability of the Dicke model to physical sys-

tems.

Recently, Ficek and Tanés have shown[22:23 that
spontaneous emission from two spatially separated
atoms can lead to a transient entanglement of ini-
tially unentangled atoms. This result contrasts the
result with the Dicke model where spontaneous emis-
sion cannot produce entanglement from initially un-
entangled atoms. However, the entanglement is tran-
sient and decays to zero over long times. Also, the
results are obtained only under the condition that the

coherent laser field is not presented.

In this paper, we study quantum entanglement
between two spatially separated atoms driven by a
coherent laser field in the dissipative process of spon-
taneous emission. It is shown that the entanglement
strongly depends on the detuning of the laser fre-

quency from atomic transition frequency, the inter-
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atomic separation and the Rabi frequency of the co-
herent laser field. A considerable amount of steady
state entanglement can be obtained near A = —a«
(i.e., the dipole—dipole interaction and the detuning
cancel out mutually) for small atomic separation and
large Rabi frequency of the coherent laser field.

2. Master equation

We consider a system of two identical non-
overlapping two-level atoms connected by dipole tran-

dp

2 2
—iy 2585850l -

i ij=1

Here 2 = |p - €'|/h is the Rabi frequency associated
with the driving field of amplitude f/ and phase ¢r,,
§ = wo — wr,, 205 = 2I';; = 21" is the Einstein A co-
efficient, and S;™(S;") are the dipole raising(lowering)
operators, S7 is the energy operator of the 7th atom.
The parameters I;; and (2;;(¢ # j) describe the col-

3 N N Sin(ko’l”i‘)
iy =Tji==-T<[1— (fu- 1)} ——
J J 2 {[ (f-7ij)7] kors;

and

COS(ko’I”ij)

25 = 3r{-n- (a5

korij

where kg = wo/c¢, rij = |r;—7r;| is the distance between
the atoms, fi is unit vector along the atomic transition
dipole moments, assumed to be parallel to each other,

and 7;; is the unit vector along the interatomic axis.

In Eq.(1), we have specified the orientation of the
interatomic axis to be perpendicular to the direction
of propagation of the laser beam. This is not an es-
sential feature as we are interested in effects which
occur at very small interatomic separations where the
orientation of the atomic axis is not important. How-
ever, these effects are significant for large interatomic

> Ly(pStS; + 8585 p—28; pS).

=37 |

-3 #)’) [

sition moments ;. The atoms are located at fixed
positions 7, and 7 and coupled to all modes of the
electromagnetic field, which we assume are in the vac-
uum state. We restrict ourselves to the interaction of
the atoms with the ordinary vacuum, and driven by
a coherent laser field of constant amplitude 5/, and
of frequency wr,. In a frame rotating at the laser fre-
quency wy, and in the rotating-wave approximation,
the dynamics of such system is given by the master

equation(242°]

2
o oz 1 _ L orata—ior 4 g—givr
= 1;{5[& ol = 32US e + 57, ]|

lective damping and the collective frequency shift re-
spectively, and are produced by the mutual interaction
of the atoms through their own electromagnetic field.
These parameters depend on the interatomic distance
r12, and on the geometrical configuration of the atomic
dipoles, and are given by

cos(kori;) Sin(koﬁj)}}
(korij)? (koriz)® 1)~

Sin(ko’l”ij )
(Korj)?

e

separations.
In the following, it will be convenient for us
to use the bases of the collective states!!824 B =

{le);[s);la), |g)}, where
le) = lex)le2),

) = —=

\/5(|61>|92> + lgnlez)),

la) = %<|e1>|gg> — lgn)lea)),
(4)

The most important property of the collective states is

lg) = lg1)]g2)-
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that the symmetric state |s) and antisymmetric state
|a) are maximally entangled states.

Using the master equation (1), we can write down
the equations of motion for the components of the den-

pee = _2pee - iﬁ(pes - pse)7

sity matrix of the two-atom system in the presence of
the coherent laser field in the collective states bases
(for simplicity assuming phase ¢r, = 0 in this paper).

Pss = _(1 + 'Y)(Pss - Pee) + iﬂ[(ﬂgs - PSg) + (pes - pse)]a

paa = _(1 - ’7)(paa - pee)a

pre = —2[(347) — (A — a)lpse + 1BlPge + (Pec — pis)].

2

. . 1 . .
Pgs = _15 - 5[(1 + '7) - I(A + a)]pgs + (1 + V)pse + lﬁ[2pss + pPee + Paa — pge]u

pge = _(1 - iA)pge + iﬁ(pse - pgs)a

and

o = —5(1=7) (4 ~ )]y~

(1 - V)pae + iﬁpsaa

pow = =313=9) = (A + lpu — Bpuc,
psa = _(1 + i0«4)/)511 + iﬂ(pga + pea)7 (6)

with the condition pgg+ pee+pss+paa = 1. Where the
dot indicates differentiation with respect to 7 = 2I't.
The other parameters have also been made dimen-
sionless: A = (5l/I', a = /T, v = I'a/T, and
B = 2/(2V2r). Tt is evident from Eqgs.(5) and (6)
that when the atoms are in their ground states just
before the laser is turned on, the matrix elements(6)
retain their initial zero values, and only the set of
nine equations (5) can have non-zero steady-state so-
lutions.

Setting pi;; = 0 in equation (5) we obtain the
steady-state values of density matrix elements

Pec = Paa = 43*/D,

pss = 4B (1+ A% + %)/ D,

pse = —4i*(1+14)/D,

pgs = —2iA{20%(1 +14) + (1 + A)[(1 + )

+i(A+ «)]}/D
pge = —20°(L+id)[(1 +7) +i(A+a)]/D, (7)
where
D= 1668*+8(1+ A%)B% + (1 + AY)[(1 4 7)?

+(A+ a)?]. (8)

It is seen from Egs.(7) and (8) that the popu-
lations of the collective atomic levels as well as the

coherences exhibit resonant behaviours not only on
the one-photon resonance A = —q, but also on the
two-photon resonance A = 0. Next, we transform
them into the original bases |e1) ® |ea), |e1) ® |ga),
[g1) ® le2), |g1) ® |g2) in order to calculate the con-
currence. In Section 3, we will use Eqs.(7) and (8) to
explore quantum entanglement between two spatially
separated atoms driven by a coherent laser field in the
dissipative process of spontaneous emission.

3. Steady state entanglement

Several different measures have been proposed to
identify entanglement between two atoms, and we
choose the Wootters entanglement measure,?®l the
concurrence C, which is defined as

C = max(0, VM = VA2 = VA = Vh),  (9)

where Aq,---, ;4 are the eigenvalues of the matrix
p = ploy ®@oy)p*(oy @ ay), oy is the Pauli matrix, p
is the density matrix representing the quantum state
and the matrix elements are taken with respect to the
bases |e1) ®[e2), |e1) @]g2), |g1) ®e2), |g1) ©]g2). The
range of the concurrence is from 0 to 1. For unentan-
gled atoms C = 0 whereas C' = 1 for the maximally

entangled atoms.
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We assume that the matrix p, needed for the cal-  The eigenvalues of above matrix p satisfy the fourth
culation of the concurrence, has the form order polynomial

P11 P12 P13 P14

_ P21 P22 P23 P24 M +aX + X +eA+d =0, (11)
p= . (10)
P31 P32 P33 P34
P41 P42 P43 Paa where
|
a= —pP11 — P22 — P33 — P44,
b= —p31p13 + P11P33 — Pa1P14 — P21P12 + P22033 + P22P44 + P33P4a — P34P43 — P32P23 — P42024

+p11p22 + p11paa,

C = pP21P12P33 — P42P23034 + P32023044 — P21P32P13 + P11P42024 — P11P33044 + P22034P43 — P21P42014
—P32024043 — P22033P44 + 42024033 + P11P34P43 + P31P22013 — P31P12023 T P31P13044 — P31014043
—pP4a1P12024 — P11P22P33 — P11P22044 + P41P22014 — P41P13P34 + P41P14P33 + P21P12044 + P11032P23,

d = p11p22p33P14 — P11P22034P43 — P11P32P23P44 + P11P32P24P43 + P11P42023 034
—P11P42024P33 — P21P12033P44 + P21P12034P43 + P21032013044 — P21032P14043
—P21P42013P34 + P21P42P14P33 + P31P12023044 — P31012024P43 — P31P22P13P44
+p31022P14043 + P31P42013P24 — P31P42014P23 — P41P12023034 + P41012024033
+P41P22P13034 — P41022014033 — P41032P13P24 + P41P32014023- (12)

From Eq.(11), we can obtain the eigenvalues of matrix p

A = —ia + 1—12355% + 11—2[18@2 — 48h — 665 + 72/85 ca — 288/65d — 2453 b
—18/¢23%a® + 72/£73%ab — 144/£233 ()3,
Ay = —%Hg%ﬁgé—%u&?—%b—%%+7wﬁapamwﬁd—zyﬁ¥
—18/£7374° + 72/£23%ab — 144/£333 ()7,
A3 = _%a_%?ﬁgé+i%6ﬂ&ﬁ_8b_5%+1w5aﬂ_4&m%d_4m%w
+3/€732a% — 12/¢23%ab+ 24/£237 ()7,
A = —ia - 1—123%5% - 11—26% [3a® — 8b— 65 + 12/65ca — 48/53d — 4/53 b
+3/£73%a% — 12/¢23%ab + 24/£737 ()7, (13)
where
§ = —36bca — 288db + 108¢* 4+ 108da* + 8b® + 12[18c*a*d — 3c¢*a*b* + 240cadb?
—54bca’d + 12¢%a® + 384d%b* — 48db* + 12¢b°® + 81d%a* — 768d° + 576cad?
—54bcda — 432dbc® — 432d%ba® + 12dab® + 81cY]?,
€= [3a%05 — 8b63 + 205 — 24ca + 96d + 8b2] /65 . (14)
|
In the following, we use the Wootters entangle- In Fig.1, we plot the concurrence as a function

ment measure to quantify the degree of entanglement  of the detuning A for different values of the inter-
A A

for two identical atoms. atomic distance rio = —. —. —
712 157 20

which gives the
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values v = 0.95,a¢ = 9.30, v = 0.965,a = 18.85,
v =0.98, a = 46.17 respectively, and at fixed § = 1.6.
The figure shows that the concurrence strongly de-
pends on the detuning A. And, the concurrence ex-
hibits that peaks are always near A =0 and A = —«
though the interatomic distance is different. While,
for a given interatomic distance ri2, the maximum of
the concurrence near A = 0 is less than that near
A = —a« (i.e.,, when the dipole-dipole interaction «
and the detuning A cancel out mutually, which means
that the laser frequency is tuned to resonate with a
particular pair of energy levels of the two-atom sys-
tem that are shifted by the dipole-dipole interaction).

0.5

0.4}

o
w

Concurrence
I
o

@
=

A

Fig.1. The concurrence as a function of the detuning A
for B = 1.6 and different values of the interatomic dis-

(dashed-dotted

A
tance: 712 (solid line), ri2 = =

Y
_)\ 12
line), r12 = 2 (dashed line).

In Fig.2, we plot the concurrence as a function
of the detuning A for different values of the coherent
laser field strength 8 = 0.5, 1, 3, 4 respectively and at

fixed interatomic distance rio = 20 (v = 0.98,a =
46.17). It is shown that the maximum of the concur-
rence for a given interatomic distance r1o (i.e., given
dipole-dipole interaction value «) appears near the
same value of A = —a = —46.17, even at different val-
ues of the field strength 8. Moreover, as the Rabi fre-
quency of the coherent laser field increases, the maxi-
mum of the concurrence increases. However, when the
Rabi frequency of the coherent laser field increases to
certain value, an increase in the maximum of the con-
currence is very small with the increase of the Rabi
frequency (see the dotted line for S = 4). Mor;z\over,

we find that when interatomic distance r1o = 20’
the maximum of the concurrence cannot attain 0.5
no matter how high value of the coherent laser field

strength is.

e
bt

Concurrence
=3
o

o
=
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Fig.2. The concurrence as a function of the detuning A for

interatomic distance r1o = — and different values of the

field strength 8 = 0.5 (solid line), 8 = 1 (dashed-dotted
line), 8 = 3 (dashed line), 8 = 4 (dotted line).

In Fig.3, we plot the concurrence as a function
of the detuning A for different values of the coher-

ent laser field strength 8 = 0.5,1,3, 13 respectively
. L A

and at fixed interatomic distance ri2 = — (y =

0.995, o = 382.33). As in the case of interatomic dis-

20’ shown in Fig.2, the maximum of the

A

concurrence for a given interatomic distance rjo = —

tance ri5 =

appears near the same value A = —a = —382.33, even
at different values of the laser field strength 3. More-
over, as the Rabi frequency of the coherent laser field
increases, the maximum of the concurrence increases
and attains 0.5 for § = 13. Comparing Fig.3 with
Fig.2, we can see that the smaller the interatomic dis-
tance is, the bigger the maximum of concurrence we
can obtain. In the experiment, this result may provide
us with a potential way to obtain the high amount of
stationary entanglement between the two atoms by
choosing certain system parameters.

According to the Eqgs.(9) and (7), we know that
the entanglement between the two identical atoms not
only relates to the one-photon atomic coherences but
also the two-photon atomic coherence. To show this,
in Fig.4, we plot the one-photon coherences |pgs|, |sel
and the two-photon coherence |pg4e| as a function of

A
the detuning A for interatomic distance ri5 = 2
(v =0.98,« = 46.17) and 8 = 3. It is seen that near
one-photon resonance A = —a only the one-photon

coherence |pgs| is significant, but near two-photon res-
onance A = 0 only the two-photon coherence |pge| is
large.
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Fig.3. The concurrence as a function of the detuning A for

and different values of the

field strength 8 = 0.5 (solid line), 8 = 1 (dashed-dotted
line), 8 = 3 (dashed line), 8 = 13 (dotted line).
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Fig.4. The one-photon coherences |pgs|(dashed line), |pse|
(solid line) and the two-photon coherence |pge| (dashed-
dotted line) as a function of the detuning A for interatomic

A
distance r12 = 20 and 8 = 3.

Moreover, from Eqs.(7) and (8), we can obtain the
same result as shown in Fig.4. Near the one-photon
resonance |s) — |g), the detuning A = —a, and
when « > 3 in the case of the interatomic distance

A
T2 = o the populations and the coherences reduce
to

pee = Paa = 40" /[0*(86% + 1 +~7)],

pss = 45°/ (887 +1477),

pse = —45° /[a(86° + 1 4+77)],

pgs = —2iB(1 +7)/[(88° + 1+ 7)),

pge = 2102 (1 +7)/[2(88* + 1+~%)].  (15)

It is clear from the above equations that near the one-
photon resonance |s) — |g) the one-photon coher-
ence pgs and the population p,s are large, whereas
the two-photon coherence pgy. is of order of a~! and
thus is negligible for large «.

Near two-photon resonance, A = 0, and it follows
from Eqs.(7) and (8) that in the limit of a > (3 the
populations and the coherences reduce to

Pee = Paa = 464/0427 Pss = 454/(127
pse = —4iB°/a?,  pgs =20/a,
pge = —2i3?/av. (16)

In this region, the coherences pys and pg. are of order
of magnitude a1, but the two-photon coherence pgye
dominates over the one-photon coherence pys when
the driving field is strong. The above result means
that in this case, the two-photon coherence pge plays
the key role in the appearance of the maximum of
the concurrence near two-photon resonance, whereas
near one-photon resonance, the one-photon coherence
pgs Plays an important role in the appearance of the
maximum of the concurrence.

In Refs.[22,23], the entanglement induced by
spontaneous emission is transient and decays to zero
over long times due to the dissipation of energy in the
system. However, in this paper, we can obtain the
steady state entanglement because of the influence of
the coherent driving field. The coherent driving field
plays a double role. It compensates the losses of en-
ergy and stabilizes the entanglement carried by the
system. A certain balance between the spontaneous
decay and the influence of the coherent driving field
leads to creation of the steady state entanglement in
the system. Moreover, our result is really valuable.
First, the non-maximally entangled state is used®”]
to demonstrate the intrinsic difference between quan-
The differ-
ence arises from the different ways in which the prob-

tum and classical information transfers.

abilities occur and is particularly clear in terms of en-
tangled states. Second, for such a two-qubit system,
any amount of entanglement, even if very small, is
distillable,?8] and therefore the entangled atoms are
useful for quantum information processing. Third, it
is possible to use this kind of entanglement, irrespec-
tive of how small it is, to create maximally entangled
Gaussian state,29:39 which is a resource to build a
quantum network. In addition, in this paper, we pro-
pose a simple scheme to realize an easily engineered
two-atom entangled state. The entanglement depends
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on the detuning of the laser frequency from the atomic
transition frequency, the interatomic separation and
the Rabi frequency of the coherent laser field. For
a fixed interatomic separation, the maximum entan-
glement takes place at A = (wp — wr)/I" = 0 and
A = —a whatever the Rabi frequency of the coher-
ent laser field is. From this point of view, the laser
frequency wi, acts as a maximum entanglement gen-
eration tuning switch. The advantage of this scheme
is that the relative distance between two atoms can
be controlled. Current technology can produce an
ion crystal with atom—atom separations comparable to
the wavelength of the driving field.[?") So, this system
device may be further developed into an engineered
atom-atom entangler.3?!

4. Conclusion

In this paper, we study quantum entanglement
between two spatially separated atoms driven by a
coherent laser field in the dissipative process of spon-
taneous emission. It is shown that the entanglement
strongly depends on the detuning of the laser fre-
quency from atomic transition frequency, the inter-
atomic separation and the Rabi frequency of the co-
herent laser field. A considerable amount of steady
state entanglement can be obtained near A = —a«
(i.e., the dipole-dipole interaction and the detuning
cancel out mutually) for small atomic separation and
large Rabi frequency of the coherent laser field.
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