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Based on the modified spectrum, the analytic expressions for the variance and normalized covariance of angle-

of-arrival (AOA) fluctuations are presented, which are applicable to the weak and strong regimes. The experimental

data of AOA fluctuations validate the new derived expressions in weak and strong regimes. The results show that the

receiving aperture D, outer scale and cell scale larger than the scattering disc S contribute significantly to the AOA

fluctuations, and contributions from the small-scale turbulence are negligible. For the case of 45/D < 1, the receiving

aperture dominates low-pass filtering effects and the new displacement variances are in good agreement with the results

from the old weak-fluctuation theory. For the case of 45/D > 1, the scattering disc dominates the low-pass filtering

effects and the new displacement variances depart from the results from the old weak-fluctuation theory.
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1. Introduction

The wave front tilt of optical wave propagation

through atmospheric turbulencel® 2!

gives rise to an
angle-of-arrival (AOA) fluctuation, which is translated
to a spot motion or an ‘image dancing’ at the fo-
cal plane of the receiver. The AOA fluctuation im-
pairs performances of the atmospheric optical com-
munication and atmospheric remote sensing.[¥ The
AOA fluctuation has been investigated for several
decades.5=13! But most of the investigations were de-
voted to the weak turbulence, and the AOA fluctua-
tion in moderate to strong turbulence was little anal-
ysed. Bracewelll® used a geometrical optics (GO) ap-
proach to calculate the AOA fluctuation. Lawrence
and Strohbehn employed a Rytov approach to cal-
culate the AOA fluctuation.) Their results are re-

stricted to the weak fluctuations.

Recently a new theory has been developed for
scintillation of optical wave propagating through any
strength of atmospheric turbulence.['*15] This theory
is based on the Rytov approximation but modified
with a filter function eliminating intermediate scales
that do not contribute to the refractive and diffractive
effects of propagation. This modification extends the
validity of the Rytov approximation into the moder-
ate to strong regimes as evidenced by the agreement

fCorresponding author. E-mail: gaochong6@126.com

between simulations and experimental data. It was
found that this new theory was valid for the phase
fluctuation.®!

In this paper, we apply this new theory to the
AOA fluctuation and develop simple analytic expres-
sions for the variance and normalized covariance which
are valid for the weak and strong regimes. An experi-
ment to measure the AOA fluctuation has been carried
out in Harbin, and these experimental data are com-

pared with the results obtained from the new theory.

2. Theory of AOA fluctuations

2.1. The modulation process

This new theory is based on the assumption that
the intensity of an optical wave is a modulation pro-
cess with large-scale (refractive) eddies modulating
small-scale (diffractive) eddies. In addition, the at-
mosphere is treated as a linear filter that serves as a
spatial filter, which can account for the loss of spa-
tial coherence of the propagating wave. The Rytov
perturbation method can then be extended into the
moderate and strong regimes by the introduction of
a modified spectrum which filters out scales around
the Fresnel size as turbulence increases. This spatial
frequency filter concept is illustrated by the modified
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Kolmogorov spectrum!*! transverse wind, respectively.
2 —~11/3
B, (K, 2) = 0.033C%(2)r 13 [GL (k) + Gy (K)], (1) -
where x and y represent large and small scales, re-
spectively, and x is the turbulence spectrum wave
number. For horizontal paths in which the refractive- r+p
index structure parameter C?2 is constant, the large- transverse winds v O
scale and small-scale spatial frequency filter functions p
in Eq.(1) are given, respectively, by
2 O ’
K r >
6.0 = exa(~25). x
k1173 Fig.1. General configuration for the calculation of the
Gy (5) = W’ (2) AOA two-dimensional covariance.

where spatial frequency filter functions only permit
low-pass spatial frequencies k < K, or high-pass spa-
tial frequencies k > &, at a given propagation distance
L. The parameter k, ~ 1/, is a small-scale spatial
frequency cutoff. The parameter x,~1/S5 is a large-
scale spatial frequency cutoff much like an inner-scale
parameter, and S is the scattering disc scale (the di-
ameter of the effective scattering region.['”)) In the
strong regime, Iy~ po, S ~ L/kpy, po is the coherence
radius, and k is the optical wave number.

Ly and [y are outer scale and inner scale, respec-
tively. In the strong regime, Ly > S > [, > Iy, gener-
ally. With the inner scale and outer scale taken into
consideration, the modified spectrum, Eq.(1) is rede-
fined as

exp(—+K?/K2)
(K + K2)11/6

eXP(_ﬁz/'ign)}’ 3)

@,,(k)=0.033C?
(F&) n[ (/@2 _,’_,{5)11/6

where the parameters k,, and k¢ are the spatial fre-
quencies corresponding to inner scale and outer scale,
respectively.

2.2. Variance of AOA fluctuations for a
plane wave

Figure 1 gives the general configuration for the
calculation of the AOA two-dimensional covariance.
The transverse wind v is perpendicular to the optical
propagation, and 3 is the angle between the mea-
surement direction (the z- axis direction) and trans-
verse wind. Let a(r,t) and a(r + p,t) be the AOA,
with respect to the mean AOA, measured along the
z-direction, at time ¢, and averaged over the receiving

aperture D centred at positions r and r + p along the

The AOA covariance along the measurement di-
rection may be obtained from the Fourier transform
of the AOA spatial power spectrum for the plane

Wave[l&l&)]

Culp, B) = Tk ™2 /000 K* W, (k)Gp (k)

x [Jo(pr) — cos(20)J2(pk)|d K, (4)

where W(k) is the spatial power spectrum of the
phase fluctuation ¢; J,(x) is the Bessel function of
the first kind, p denotes the order of function.

The filter function Gp(k) acts as a low-pass filter
to remove all frequency components higher than the
aperture-smoothing frequency. In order to perform
the above integral, we approximate the filter function

Gp(k) by a Gaussian pattern(2’]

G (k) = [2%’%2)}2 ~ exp|—12D%:2/4],  (5)

where b = 0.4832 is for a best fit.
The spatial phase power spectrum for the plane

wave is given by!?!

W, (k) = 27k? /OL P, (k) cos2(%)dz. (6)

In terms of Eqgs.(4) and (6), we can write the variance
of the AOA fluctuation for the plane wave as
2

[eS) L
2 _ 9.2 3 2k %
o5 =2m /0 K @n(n)GD(n)dn/O cos (2k )dz.(?)

By putting Egs.(3) and (5) into Eq.(7), the AOA vari-
ance for the plane wave under the geometrical-optics
approximation is obtained as

02 =0.60C2LD~ Y3t /3U(2;7/6;2.30n (12 + 1))
+0.30C2LD~ Y3302, 7/6;2.30n2 (12 4 1)], (8)

where we set the parameters ns = D/l,, n = D/Ly,
ps = 2lo/bD and p = 2S/bD = 4.55+\/L/k(0%)3/°D~!
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as a function of Rytov variance o?. And U(a;c;2)
denotes the confluent hypergeometric function of the
second kind.

The expression, Eq.(8), represents the strength of
the AOA fluctuation arising from the large-scale and
small-scale turbulences. By including the large-scale
effects and neglecting the small-scale effects, Eq.(8)
becomes

02 = 0.60C2LD~ Y3 /3U(2;7/6; 23002 (u? + 1)]. (9)

The simulation results obtained from Eqs.(8) and
(9) show that the contributions of small-scale compo-
nents to the AOA fluctuation for the plane wave are
negligible. As the aperture increases, the difference
between Eqs.(8) and (9) falls off; Their difference in
all regimes is, respectively, less than 3% for the case
of D > 1 mm and Ly > 1 m, and less than 1% for
the case of D > 1 cm. We explain these as follows:
the receiving aperture filters out some of spatial high-
frequency components induced by the small-scale tur-
bulence, thereby the contributions of small-scale tur-
bulence to the AOA fluctuation decrease with the re-
ceiving aperture increasing, and are negligible when
the aperture reaches a certain value.

Since Eq.(9) is a function of the outer scale, re-
ceiving aperture and scattering disc, it determines the
spatial-frequency range of the AOA fluctuation. The
lower limit of the spatial frequency is determined by
the outer scale that only permits high-pass spatial fre-
quencies k > Kg; The receiver with the aperture acts
as a low-pass filter to remove all frequency components
higher than the spatial aperture-smoothing frequency;
The spatial-frequency components induced by the cell
sizes that are bounded above by the scattering disc
and below by the coherence radius, do not contribute
significantly to the AOA fluctuation.

For the case of D < Ly, Eq.(9) approximates

02 =2.91C2LDY3[(1 + p2)~Y0 — 1.4991/3]. (10)
For the case of Ly = co and pu < 1, Eq.(9) becomes
02, =291C2LD~/3, (11)

The expression, Eq.(11), agrees with the expres-
sion from the old weak-fluctuation theory in Ref.[6],
when the aperture is much larger than the Fresnel
zone size. We explain this as follows. The aperture
smoothing dominates the low-pass filtering effects and
the effect of the scattering disc is negligible for the
case of Lyg = oo and p < 1, so Eq.(11) agrees with

the expression obtained from the old weak-fluctuation
theory that does not include the spatial filtering effects
of atmospheric turbulence.

2.3. Variance of AOA fluctuations for a
spherical wave

The spatial phase power spectrum for a spherical

wave is given by!?!

W, (k, 2) = 21k? /OL @n(HE,z)(éf

x cos? [%}dz (12)

In terms of Egs.(4) and (12), the spatial covariance of
the AOA fluctuation for the spherical wave is obtained

as follows:
Calpr) = 22* | T(E) 4 / " G (k) Bk, 2)
< cos [ AL 2]
X [Jo(pk) — cos(28)J2(pk)|d k. (13)

In terms of Eqgs.(3), (5) and (13), the AOA vari-
ance for the spherical wave under the geometrical-
optics approximation is expressed as

02 =0.20C2 LD~ Y3t 3U(2;7/6;2.30n (12 + 1)), (14)
where we set

= 28/bD = 7.81\/L/kB° D!

as a function of By = (0.5C2E7/611/6)1/2,

Simulation results show that contributions of
small-scale components to the AOA fluctuation of the
spherical wave in all regimes are less than 2% for the
case of D > 1 cm, due to the aperture-smoothing ef-
fect. So Eq.(14) including large-scale turbulence and
neglecting the small-scale turbulence is valid for the
spherical wave.

For the case of D < Ly, Eq.(14) approximates

02 = 0.97C2LDY3[(1 4 p2) =Y/ — 149913, (15)
For the case of Ly = 0o and p < 1, Eq.(14) becomes
02, =0.97C2LD~1/3, (16)

In the weak regime, the AOA variance for the spher-
ical wave under the geometrical-optics approximation
is given byl

02y =1.05C2LD~1/3,
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D> /L/k. (17)

We see that the new expression, Eq.(16), approxi-
mates the expression, Eq.(17).

2.4. Spatial covariance of AOA fluctua-
tions

In the following analysis, we develop the expres-
sion of the normalized covariance for the case of Ly =
00. The expressions of the normalized covariances for
the plane wave and spherical wave, obtained by using
the geometrical-optics approximation are agreeable.

By inserting Eqgs.(3), (5) and (6) into Eq.(4), the
analytical solution for the normalized covariance is ob-

tained as
Cu(p, B d?
ba(p, B) = % =1k (1/6; L _T/LQ>

2

d
~0.0205(20) 1 Fi (7/6; 32—

2

Fs)

where we set d = p/bD. 1 F} (a;c; z) denotes a conflu-
ent hypergeometric function.

From Eq.(18), we see that the normalized covari-
ance depends on d and u. The angle 0 between the
measurement direction and transverse wind has an in-
fluence on the normalized covariance of the AOA fluc-
tuation.

Figure 2 shows the longitudinal (8 = 0°) and
transverse (5 = 90°) normalized covariances and their
difference. The fastest decorrelation of the AOA fluc-
tuation along the longitudinal direction in the strong
regime is clearly seen. In Fig.3 the normalized covari-
ance function is shown for different values of u. We
see that the longer correlation tail for a stronger tur-
bulence is characterized by the scattering disc.
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Fig.2. Normalized covariance vs p/bD for different angles
of B and pu = 2.
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Fig.3. Normalized covariance vs p/bD for different values
of p and 8 = 45°.

3. Analysis of simulation

Now we analyse the range of validity for the dis-
placement variances. In the following analysis we take
the wavelength A = 0.532 pum, propagation distance
L = 30m—4.3 km, and refractive-index structure pa-
rameter C2 = 10713 m~2/3,

In Figs.4 and 5 we compare the displacement vari-
ances assumed to be valid in all the regimes for the
plane wave and spherical wave, Eqs.(9) and (14), re-
spectively, with the weak-fluctuation-theory results,
Egs.(11) and (17), that are valid in the weak regime.
Curves plotted in Figs.4 and 5 are obtained in the case

of Lo = 0.
—8
10 —— new theory D = 5 cm
— - old theory D = 5 cm b
~ —+— mnew theory D = 20 cm -
3 - -~ old th D =20 e
g 10-9 | o eory cm ) //// |
a3 - ;ﬁffk%(*/
) =
[0} Z )
Q
=]
8
o —~10 |-
s 10
=
10711
1072 1071 10° 10! 102
o? =1.23C2K7/6L11/6
Fig.4. Variance of AOA fluctuation for the plane wave

vs Rytov variance O’% for different apertures.

Figures 4 and 5 show that for the case of D = 5 cm
these displacement variances agree with the previous
weak-fluctuation-theory results in the weak fluctua-
tion regime, 0% < 1 or #5 < 1, and that they are
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separated as the fluctuations move into the moderate
(02 ~ 1 or 82 ~ 1) and strong (67 > 1 or 32 > 1)
regimes. For the case of D = 20 cm these displace-
ment variances agree with previous results in the mod-
erate regime, but they are separated in a stronger tur-
When 0% > 10 or 3 > 10, the aperture-
smoothing effect may be negligible and the results ob-

bulence.

tained by new displacement variances for the aper-
tures of 5 cm and 20 cm are agreeable.

108 _ ‘
new theory D = 5 cm
— - old theory D = 5 cm
9 —+— new theory D = 20 cm —~
™ 10 - - - old theory D = 20 cm — 7
—
~
Nbd
o 10710
Q
=
8
St
3 —11
= 10

10—12 . . ,
102 101 100 10! 102
B2 =0.5C2K7/0L11/6

Fig.5. Variance of AOA fluctuation for the spherical wave
vs ,Bg for different apertures.
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Fig.6. Variance of AOA fluctuation for the plane wave vs
o% for different outer scales and the aperture of D = 10 cm.

Figures 6 and 7 show the effect of outer scale
on the AOA fluctuation. We see that as the turbu-
lence strength increases, the displacement variances,
Egs.(9) and (14) including the outer scale, predict
lower values for the AOA fluctuation of the plane wave
and spherical wave than the weak-fluctuation-theory
results, Egs.(11) and (16); and that as the separation
increases, with the outer scale included, there occurs
a similar effect.

In Figs.8 and 9, we analyse the effects of the val-
ues of n = D/Ly and p = 25/bD on displacement
variances, Eqs.(9) and (14), respectively, normalized
by the weak-fluctuation-theory results, Eqs.(11) and
(16). The displacement variances normalized by the
weak-fluctuation-theory results are agreeable for the
plane wave and spherical wave.

—8
10 —+— old theory
new theory Lo = co m
5 1079 — - new theory Lg =20 m T
g - - — new theory Lo = 10 m/
~3 A _
2 10—10 / -~
g =
e
-
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B2 = 0.5C2KT/6L11/6
Fig.7.  Variance of AOA fluctuation for the spherical

wave Vs ﬁg for different outer scales and the aperture
D =10 cm.
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Fig.8. Ratio of the displacement variance o2 to weak-
fluctuation result 030 as a function of the ratio u for dif-
ferent values of 7.

Figure 8 shows the normalized displacement vari-
ance plotted as a function of p for different values of
1. The curves indicate that for the case of u > 1 the
weak-fluctuation-theory variance significantly overes-
timates the displacement variance and the saturation
effect of the AOA fluctuation occurs, but for the case
of < 1 the weak-fluctuation-theory result is a good
approximation. Figure 9 shows the normalized dis-
placement variance plotted as a function of n for
different values of p. The curves indicate that the
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normalized displacement variance decreases with the
value of ) increasing.

Ju—
(]

/O'a02

2
e

Normalized variance o

1072
n = D/Lo

10—3

10—4

Fig.9. Ratio of the displacement variance o2 to weak-
fluctuation result oio as a function of the ratio n for
different values of p.

4. Experimental analysis

A measurement of the AOA fluctuation in a free-
space laser transmission experiment has been carried
out over a three-month period in Harbin. The trans-
mitter of the experiment is a highly coherent single-
mode 10 mW laser emitting CW at a 532 nm wave-
length. A radially symmetrical beam is transmitted
with the stability of £1% and beam waist radius of
1 mm. The receiver shown in Fig.10 is composed of the
optical telescope, optical filter, total reflection mirror,
attenuator, CMOS lens and CMOS sensor (BASLER
A602f), which are mounted on a three-dimensional ad-
justing optical platform. The BASLER A602f model
of scan CMOS camera has an important feature of
very high frame rate and sensitivity. A pixel size of
the CMOS sensor is 9.9 pm(H) x9.9 um(V). The fast
region of interest, centroid window of 10 x 10 pixels,
is used to achieve a high sampling rate of 1 kHz. The
aperture and magnification factor of the receiving op-
tical telescope are 60 mm and 19, respectively. The
aperture and focal length of the CMOS lens are 28 mm
and 50 mm, respectively.

The light propagating 3200 m in path on the av-
erage 35 m above the ground is received by the optical
telescope, and impinges upon the focal-plane CMOS
sensor with an effective focal length of 950 mm. At the
receiver, beam diameter is 2.6 m, which is much larger
than the receiving aperture. The receiving aperture is
two times smaller than atmospheric coherence length.

The beam arriving at the aperture of the receiver
exhibits the AOA fluctuations that are translated to a

spot motion or an ‘image dancing’ at the focal plane.
The experimental data of AOA fluctuations are ob-
tained by measuring the random shifts at central lo-
cation of the image on the focal-plane CMOS sensor.
Above all, we analyse the spot profile at the focal
plane. Figure 11 shows the profile of the typical focal
spot in centroid window of 10 x 10 pixels.

totally reflecting]
O 9. mirror
s [:::::::,
it T
receiving receiving optical h
beam telescope . “ l
111 optical filtes
i
ok
Ll
m
i
i
v IIIITIITTIaCIIIIT
R totally
CMOS CMOS reflecting mirror
sensor  lens attenuator

Fig.10. Simplified block diagram of the experimental re-

ceiver.

Figure 11 shows that the spot on the focal-plane
CMOS sensor is not subjected to severe atmospheric
degradation and the spot profile approximates a Gaus-
sian profile. We give the above results an expression
that the aperture is two times smaller than atmo-
spheric coherence length, causing mostly shifts at the
spot location.

Grey values

Fig.11. Spot profile on the focal-plane CMOS sensor.

Now we compare the results, Egs.(10) and (11),
with the experimental data. The curves a and b in
Fig.12 are obtained from Egs.(10) and (11), respec-
tively. Dots in Fig.12 represent the experimental data.
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We see in Fig.12 that the experimental data are in
good agreement with Eq.(10) derived by the new the-
ory, including the outer scale Ly = 15 m, but depart
from Eq.(11) given by the old theory when the stan-
dard deviation of the AOA fluctuation is over 15 urad.

Experimental value o /urad

0 10 20 30 40 50 60
Thery value o4 /urad
Fig.12.

experimental data. Curve a from Eq.(10), curve b from
Eq.(11).

Comparison of the theoretical results with the

5. Conclusions

The modified Rytov theory introduced by An-
drews et al has been developed for scintillation. In
this paper we have applied this modified Rytov the-
ory to the AOA fluctuation and developed simple an-
alytic expressions for the displacement variances of
the AOA fluctuation associated with horizontal paths,
which are applicable to weak and strong regimes. In
addition to the variance of the AOA fluctuation, this
method also leads to expressions for the covariance
function.

The receiving aperture has smoothing effects and
filters out spatial high-frequency components induced
by the small-scale turbulence. Simulation results show
that effects of small-scale turbulence and inner scale
on the AOA fluctuation in all regimes are negligible.
When the receiving aperture D > 1 cm, their contri-
butions to the AOA fluctuation in all regimes are less
than 1% and 2%, respectively, for the plane wave and
spherical wave. Contributions of the aperture, outer
scale and cell scale larger than the scattering disc to
the AOA fluctuation are significant.

It is evidenced that the new displacement vari-
ances extending into the weak regime are also valid.
These displacement variances agree with the previous
weak-fluctuation-theory results in the weak fluctua-
tion regime. When the aperture D < 20 cm and tur-
bulence strength in a very strong regime, o? > 10 or
(2 > 10, the aperture-smoothing effect is negligible
and the results obtained by new displacement vari-
ances for the different apertures are agreeable.

For the case of 45/D > 1, the scattering disc
dominates the low-pass filtering effects, the old weak-
fluctuation-theory results overestimate the new dis-
placement expressions, and the saturation effect oc-
For the case of 45/D <« 1, the aperture-
smoothing effect dominates the low-pass filtering ef-

curs.

fects, the new displacement expressions are in good
agreement with the weak-fluctuation-theory results,
and the saturation effect does not occur.

Furthermore, a measurement of the AOA fluctu-
ation has been carried out, and these experimental
data are in good agreement with the results obtained
by the new theory in all regimes.
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