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Photo-detachment cross section of H−

near two parallel interfaces∗
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The photo-detachment cross section of H− near two parallel elastic interfaces is derived and calculated by using the

closed orbit theory. The photo-detachment cross section of H− near two interfaces is shown to exhibit multi-periodic

oscillations when the distance between the H− and the interface is varied. Each peak in the Fourier transformed

photo-detachment cross section corresponds to the length of a closed orbit, which is quite similar to the case of atomic

spontaneous emissions in a dielectric slab. This study provides a new understanding of the photo-detachment process

of H− in the presence of interfaces.
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1. Introduction

The interactions of Rydberg atom,[1] ions[2] and

molecules[3] with metallic surfaces and thin metallic

films have attracted much attention in recent years.

It is found that as the atoms, ions and molecules ap-

proach the surface, the Rydberg electron is subjected

to fields caused by the presence of image charges in

the metal, and therefore this physical phenomenon

is closely related to the external field behaviour of

atoms, ions and molecules. Most of these external

field problems have been examined extensively using

different methods. Among them, closed orbit theory

(COT) has provided a useful theoretical framework to

understand the oscillations in the complicated absorp-

tion spectra for atoms, molecules and negative ions in

external fields.[4−6] The closed-orbit theory not only

provides a physical picture for the oscillations in the

photo-detachment or photo-absorption cross section,

it is also a quantitative tool to calculate and anal-

yse such an oscillation. Recently, much attention has

been paid to the photo-induced electronic excitations

of adsorbates on metal surfaces.[7] The resonant elec-

tronic states in adsorbed molecules are believed to be

responsible for a variety of electron-induced dynami-

cal processes at surfaces.[8] A very challenging topic

in studying the surface chemical dynamics is how to

control the lifetime of the resonant electronic states of

the adsorbed molecules.[9] In 1999, Rous shows theo-

retically that the negative ions resonance can be con-

trolled by the adsorption of the molecules onto an

epitaxial metallic film.[10] In reality, the presence of

a surface alters the resonance lifetime and the photo-

detachment cross section of an adsorbed ion, because

the barrier penetrability of the detached electron is

modified.[11,12] Since H− was proposed to use in prob-

ing adsorbate state lifetime and charge transfer during

backscattering,[13] the photo-detachment of H− near

a surface has attracted much interest. In Ref.[14],

Yang et al used an elastic wall model for the elec-

tron scattering surface. They derived and calculated

the photo-detachment cross section of H− near an in-

terface by using the closed orbit theory. But as to the

relation between the photo-detachment cross section

and the closed orbits, they did not have a discussion.

In this paper, we discuss the photo-detachment pro-

cess of H− near two parallel interfaces. For simplicity,

we still use the elastic wall as the detached electron

scattering surface. In this system, the classical motion

of the detached electron is very similar to the case of

the spontaneous emission process of an atom in di-

electric interfaces.[15,16] The photo-detachment cross

section of H− near two interfaces is shown to exhibit
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multi-periodic oscillations when the distances between

the H− and the interfaces are varied. Therefore, this

system can simulate the experiment of the photo-

detachment of H− in strong electric field.[17] In or-

der to show the relation between the quantum photo-

detachment cross section and the detached electron’s

classical closed orbits, we make a Fourier transforma-

tion of the cross section for this system. Each peak

in the Fourier transformed cross section corresponds

to the length of one detached electron’s closed orbit

going out from and returning to the nucleus. This re-

sult shows that the classical orbit can be revealed by

examining the Fourier transform of the quantum cross

section. It is another example to show the correspon-

dence between the classical and quantum mechanics

by using the closed orbit theory.

2. Photo-detachment cross sec-

tion

The schematic of the system is shown in Fig.1.

A hydrogen negative ion H− sits at the origin and

a z-polarized laser is used for the photo-detachment.

Two parallel elastic interfaces perpendicular to z-axis

are placed at z = −d1 and z = d2. So the photo-

detachment electron is bounced back at the inter-

faces. The H− ion can be considered effectively as

a one-electron system, with the active electron loosely

bound by a short-range, spherically symmetric poten-

tial Vb(r), where r is the distance between the active

electron and the origin where the nucleus is situated.

The photo-detached electron’s wavefunction satisfies

the Schrödinger equation with a source[18]

[E −H(r, p)]ψd = Dψi, (1)

where E is the energy of the detached electron, D is

the dipole operator, for z-polarized light, D = Z. H

is the Hamiltonian of the detached electron and ex-

pressed as

H =
P 2

2
+ Vb(r); (2)

ψi is the initial wavefunction of H−. In the present

study we take the one electron approximation.[19] The

initial wavefunction in the configuration space is

ψi(q) = B
e−kbr

r
, (3)

in which B = 0.31552 is a normalization constant;

kb = 0.2355883, which is related to the binding en-

ergy Eb of H− by kb =
√

2Eb.

Fig.1. Schematic of the photo-detachment of H− near

two parallel elastic interfaces. H− is denoted by a black

dot at the origin. d1 and d2 represent the distances be-

tween the H− and the elastic interfaces.

The physical solution of Eq.(1) requires only the

outgoing wave present at large r. Once we have the

wavefunction ψd(q) of the detached electron satis-

fying the correct outgoing boundary condition, the

oscillator-strength density can be calculated by using

the closed-orbit theory (COT). According to this the-

ory, the photo-absorption cross section is related to

the oscillator-strength density Df(E) by

σ(E) =
2π2

c
Df(E). (4)

The oscillator strength for dipole transitions of an ini-

tial state ψi to final states at energy E is[4]

Df(E) = − 2

π
(E + Eb)Im〈Dψi|Ĝ+|Dψi〉, (5)

where Ĝ+ is the outgoing Green’s function. The above

equation has the following physical meaning: The ini-

tial state ψi is modified by the dipole operator associ-

ated with the laser field to give a ‘source function’

|Dψi〉. The Green’s function Ĝ+ propagates these

waves outward at fixed energy to become the outgo-

ing waves. Due to the effect of the elastic interfaces,

these waves cannot propagate to infinity, some of the

waves are turned back by the interfaces and returns to

the origin. Finally, the returning waves overlap with

|Dψi〉, thus giving the interference pattern in the ab-

sorption spectrum.

According to the COT, the wavefunction ψd can

be divided into a direct part and a returning part:

ψd = Ĝ+
dir|Dψi〉 + Ĝ+

ret|Dψi〉

= (ψd)dir + (ψd)ret. (6)
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The direct part represents the detached electron wave

initially going out from the nucleus after photo-

detachment and never goes far from the core, and it

satisfies the following equation:

[

E − P 2

2

]

(ψd)dir = zψi. (7)

The solution of the above equation is[20]

(ψd)dir(q) = − 4Bk2

(k2
b + k2)2

h
(1)
1 (kr) cos(θ), (8)

where k =
√

2E is the momentum of the detached

electron, h
(1)
1 (kr) is the outgoing spherical Bessel

function.[21] The overlap integral of the direct part

with the source gives the smooth background term in

the cross section[14]

Df0(E) = − 2

π
(E + Eb)Im〈Dψi|(ψd)dir〉

=
8
√

2B2E3/2

3(Eb + E)3
. (9)

The returning part of the detached electron wavefunc-

tion (ψd)ret represents the electron wave that propa-

gates outward into the external region first, then it is

reflected by the elastic interface and finally returns to

the vicinity of the core along all closed orbits to inter-

fere with the steady outgoing waves. It is a sum over

returning wave associated with each closed orbit. In

Ref.[14], there is only one elastic interface, and accord-

ingly, there is only one closed orbit which is travelling

along the z-axis. But in our case, there are two elastic

interfaces, the number of the primitive closed orbits is

four and each closed orbits is still travelling along the

z-axis. Some of the closed orbits are given in Fig.2.

Fig.2. Four closed orbits of the detached electron between

the two parallel elastic interfaces.

In order to obtain the returning wavefunction as-

sociated with each closed orbit, we draw a sphere of

radius R, R ≈ 10a0. The outgoing wave on the surface

of this sphere is then

ψ0(q) = − 4Bk2

(k2
b + k2)2

cos θei(kr−π)/kr. (10)

When this wave propagates out from the surface

and travels along the closed orbit, it changes phase

and amplitude. In the semiclassical approximation,

the wave outside this sphere is a sum of the above

outgoing waves:

ψ(q) =
∑

i

ψ0(q)Aie
i[Si−µiπ/2], (11)

where Si is the action along the ith trajectory, µi is

the Maslov index characterizing the geometrical prop-

erties of the ith trajectory and Ai is the amplitude.

Due to the classical free motion of the detached elec-

tron, the amplitude is given by

Ai =
R

R+ kti
, (12)

where t is the time for going out from the source region

and back to the origin.

If there are no elastic interfaces, the detached

electron will propagate away from the source region

near the nucleus as a spherical wave and never re-

turn. The photo-detachment cross section is only the

smooth background term which can be obtained with-

out any external field. But when there are elastic

interfaces, as a group of outgoing waves hit the in-

terfaces, some of the associated waves will be turned

back by the interfaces. This orbit, initially going out

from the nucleus, travelling in the z-direction, and fi-

nally returning to the nucleus is called a closed orbit.

As it comes back close to the nucleus, each returning

wave can be approximated by a plane wave travelling

in the z-direction:

(ψd)i
ret(q ≈ 0) = Nie

±ikz , (13)

in which ‘+’ corresponds to the waves travelling in

the negative z-direction; while ‘−’ corresponds to the

waves travelling in the positive z-direction. Ni is a

constant. According to the general method given by

Du and Delos,[4] we have

Ni = Aie
i(Si−π/2)(ψd)dir(R, θ = 0), (14)

where Si =
∫

pdq = k2ti = kLi is the action of the

closed orbit. Li is the geometric length of the closed

orbit in our case. For our systems, there are four basic

closed orbits, and the lengths and amplitudes are as

follows:

L1 = 2d1, L2 = 2d2, L3 = L4 = 2(d1 + d2),

A1 =
R

R+ 2d1
, A2 =

R

R+ 2d2
,

A3 = A4 =
R

R+ 2(d1 + d2)
. (15)
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Substituting the above formulae into Eq.(14), we

can obtain the constant Ni for each returning wave.

The total returning waves are the sum of each return-

ing wave:

(ψd)ret =

4
∑

i=1

(ψd)i
ret(q ≈ 0) =

4
∑

i=1

Nie
±ikz . (16)

The overlap integral of the returning waves with

the source wavefunction 〈Dψi| gives the oscillation in

the photo-detachment cross section,

Df1(E) = − 2

π
(E + Eb)Im〈Dψi|(ψd)ret〉

=

4
∑

i=1

4BE

di(Eb + E)3
cos(

√
2ELi)

=

4
∑

i=1

8BE

Li(Eb + E)3
cos(kLi). (17)

In the above equation, d3 = d4 = d1 + d2. L is the ge-

ometric length of the closed orbit. Combining Eqs.(9)

and (17), we obtain the total photo-detachment cross

section of H− in the presence of two parallel elastic

interfaces:

Df(E) =
8
√

2B2E3/2

3(Eb + E)3

+

4
∑

i=1

4BE

di(Eb + E)3
cos(

√
2ELi). (18)

Fig.3. Photo-detachment cross section of H− near two elastic interfaces. The upper interface locates at infinity d2 → +∞.

The distances between the H− and the lower interface are (a) d1=100a.u.; (b) d1 = 200 a.u.; (c) d1 = 2000 a.u.; (d)

d1 = 5000 a.u. This case equals the photo-detachment cross section of H− near one elastic interface.[14] The horizontal axis

is the energy of the detached electron in atomic unit and the vertical axis is the photo-detachment cross section.

Using the above equation, we calculate the photo-

detachment cross section of H− near two parallel elas-

tic interfaces for different values of the distance be-

tween the ion and the elastic interfaces (see Fig.3). In

order to show the correspondence between the cross

section and the detached electron’s closed orbits, we

perform the Fourier transform (FT) of the photo - de-

tachment cross section Df(E). The quality of the FT

can be improved if we first remove the background

term and then multiply by (Eb + E)3/E before FT.

We define

Df ′(L) = Df1 ×
(Eb + E)3

E
=

4
∑

i=1

4B

di
cos(kLi). (19)

The FT of the above equation is
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F (L) =

∫ k2

k1

Df ′ × e−ikLdk, (20)

where L is the geometric length of the orbit. There-

fore, the Fourier transform of the photo-detachment

cross section will show its features at L corresponding

to the length of the classical closed orbit. For a finite

length of the orbit, F (L) are complex numbers. We

have calculated |F (L)|2 in our calculation.

3. Results and discussions

In Fig.2 we plot the four basic closed orbits of

the detached electrons in the presence of two paral-

lel elastic interfaces. The first two closed orbits de-

scribe the detached electrons that leave the ion, and

returns to it after they are reflected back by the up-

per or lower interface. These two closed orbit have

the lengths L1 = 2d1, L2 = 2d2. The third closed or-

bit describes the detached electron departing from the

H− and travelling down toward the lower interface, it

is bounced back by the lower surface and then trav-

els up to the upper surface; it is reflected again and

returns to the H−; the fourth closed orbit describes

the detached electron that moves in the opposite di-

rection of the third orbit, therefore the length for the

third and the fourth closed orbits is identical and is

given by L3 = L4 = 2(d1 + d2). In Fig.3, we plot the

photo-detachment cross section of H− in the presence

of two parallel elastic interfaces, in which one interface

is located at infinity from the origin (d2 → +∞), and

the other interface at z = −d1. This case is equivalent

to the photo-detachment of H− near one interface as

given in Ref.[14]. The photo-detachment cross section

is shown to exhibit a damping oscillation as the dis-

tance between the H− and the elastic interface d1 is

increased. In order to show the relation between this

oscillation and the closed orbit, we calculate the FT

of Fig.3. The FT cross section is given in Fig.4. In

this case, there is only one closed orbit of the detached

electron, with its length L = 2d1. From this figure we

also find: if d1 is very large, the length of the closed or-

bit is very long. Longer length of the electron’s closed

orbit usually corresponds to small amplitude of oscil-

lations, thus its contribution to the photo-detachment

cross section is very small (see Figs.4(c) and 4(d)).

This case is quite similar to the spontaneous emissions

of the atom in a single dielectric interface.[15]

Fig.4. Fourier transform of the corresponding photo-detachment cross section of H− near one elastic interface in Fig.3.

Each peak in the plot corresponds to one electron’s closed orbit. The number 1 beside each peak denotes the first closed

orbit in Fig.2. The horizontal axis is the length of electron’s orbit and the vertical axis is the FT photo-detachment cross

section.
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Figure 5 displays the photo-detachment cross sec-

tion of H− near two parallel elastic interfaces, with

one interface located at z = −d1 and the other inter-

face at z = d2. The photo-detachment cross section is

shown to exhibit a multi-periodic oscillations. From

this figure, we can see if we locate the first interface

at z = d1 = 200 a.u. (atomic unit), this distance from

H− is 10.6nm and is quite typical in surface physics

and cavity quantum dynamics. Then we change the

distance of the second interface d2 from H−. We find

when the distance d2 is very large, about 5000a.u.

from the origin, it has only little effect on the photo-

detachment cross section. But as we move the inter-

face 2 closer to the H−, the influence of this interface

on the photo-detachment cross section of H− becomes

significant (see Figs.5(d–a)). This can be interpreted

as follows: the closer the second interface from H−, the

more the returning waves bounced back by this inter-

face, therefore, their contribution to the cross section

becomes greater. Furthermore, if we put the two in-

terfaces all far away from the H−, one is at 5000a.u.

and the other is at 10000a.u., the effect of the inter-

faces on the cross section is very small, and the present

system should recover to the case of H− in free space,

which is a smooth background term without external

field, as we can see from Fig.5(f).

Fig.5. Photo-detachment cross section of H− near two elastic interfaces. The distances between the H− and the two

interfaces are (a) d1 = 200 a.u., d2 = 200 a.u.; (b) d1 = 200 a.u., d2 = 400 a.u.; (c) d1 = 200 a.u., d2 = 600 a.u.; (d)

d1 = 200 a.u., d2 = 2000 a.u.; (e) d1 = 200 a.u., d2 = 5000 a.u.; (f) d1 = 5000 a.u., d2 = 10000 a.u.
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In order to show the contribution of the closed

orbits to the multi-periodic oscillation in the photo-

detachment cross section, we calculate the FT cross

section of Fig.5 (see Fig.6). Each peak in the Fourier

transformed photo-detachment cross section corre-

sponds to the length of one closed orbit. When

d1 = d2, the lengths of the first two closed orbits are

equal, thus they correspond to one peak in Fig.6(a).

But if d1 6= d2, the lengths of the first two closed or-

bits are not the same, so they correspond to different

peaks in Figs.6(b–d). Besides, the lengths of the third

and the fourth closed orbits of the detached electron

are identical, therefore these two closed orbits corre-

spond to one peak in Fig.6(a–d). This phenomenon is

similar to the case of atomic spontaneous emissions in

a dielectric slab.[16]

Fig.6. Fourier transforms of the corresponding photo-detachment cross section of H− near two elastic interfaces in Fig.5.

Each peak corresponds to one closed orbit of the detached electron. The number beside each peak corresponds to the closed

orbit given in Fig.2.

4. Conclusion

In summary, we have studied the oscillation of

the photo-detachment cross section of H− near two

parallel interfaces by the COT. The calculated photo-

detachment cross section exhibits multi-periodic os-

cillations when the distances between the H− and

the interfaces are varied. An analytical formula of

the cross section is derived. We find that the elas-

tic interfaces have significant influence on the photo-

detachment process. Each peak in the FT cross sec-

tion corresponds to the contribution of one closed or-

bit. This study provides a general framework for the

understanding of the photo-detachment process of H−

in the presence of two interfaces. In this paper, we

consider the interface as an elastic wall, therefore this

is only a simple model. As to the metal interface,

the method we used in this paper cannot be directly

applied to these real systems. The theoretical calcu-

lation and analysis of the photo-detachment or photo-

absorption process of atoms or ions near a metal sur-

face is in progress. We hope that our results will be

useful for understanding the photo-detachment pro-

cesses of ions in the vicinity of interfaces, cavities and

ion traps.[22]
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