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Lie algebraic analysis for the beam transport
in the spherical electrostatic analyser*
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This paper uses the Lie algebraic method to analyse the charged particle trajectories in the spherical electrostatic

analyser, and obtains the nonlinear solutions. The results show that the focusing abilities both in the z and y directions

of the analyser are almost the same. Moreover, there exist dispersion effects in the = direction, and no dispersion effects

in the y direction.
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1. Introduction

In the electrostatic accelerators, ion implantation
machines and other electron or ion beam systems, the
spherical electrostatic analysers are often used to mea-
sure the particle energy and angular distributions.!*—2!
To calculate the particle motions more accurately in
this kind of analysers, we analysed the particle tra-
jectories with the Lie algebraic method® up to third

order approximation.

2. Potential distribution

Suppose that the outer electrode of the analyser
has the radius po, and the voltage Va, the inner elec-
trode radius is p1, the potential is V;, the radius of
the central orbit is pg (see Fig.1).

Fig.1. Radius and voltage of the spherical electrodes.

Ignoring the fringe field effects, we can easily obtain
the potential function ¥ by solving the Laplace equa-
tion in the spherical coordinates (p, 8, ¢):

Vaps — V; 1 i—V;
= 202 1P1 + _p1p2( 1 2)' (1)
P2 — pP1 P P2 — pP1

Let the radius of the central orbit be

1
po = 5(01 + p2),

and p2 = po +d, p1 = po — d, Vo =V, one obtains

Vipr = —Vapo,

&le%(po—l-d) (1—”—;). (2)

The electric field between two electrodes is

ov _ Vipo+4d)po

E=FE =-
op d P>
The electric field on the circle of radius pg is
Vi(po+d) 1
Ey=F|—py=——7L—.
0 |p*P0 d Po

The force applied on the reference particle moving
along the central orbit is

Fo = _V(pp+d) 1 mO'YOU(%_

d Po Po

Where mg is the rest mass of the reference particle,
Yo = 1/@, Bo = vo/c, vg is the velocity of ref-
erence particle, ¢ is the light velocity. From the above
equation we have
po +d _ moYoud
d qvV
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Substituting the above equation into Eq.(2), we obtain

2
w:m(l_@>, 3)
q P

3. Hamiltonian and its expansion

In the phase space (x,pg, ¥y, Py, 2, Pz), the Hamil-
tonian with time ¢ as the independent variable is

H, = [(p — qA)*® + m{c"] V24w, (4)

where p is the canonical momentum, A is the mag-
netic vector potential (A = 0 for the electrostatic
field), v is the electric potential function.

Now, we are going to set up the natural coordi-
nate system (r,y, s). Suppose that the reference par-
ticle moves along the circle C (see Fig.2).

Y

Fig.2. Natural coordinate system.

At a point A on the circle C, the line connecting the
centre O of C and the point A is r axis; the line per-
pendicular to the circle C' and passing through the
point A is y axis; the path length along the circle is s
axis. The coordinate system (r,y, s) moves along with
the reference particle. To get the Hamiltonian in the
natural coordinate system (r,y, s), we should write the
Lagrangian first. In the cylindrical coordinate system
(r,0,y), the Lagrangian is

1 ) 1/2
L = —mgc? <1 - C—Z(F +726% + y2)) —qV¥. (5)

Here the magnetic vector potential A is ignored.

The canonical momentum can be derived from p; =

OL/0x:

Dr = MoYT = Prm,

Do = m07T29 = TPYm;

Dy = mOFYy = Pym-

”

Here the subscript “m” stands for the mechanical
momentum. Substituting the above expressions into

Eq.(4), we have
1/2
Hy = (02 +p3/r° +p2) +m3c ] +qw. (6)

In the natural coordinate system, the electrical poten-
tial 1) can be expressed as

2
MmooV 70
U= 1-— . 7
q < \/r2+y2> )

Let
pt = —Hy. (8)
Solving Eq.(8) for pg, one obtains
po =1 [(pr + q)? /2 — p2 — p2 —m3A] 7 (9)

Here, pg is the canonical momentum in the 6 direc-
tion. Because the particle bending angle ¢ is in the
opposite direction of the angle 6, the particle bend-
ing canonical momentum is pgy = —pg. Therefore, the
Hamiltonian with ¢ as the independent variable is

K=-—py= —r|(pt+q¥)’/* - p}
1/2
—p2 —me]?. (10)

The function K is
(r,pr, Y, Dy, t, pt). Introducing a new canonical phase

space C = (xvpxa yvpvava)v we have

valid in the phase space

T =71r—ro,

T:t—¢/wO,

Pz =Dry, Y=Y, Py =Dy,
pr =pt — Y, (11)

where wy is the particle bending angle frequency, p? is
the value of p; for the reference particle, i.e.

pY = Hi| = —mgyoc®.

In fact, Eq.(11) is a canonical transformation, the cor-
responding generating function is

F3 = ap, + ypy + (t — ¢/wo)(pr + p}).

Therefore, the new Hamiltonian in { phase space is
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H=K+0F;/0¢ =

1/2
—(ro+2) [(pr + 20 + qu)2/c? — p? — p? — m2?)* = (p,

+ pf) /wo. (12)

To calculate the particle trajectories with the Lie algebraic method, it is necessary to expand the function

H into the power series, the results are

W= H, (13)
n=0
The first five terms are listed as follows:
Tomoc
HO = )
Bovo
Hi= 0,
_ omocBo 149, 5 1o 9amocBoYo | o To 2 o
Hy= z 5 IPr 2 x y T 3333
T0Y0 cBog 2mocBoo 27 2mocBoo 2moc’ Byg
3 mocBo(=1+ 275) 2 1 2
Hy = a°p, +ap} —ay? @ p;
2¢ro 8075 mocBo7o 21§70 YmocBovo moc3 338
To 3 To
+pip77 e 7 p; ,
2mic3 B3E 2¢ro o8 YT 2m3c3 B3Ae 2mic® B3
H, — 4mocl8 + (= 8‘*'86(2)"'63)7“3] 3 +% 2 o 14298
4= T 3 + T Pros 1 x 3
8ry 60 ”Yo 2rg5cBog dromocBoyy
+a2y? 3moc[2 — (4 + 50)70 + 2] +ap 1+2+8 222 3(1+4)
478 836 Y 4romocBoy T 4romoc® B35
14393 5 14372 5 14573
PPy T T Y Py . +ap?
mac3B3ya 2récBod YET2ma e B3g 2m2cd 65§
4 o 2,2 2.2 5 270(1+278)
533233 TPRY T PPy 3333 2Pr 3 55 5
5335 4romocBoo Y Amged B35 Amie B3g
_amocBo(=14+348) 4 5 2,2 3 Pt o
87470 Y dromocforyo Tdromoc3B3yg Y 8mie3 B3
ro(1+ 272 4To(1+4 2
apip2 U 20) | o0 20) (14)
4m3cd B35 8mgcT Big
|
4. Calculations of particle trajec- we have
tories
Dz
) L 1= wcos(d/7) + 2 sin(¢/0)
4.1. First order approximation
_ M[l — cos(é/70)]
The particle trajectories of first order approxima- Pr PocBoo 7o)b
tion can be calcula.ted from the .function Hs. Fir.st, Dol = —2 Po sin(é/70) + pa cos(é/70)
calculate the function fs according to the following T070
expression!®:0: p 1+13 (¢/ o),
; P Boen
_/ Hadp. (15) 1= ycos(¢) + —— py ® sin(g),
0 Po
_ Po .
Let the subscript ‘1’ stand for the particle trajectories ~ Py1 = _y_o sin(¢) + py cos(¢),
of first order. Using the formula 1+ ro(1 + ~2
r= 220 Gn(g/n0) + p L)
o Bocyo pofoc
_ _ . N — . .n To .
Q=M =epl f2)0=D Tref" ¢ (16) X[L = cos(6/70)] + T + pr —a— sin(é/70)
n=0 P50
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70702 +73) . =: f3: (1, 18
+p7(7220)[sm(¢/%) — &/, G=f3:( (18)
pOﬁo c
pTl = pT' (17) Where
Where ¢ is the bending angle of the reference particle. 4
f3=-— / hitdg, (19)
4.2. Second order terms of the trajecto- it 0
hs™ = MaH3(C), (20)

ries

Let the subscript ‘2’ stand for the second order
terms of the trajectories. Using the following formula

2

we obtain the second order terms of the trajectories
listed as the follows:

7 = =S (8/30) L sin(20/70) + {980 — 21+ 98) sin(o/20) sin(0/ )
2
+ ozl = cos(6/10)]con(8/20) + LR[00 €08(6/70) = (2 ) sin0/0)
2
=18 sin(20/70)] + 5 -[cos(6/70) = cos”(9)] — ¥ 0 sin(6/70) ~ cos(6) sin(g)]
V0 0206y 4 BE (1 cos(ra)) (268 + (=3 — 208 + (=3 + B cos(60)]
2pj 2p3e* B3
+205370(1 +75) sin(¢/70)},
2
poa = B (0B cos(s/0) = (24 ) sin(6/0)] — L= siné/r0) + P sin(/0)
2 2
T 50 1in(6/10) — 70 sin(26)] + P2 [cos(/0) — cos(26)] — 22 cos(6) sin(g)
o To Do
2
+72mof37537§ [260570(1 +75) cos(9/70) — (1 + 293 + (1 + 3)73) sin(d/0)];
v = 2 (c0s(9/70) = 1) cos(6) + = 2 (c0s(9/70) + 1) sin(6) + == o cos() sin(/10) — sin(9)]
PaPyTo . yp- (1 +15)
m(2)02y6§70 sin(¢) sin(é/v0) — moTﬂg”yO cos(¢)(1 — cos(p/v0))
g l(1498) cos(8/70) = ] sin(o),
pia = LR (1 cos(/20)) sn(6) — cos(9)sin(620)] + T2 g cos(0)(1 - cos(6/1)
0
= sin(6) sin(6/70)] + S22 = cos(9)(1 = cos(/0)) + 70 50() sn(9/70)] + £ £ [c05(9/70) sin(9)
~10 €08(9) sin(9/10)] + —ZE= (= + (1478) cos(6/70)) sin(6) — (1 + ) cos(6) sin(6/0)]
28D cos() con(0) — 1)+ () i)
_ a? : TP .
Ty = m[—wﬁfﬂo + (2 +75) sin(2¢/70)] + T~ (2 4+~2) sin?(¢/70)
% [=263570 (1 + 75) (cos(@/70) + 1) + 295(=3 +75) sin(/0) + (2 + 335 + 79) sin(26/70)]
74mp§3g3 260570 — 4(1 +73) sin(9/70) + (2 +75) sin(26/70)]
LB [ 6880(1 + 98) sin(8/70) + (1 = 78 + Bivd + (24 398 + ) cos(6/70))(1 = cos(6/0))]
2mgct 855
2
oo (198 5in(6/70) = 70 os() Sn(@)] + 51+ 298 + cos(2) — 2(1+18) cos(é/ )]
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2
IO cos(@)sin(6) + —L0 (20[3 + 21+ 2)(=B(=3+12) + 261 +2))
2mc3 BaE 4ma3cdB5vg 0 0 0 0 0
=287 (1 +78)? cos(é/70)] — 2v0(1 + 1) [3 + 1075 — (1 + B3)7s
+(=3 =5 + (=24 B3)5) cos(d/70)] sin(é/70)},
Pr2 = 0. (21)

5. Summary

The nonlinear transport of the charged particle
beams in the spherical electrostatic analysers was cal-
culated with the Lie algebraic method. We can see
from the particle trajectories of linear approximation
that the focusing abilities both in the x and y direc-
tions are almost the same. The difference is that there
exist the momentum dispersion effects only in the z
direction.

Besides, comparing the spherical analysers with
the cylindrical analysers,”] we can see that the cylin-
drical analysers have the focusing function only in the
x direction, and for the same bending radius 7o the
spherical analysers have stronger focusing ability than
the cylindrical analysers. This can be seen from their

focusing lengths: f = ,707% for the spherical anal-
sin(¢/v0)
2
ysers and f = — V0 forthe cylindrical ones. It is

sin(¢/v'2)

obvious that, in the low energy situations the focusing
length is shorter than that of the cylindrical analysers.
Moreover, the energy dispersion effect of the spherical

ro(1+79) .
—W[CT(W%) = 1], is
2 [cos(V2¢) —

stronger than that, Dcylindrical = —
pocBo

1], of the cylindrical analyser. For example: for the

analyser, Dspherical =

same radius 7o, same beam momentum py, if the bend-
ing angles both of spherical and cylindrical analysers
are all 90 °, the dispersion effect of the spherical anal-
yser is ~1.25 times of that of the cylindrical analyser.

The analytical results can be coded to calcu-
late the practical particle motions in the electron or
The
phase space variables used in our analysis can be

ion optical systems containing these elements.

converted into the variables (z,2',y,y’, At, Aw) fre-

quently used by the accelerator physicists: 2’ =

Pz/P0 Y = Dy/Do, At =T, Aw = —p,.
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