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A new method is proposed to determine the optimal embedding dimension from a scalar time series in this paper.

This method determines the optimal embedding dimension by optimizing the nonlinear autoregressive prediction model

parameterized by the embedding dimension and the nonlinear degree. Simulation results show the effectiveness of this

method. And this method is applicable to a short time series, stable to noise, computationally efficient, and without

any purposely introduced parameters.
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1. Introduction

The reconstruction of a phase space which is

equivalent to the original phase space of a system from

a scale time series is the basis of nonlinear time series

analysis.[1] Based on Whitney’s topological embedding

theorem, Takens[2] has proved the delay embedding

theorem which offers the possibility of reconstructing

m-dimensional dynamics from a scale time series in

the absence of noise. However, the delay embedding

theorem does not directly answer how to choose its

parameters-embedding dimension and delay time. So

the key to the phase space reconstruction from a real

time series is to determine its optimal parameters.

References [3–18] are devoted to the study of phase

space reconstruction and methods of determining its

parameters.

The optimal embedding dimension is an impor-

tant parameter not only for the phase space recon-

struction but also for the nonlinear prediction.[19,20]

There have been many discussions on how to deter-

mine the optimal embedding dimension from a scalar

time series. There are four basic methods which are

usually used to determine the embedding dimension.

The first kind of method is based on computing some

invariant on the attractor.[5,6] By increasing the em-

bedding dimension used for the computation one notes

the minimum embedding dimension appearing when

the value of the invariant stops changing. The typi-

cal problems of this method are time-consuming for

computation, unsuited for a short time series, and

sensitive to noise. The second kind of method is

based on a singular value decomposition, which is

proposed by Broomhead and King.[7] But the singu-

lar value decomposition is essentially a linear method

based on the covariance matrix which reflects the lin-

ear dependence.[8] Numerical experience has led sev-

eral researchers[9,10] to suspect the authenticity of this

method in the analysis of nonlinear time series. The

method in Ref.[11] is measure preserving and can re-

flect the nonlinear structure, but the results are con-

siderably larger than those from the minimum em-

bedding dimension. In Refs.[12,13] used is a four-

order cumulant function instead of correlation func-

tion to improve this method. The third is the method

of false neighbours,[14,15] which is based on the fact

that choosing too low an embedding dimension re-

sults in points that are far apart in the original phase

space moving closer together in the reconstruction

phase space. But the criterion in Ref.[14] is subjec-

tive in some sense, and is improved in Ref.[15]. The

fourth kind of method is based on nonlinear predic-

tion errors,[16] in which the short term predictability

of nonlinear time series is utilized, and the method

used in this paper belongs in this kind.

There are some other methods and their modified
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methods developed based on the above methods,[17,18]

but they also have some shortcomings like inapplica-

bility to a short time series, sensitivity to noise, etc.

In this paper we propose a new method to deter-

mine the optimal embedding dimension from a scalar

time series by optimizing the nonlinear autoregressive

prediction model parametrized by the embedding di-

mension and the nonlinear degree. Our method is ap-

plicable to a short time series, stable to noise, compu-

tationally efficient, without any purposely introduced

parameters.

2. Method of determining the op-

timal embedding dimension

For nonlinear time series yn, where n = 1, 2,

. . . , N , we use a closed-loop version of the dynamics,

in which the output yn feeds back as a delayed input.

Within this framework, we analyse a nonlinear time

series by using a discrete Volterra autoregressive series

of degree d, and memory m, as a model to calculate

the prediction time series ŷn, i.e.

ŷn = a0 + a1yn−1 + a2yn−2 + · · · + amyn−m

+am+1y
2
n−1 + am+2yn−1yn−2 + · · ·

+aM−1y
d
n−m

=

M−1∑

k=0

akzk(n), (1)

where the functional basis {zk(n)} is composed of

all the distinct combinations of the embedding space

coordinates (yn−1, yn−2, yn−3, . . . , yn−m, ) up to de-

gree d, with a total dimension M = Cd
m+d = (m +

d)!/(m!d!). Thus, each model is parameterized by

m and d which correspond to the embedding dimen-

sion and the degree of the nonlinearity of the model,

respectively. The coefficients ak can be calculated

through the least square curve fitting.

The short term prediction power of a model can

be measured by the standard one-step prediction er-

ror, i.e.

ε(m, d)2 =

N∑
n=M+1

[ŷn(m, d) − yn]
2

N∑
n=M+1

[yn − ȳ]
2

, (2)

where ȳ =
1

N − M

N∑
n=M+1

yn and ε(m, d)2 is in ef-

fect a normalized variance of the prediction error. We

now search for the optimal model parameterized by

{mopt, dopt} that minimizes the following Akaike in-

formation criterion:[1,21]

C(m, d) = ln ε(m, d) + 2M/N. (3)

The numerical procedure is as follows: for each

time series, obtain the best linear model by searching

for mlin which minimizes C(m, d) with d = 1. Repeat

with increasing d > 1, to obtain the model’s optimal

degree dopt with m = mlin. Then repeat with increas-

ing m ≥ 1, to obtain the model’s optimal embedding

dimension with d = dopt.

The delay embedding theorem states that when

the embedding dimension is larger than the mini-

mum embedding dimension the original phase space

of a system can be embedded in the reconstructed

phase space. However, for a practical time series, if

too large an embedding dimension is taken, the other

nonlinear analysis methods are time-consuming for

computation and influenced by noises. By increasing

the embedding dimension (m ≥ 1) of the nonlinear

model parametrized by m and d, with the parameter

d fixed, one notes the optimal embedding dimension

when C(m, d) stops drastically declining and begins to

slowly decline. When m = mopt, the value of C(m, d)

is small enough, and with m increasing the value of

C(m, d) declines very little.

3. Simulation and results

To investigate whether our method is applicable

to a short time series and whether our method depends

strongly on the length of time series, we respectively

use 500 data points and 6000 data points to determine

the optimal embedding dimension.

Analyse the data from the x-component values of

Henon attractor with the usual parameters a = 1.4

and b = 0.3. Our results are shown in Fig.1. We can

see that when the embedding dimension m = 2, the

value of C(m, d) is small enough. So the optimal em-

bedding dimension is 2, and the method is applicable

to a short time series and does not strongly depend

on how many data points are used.

Analyse the data from the x-component values of

Lorenz attractor with the usual parameters σ = 10,

r = 28, and b = 8/3. The sampling time is 0.01.

Shown in Fig.2 are our results. We can see that when

the embedding dimension m = 3, the value of C(m, d)

begins to slowly decline and becomes small enough.
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So the optimal embedding dimension is 3, and the re-

sult is applicable to a short time series and does not

strongly depend on how many data points are used.

Fig.1. C(m, d)−m for a time series from Henon attractor

(d = 2).

Fig.2. C(m, d)−m for a time series from Lorenz attractor

(d = 3).

Analyse the data from the x-component values of

Duffing attractor with the usual parameters ε = 1,

c = 0.4, A = 0.4, and ω = 1. The sampling time

is 0.25. Our results are shown in Fig.3, from which

we can see that the optimal embedding dimension is

4 and our method is applicable to a short time se-

ries and does not strongly depend on how many data

points are used.

Analyse the data from the x-component values

of Chen attractor with the usual parameters a = 35,

b = 3, and c = 28. The sampling time is 0.01. Our

results are shown in Fig.4, from which we can see

that the optimal embedding dimension is 4 and our

method is applicable to a short time series and does

not strongly depend on how many data points are

used.

Fig.3. C(m, d)−m for a time series from Duffing attractor

(d = 3).

Fig.4. C(m, d) − m for a time series from Chen attractor

(d = 3).

In the following we test two unusual time series.

The first one is usually considered to be an example

in which it is difficult to determine the embedding

dimension. For the second one, we know its exact

embedding dimension, and we just test whether our

method can give the correct result or not.

Analyse the data from a torus. The data are gen-

erated from the flow:

x(t) = sin(t) + 0.3 sin(πt + 1), t ∈ R (4)

with a sampling time of 0.1. Note that Eq.(4) is a

flow, not a map. The results obtained by using our

method for this time series are shown in Fig.5. One

can see that the value of C(m, d) is small enough at

m = 4, therefore, the optimal embedding dimension

for the time series should be 4. Obviously, the result is

applicable to a short time series and does not strongly

depend on how many data points are used.
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Fig.5. C(m, d)−m for a time series from Torus attractor

(d = 3).

Analyse the data from the following map:

xn+4 = sin(xn + 5) + sin(2xn+1 + 5)

+ sin(3xn+2 + 5) + sin(4xn+3 + 5). (5)

We can see clearly that the minimum embedding di-

mension is 4 for a time series from this map. We

check our method by testing this time series, and the

results are shown in Fig.6. We can see that when the

embedding dimension m = 4, the value of C(m, d) is

small enough. So the optimal embedding dimension is

4 which is the same as the theoretical result.

The above examples have shown the effectiveness

of our method in applying to the determination of the

optimal embedding dimension of six time series from

six chaotic attractors, and our method is applicable to

a short time series and does not strongly depend on

how many data points are used.

Fig.6. C(m, d)−m for a time series from the map Eq.(5)

(d = 2).

To investigate the robustness of our method under

noises we analyse the time series from Henon attrac-

tor and Lorenz attractor with additive white Gaus-

sian noise with different signal-to-noise ratios (SNRs).

The results obtained by using our method are shown

in Fig.7 and Fig.8. One can see that the optimal em-

bedding dimensions for the time series from Henon

attractor with SNR =30dB and SNR =20dB are 2,

and the optimal embedding dimensions for the time

series from Lorenz attractor with SNR =30dB and

SNR =20dB are 5. So our method is robust to the

additive white noise.

In the following we apply our method to a prac-

tical time series where the underlying dynamics is un-

known.

Analyse the data from the experimental laser

data- Santa Fe Data A. The time series contains 1000

samples. The results obtained by using our method

are shown in Fig.9. We can see that the value of

C(m, d) begins to slowly decline and becomes small

enough at m = 8, therefore, the optimal embedding

dimension for this time series should be 8. Our result

is in accord with that in Ref.[15].

Fig.7. C(m, d) − m for a time series from Henon attractor, with white noise added (d = 2) for (a)

SNR = 30dB; (b) SNR =20 dB.
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Fig.8. C(m, d) − m for a time series from Lorenz attractor, with white noise added (d = 3) for (a)

SNR = 30dB; (b) SNR =20 dB.

Fig.9. C(m, d) − m for the experimental laser data-Santa Fe

Data A, where the time series has only 1000 samples (d = 2).

Fig.10. C(m, d)−m for the heart rate variability data-Santa

Fe Data B, where using only 1000 data points (d = 3).

Analyse the data from the heart rate variability

signal- Santa Fe Data B, using 1000 data points. Fig-

ure 10 shows the results obtained by using our method.

One can see that the value of C(m, d) begins to slowly

decline and becomes small enough at m = 3, therefore,

the optimal embedding dimension for this time series

should be 3. So the heart rate of the patient during

sleep is mainly influenced by three factors.

4. Conclusion

A new method is proposed to determine the op-

timal embedding dimension from a scalar time series.

We test six time series from six chaotic attractors,

and the numerical results show the effectiveness of our

method in applying to the determination of the opti-

mal embedding dimension from a scalar time series.

The method presented in this paper has the following

advantages, it is (1) applicable to a short time series,

(2) stable to noise, (3) computationally efficient (typi-

cally, the analysis of a 500-point time series takes just

a few seconds on a desktop computer), and (4) with-

out any purposely introduced parameters.
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