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Explicit solutions of Boussinesq—Burgers equation®
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Darboux transformation with multi-parameters for the Boussinesq—Burgers (B-B) equation is derived. For an

application, some important explicit solutions of the B—B equation are obtained, including 2N-soliton solution and

periodic solution. Finally, some elegant and interesting figures are plotted.
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1. Introduction

The Bossinesq—Burgers (B-B) soliton equation is

given as!! =3
1
U = —2ulUy + 51)1,
1
vt = Slaze = 2(u0)q, (1)

which is a nonlinear long-wave equation. A good un-
derstanding of its solutions is very helpful for coastal
and civil engineers to apply the nonlinear water wave
model to harbour and coastal designs. Therefore, find-
ing more new solutions of the B-B equation is of great
value in fluid dynamics. This motives us to seek for
various types of solutions. Many systematic methods
have been developed to obtain exact solutions of soli-
ton equations, such as the inverse scattering transfor-
mation, the bilinear transformation of Hirota,!*5) the

Darboux transformation (DT),6-%]

[9]

the homogeneous

h [10—13]

balance method,!”! the Lie symmetry approac

the algebraic curve method and the nonlinearization
approach of eigenvalue problem.!14~18]

The aim of this paper is to obtain more kinds
of solutions of the B-B equation, apart from its
algebraic-geometry solutions and 2N — 1 soliton solu-
tions obtained in Refs.[1,2]. To this end, we start from

the B—B spectral problem and achieve an N-order DT

in Section 2, which is different from the DT in Ref.[2].
Resorting to DT in Section 2, a 2N-soliton solution
and periodic solution of the B-B equation (1) are ob-
tained. In Section 3, the DT is used to generate new
solutions of the B-B equation. We can directly ob-
tain the 2/N-soliton solution and its periodic solution
from a trivial solution. By appropriately choosing the
eigenvalue A\, we obtain a multi-soliton solutions with
two peaks, which is not of bell type but appears to be
a new phenomenon for soliton equations associated
with 2 X 2 matrix spectral problems. Finally, we plot
some beautiful figures.

2. Darboux transformation

In this section, we construct another DT of the
B-B equation

U = —2UlUy + =y,

2

L — 2(uv),, (2)

UVt = SJUgzx

2

which has the Lax representation

6, = Us, U:(”“ “”“), 3)

1 -A—u
(bt = V(ba (4‘)

1 1
/\(uz+v)+§—uuz—uv+§vz

1
-2+ Sle + u?
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where u and v are potentials, and X is a constant spectral parameter.

In order to construct a DT of Eq.(2), we first derive a gauge transformation for the spectral problem (3).

Here we use the method in Refs.[6,7] to construct the gauge transformation. To this end, we choose ¢ =

and ¢ = (1, 1p2)"

T =

iz C;NC

where Ay, By, Cr and Dy(0 < k < N — 1) are deter-
mined by the following linear system:

N—-1
(AzC + Bkoj))\? = —)\j-v,

k=0

N-—1
(Cr + Droj)Af = —a; AN, (6)

k=0

where
P2(Nj) = vjh2 (X)) .

o = C 1<j<2N, (T
T () — () I @)

and Apx will be determined later.

Now, we introduce a gauge transformation
¢ =T0, (8)

which transforms the spectral problem (3) and the
auxiliary problem (4) into a spectral problem and its
auxiliary one of ¢

(lgm:(jéu U=
pr=Vo, V=

(T, +TU)T ™, (9)
(T, + TV)T . (10)

We will verify the following facts:
Proposition 1 Let Ay satisfy the first-order or-
dinary differential equation

Oy InAy = —————,
naAN 14+2CN_1

then the matrix U determined by Eq.(9) will have the
same form as U, that is U = U(u, v, ), where the
transformation formulae from the old potentials u and
v into new ones are given by

Cnoiz
14+2CN_1’
V=0 — QBN_l(l + 2CN_1) + 2(uw + ’U)CN_l (12)

Proof

t=u+0;InAy =u+

(¢1,02)T

to be two basic solutions of Eq.(3) and use (¢, 1)) to determine a 2 x 2 matrix T as

An (WY + Z A;N)

N-1
Ay Z BN
N1 ) (5)
N J
yoe ()\ + JZ) Dj\ )
Let T~ = T*/detT and
(T, + TU)T* = ) £} (13)
f21(A) f22(N)

It is easy to see that f11(A), f22(A) or fiz(A), f21(A)
are (2N +1)-order polynomials in A or 2N-order poly-
nomials in A\. By using Eqs.(3) and (7), we obtain a
Riccati equation

0je = 1=2(\j+u)oj — (up+v)oj, 1 < j < 2N. (14)

From Egs.(5) and (6), we know that
A(Xj) =

—0;B()\j), C(Aj) = —a;D(¥;).  (15)

Resorting to Eqgs.(14) and (15), it can be verified that
all A; (1 <j <2N) are roots of fo (s,] =1,2). Then
we conclude

det T|fsi, (s,1=1,2),
which together with Eq.(13) gives
(T, + TU)T* = (det T)P(\) (16)
with
PN+ iy

Pl P A+ by

PO =

and p,(cl;, k,j7=1,2,1=0,1 being independent of A.

Now Eq.(16) can be written in the form
T, + TU = P(\T. (17)

By comparing the coefficients of AV*! and AV in
Eq.(17) and using Eq.(12), we find that

L _ @ _

Pii = —Py =1, (18)
PV =u+8,nAy =u, (19)
pég):—u—(? InAn = —u, (20)
P = A2 (ug +v—2By_1) = Uiy + D, (21)
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1 _
pgi) _ A2 (1+20x_1) = 1. (22) q12 = A% (uy +v —2BN_1) = Ty + 7, (29)
m_ 1
) b = 1+2C 30
So, we have proved that U = U(@, 7, A). 2t A2 ( N-1); (30)

Let ¢ = (¢1,¢2)T and ¥ = (¢1,%2)" be two basic
solutions of Eqs.(3) and (4), then we can prove the
following assertion:

Proposition 2 Assume Ay to satisfy the first-
order ordinary differential equation with respect to the
variable ¢

OtlnAn = (uz + ’U)ON,1 — BN,1(1 + 20]\[,1) —2u

Cn-1a2 ( Cnoiz )2
1+2CN_1 14+2CN—1
3. @)

then the matrix V' determined by Eq.(10) will have
the same form as V under the same transformation of
(12).

Proof

Let T=! =T*/detT and

(T, + TV)T* = 911(A) g12(A) ' (24)

g21(A) ga2(N)

A direct calculation shows that g11(A\), ge2(A) or
g12(A), g21(N\) are (2N + 2)-order polynomials in A or
(2N + 1)-order polynomials in A. By virtue of Eqgs.(7)
and (4), we obtain

O'jt :)\j—U—Z(/\?—

%uz — u2)aj — [)\j(uz +v)

1 1
+ 5““ — UUy — UV + 51}40?. (25)

Through direct calculation, all A;(1 < j < 2N) are
roots of gg(A),s,l = 1,2; therefore, it together with
Eq.(24) gives

(T + TV)T* = (det T)Q(N) (26)
¢+ +a?) g A+ ald
aA ey VN A+ gl

and q,(c)J,k 7 =1,2,1=0,1,2 being independent of
A. Now Eq.(26) can be written as

T, + TV = Q\T. (27)

By comparing the coefficients of AV+2, AN+1 and AV
in Eq.(27), we have

2 2 1 1
Q§1) = —Qéz) =1 Q§1) = Q§2) =0, (28)

1
qil =0 InAyx — §um —u? - (ugy +v)Cn_1

+ Bn-1(14+Cn-1), (31)

1
12 —A2 [ um—uum—uv—i—ivm—i—(uw—i—v)

X(AN—1—Dn-1)+2By_1Dn_1—2Bn_2|, (32)

(0) _

1
Q3 = A2 (ZCN o+ Dpn_ 1—u) ANfl, (33)

1
qég) =-—0/nAy + Uz +u? + (up +v)Cn_1
—By_1(14+Cn-1). (34)

By using expressions (23) and (18), we can prove

0 0 _ _
q(l) = —q§2) = —Uy — 2.

At the same time, comparing the coefficients of AV 1
in Eq.(17), we obtain

AN-1,0 = —Bn-1, (35)
By_1a = —(Uz +v)AN_1 +2uBy_1 +2BN_»
A2 Dn_1(a, + ), (36)
Dn_12 = —(ug +v)Cn_1 + A} By_1, (37)
20N_2 = —2uCN_1 — CN—1,0 — Dn_1
+ AN AN -1 (38)

Substituting expression (38) into Eq.(33) and noting
expression (12), we can verify

@ = —u.
Through tedious calculations, we obtain from expres-
sions (32), (36), (12) and (38) that

¢V = ;am Wl — W0+ 3T
So, we have proved that V = V (@, v, \).

According to Propositions 1 and 2, the transfor-
mation (12) transforms the Lax pairs (3) and (4) into
0). Therefore,
both of the Lax pairs lead to the same equation (2).
We call the transformation (¢, u,v) — (¢,4,v) a DT
of Eq.(2). We obtain the following assertion:

Theorem 3 The solution (u, v) of the B-B equa-
tion is mapped into new one (@, v) under the DT (12),

those of the same type as Eqgs.(9) and (1

where By_1 and Cy_1 are given by the linear alge-
braic system (6).
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3. Explicit solutions

In this section, we obtain some explicit solutions
of the B-B equation by applying DT (12).

Substituting (v = 0,v = —1) into the Lax pairs
(3) and (4), we have two basic solutions:

According to expression (7), we have

efi 4 "Yieigi

1<i<2N.
egi —'yie—ﬁi’ - -

O'i:)\i—ci

Let A\j, 1 < j < 2N be constants. Solving the linear

algebraic system (6), we have

(b(/\z) = (egia (/\Z - Ci)egi)T’ ACN—l

(A) = (675, (A +e)e™)T Bya=—)— COva=—3 (39)
with & = c;(z+ M\t) and ¢; = (A2 — 1)1/2, 1<i<2N. with
|
1 01 )\1 0'1)\1 /\11C 0'1/\11C )\f[71 0'1/\{\,71
1 g9 )\2 0'2)\2 Al2c O'QAé: )\é\/—l O'QAév_l
A= ,
1 02N /\2N O'QN)\QN /\IQCN UQN)\IQCN )\é\fN—l UQN/\évN_l
1 o0 M o\ Mo gk AN AN
1 o2 X o2 N ook D AR VAY
Apy_, = : : . s
1 ooy AN Oondan )‘]2€N UQNAQCN /\é\]N_1 —/\éVN
1 01 /\1 0’1)\1 /\lf 0’1/\lf —0'1/\{\, 01)\{\[_1
1 g9 )\2 0'2)\2 /\12C 0'2)\12C —Ug)év 02)\9/71
ACN—l =
1 oan Xon  oandaen Ny oan Ay —oan Ay gan At
Resorting to expression (12), we obtain a solution of the B-B equation
_ CNfl.,z
R N TSN @)
_ CNfl T
— v —2By_1(1+2C0y_1) + 2(uy C,—(i’).
v=v N-1(1+2CN-1) + 2(uz +v)Cn-1 T
For simplicity, we shall discuss the two special cases, i.e. N =1 and N = 2.
(I) For N =1, we have a new solution of the B-B equation from solution (40)
)=
. (41)
o[1] = —1 — 2Bo(1 + 2C, —20—( 2 )
(1] o(1 +2Co) 0 15200/
with
A1 — A A2 — A
BO = ! 2, OO = 2 10'10’2.
09 — 01 02 — 01

If A2 > A1 > 1, the solution determined by expression (41) is two-overtaking collision soliton solution.

If Ay > 1, A2 < —1, the solution determined by expression (41) is two-head-on collision soliton solution (see



No. 5 Explicit solutions of Boussinesq—Burgers equation 1237

Fig.1.).

watt=1

T

vatt=1

T

Fig.1. Two-soliton solution (41) with A1 = —X2 =2, 71 = v2 = —0.5.

If |A1] < 1, the solution determined by expression (41) is periodic solution (see Fig.2.).

uatt=04

3

RN

)

)
o
o
8

vatt=0.4

10

r=NHNe NS

10

Fig.2. Periodic-solution (41) with A\ = =2 = —0.9, 1 = —v2 = —0.5.

(IT) For N = 2, we have a new solution of the B-B equation

_ _ Cl@
Cle
9[2] = —1 — 2By (1 + 2C1) — 2C; — (1 +12’CI) :
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with Bl = ABI/A, Cl = ACI/A,

1 g1 )\1 0'1)\1 1 g1 )\1 —)\% 1 g1 —0’1)\% 01)\1

1 g9 )\2 0'2)\2 1 g9 )\2 —)\g 1 g9 —0’2)\% 02)\2
A= , Ap, = , Ac, =

1 g3 /\3 0'3/\3 1 g3 /\3 —/\?)) 1 g3 —O’3>\§ 0'3/\3

1 g4 /\4 0'4/\4 1 g4 /\4 —/\Z 1 g4 —0'4)\421 04/\4

If |\;| > 1, j =1,2,3,4, the solution determined by expression (42) is a four-soliton solution (see Fig.3.).
If || <1, j =1,2,3,4, the solution determined by (42) is a periodic solution.

w

Fig.3. Four-soliton solution (42) with A1 =7, A2 =6, A\a = =5, \a = —4,v1 = —6, 72 =4 =0, y3 = 2.

4. Conclusion

To conclude this paper we make the following re-
marks. Darboux transformation provides an effective
This
transformation is usually used to yield two-soliton so-

way to obtain solutions of soliton equations.

lutions or a series of multi-soliton solutions from a
trivial ‘seed’. But now, we use it to generate different

types of solutions, and we have had a success. In ad-
dition to two-soliton and four-soliton solutions, peri-
odic solutions of the B-B equation are obtained. And
beautiful pictures of them are also presented here in
this paper. It is interesting that every soliton of four-
soliton solutions (in Fig.3.) has two peaks, which are
rarely seen, however.
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