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This paper proposes two schemes to generate the multi-atom cluster states. The first scheme is based on the

interaction of atoms with a highly detuned cavity mode and a classical field, the second scheme is based on the

interaction of atoms with a cavity mode, strongly driven by a resonant classical field.
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1. Introduction

Multiparticle entangled state, as an important
resource in achieving quantum information process-
[1-3]

ing, such as quantum cryptography, quantum

dense coding,*=% and quantum teleportation,”—11]
plays
nonlocality.'>='4 It has been shown that there is

a fundamental role in testing quantum
only one class of entanglement'®! for two qubits, and
there are two inequivalent classes of tripartite en-
tangled states, i.e., the Greenberger—Horne—Zeilinger
(GHZ) class!™ and the W class.!'6] Recently, a par-
ticular multiqubit entangled state, called cluster state,
was applied to the one-way quantum computation by

[17] The cluster states have a

Raussendorf and Briegel.
high persistency of entanglement and can be regarded
as an entanglement source for the GHZ states,!'®! but
are more immune to decoherence than GHZ states.1%]
Therefore, a number of applications of cluster states
to quantum computation have been proposed.!20—24
Recently, Zheng[?’! proposed two schemes to gener-
ate the cluster states in ion-trap systems. Zou and
Mathis proposed two schemes to generate the cluster
states in resonant microwave cavity,??! and in linear
optics system.?”) Dong et al[?% proposed two schemes
to generate the cluster states based on atom—cavity
resonant interactions and atomic ensembles respec-

tively. They also discussed the case of cavity decay
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and atomic spontaneous emission.

The original scheme?”! for generation of the ge-
ometric phase gate via the strongly driven Jaynes—

[39] for genera-

Cummings interaction and the scheme
tion of the entangled states for multi-level atoms via
the same model, these two schemes were proposed by
Zheng. Then Zheng®!l and Chen et all®? proposed
the schemes to realize the unconventional geometric
phase gate. Inspired from the scheme proposed in
Ref.[31] we propose the first scheme to generate the
multi-atom cluster states via an unconventional geo-
metric phase shift in cavity QED, which is based on
the large detuning interaction of the atoms with the
cavity mode. Our second scheme is inspired from the
schemes proposed in Refs.[29,30,32], which is based
on the resonant coupling of the atoms to the classi-
cal field. In our schemes the cavity mode is displaced
along a closed path depending on the atomic states.
The system of the atomic states acquires a conditional

phase, producing the multi-atom cluster states.

The structure of our paper is as follows. In Sec-
tion 2, we briefly review the unconventional geometric
phase shift caused by the displacement operator along
a closed path in phase space. In Sections 3 and 4, two
schemes for generating the multi-atom cluster states
are introduced respectively. The conclusions are given
in Section 5.
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2. Unconventional geometric

phase

We first review the definition of the standard un-
conventional geometric phase shift due to displace-
ment along an arbitrary path.31:33:34 The displace-
ment operator is expressed as

D(a) = ™' e, (1)

where a' and @ are the creation and annihilation op-
erators of the harmonic oscillator respectively. They
satisfy the following relationship:

D(a2)D(an) = D(ag + ay el ™20, (2)

Consider a path consisting of IV short straight sections
Acy, the total operator is

D, = D(Aayn)---D(Aay)
N N j—1
= D(Z Aaj)exp {ilm(z Aa; Z Aa,t)} . (3)
j=1 j=2 k=1
When N — oo, an arbitrary path v can be reached.

Then
_ i®
Dt—D(/Vda)e , (4)

o= Im(/7 a*da). (5)

For a closed path

where

D; = D(0)e'® =¢'©, (6)

where the phase operator O is determined by the area
of a loop in the phase space and independent of the
quantized state of the harmonic oscillator.

3. Dynamic model of a cavity
QED system assisted by a clas-
sical field

Consider two identical three-level atoms, each one
has one excited state |r) and two ground states |e) and
lg). The transition |e) — |r) is driven by the cavity
mode with coupling constant g. The state |g) is not
influenced during the interaction. The Hamiltonian is
expressed as (assuming h = 1)

H = wy Z S.j+weala+ Z [g(aTSj_ —i—aS;')
Jj=1,2 j=1,2

+ Q(e—iwts;r + ei“tS;)], (7)

where S, ; = 5(Ir;)(r;| — lej){e;]), Sf = [r;)(e;], and
S} = lej)(ryl, and a' and a are the creation and an-
nihilation operators for the cavity mode. wy, wqe, w
and {2 are the |e) — |r) resonant transition frequency,
cavity mode frequency, classical field frequency, and
Rabi frequency respectively. In the rotating frame at
the cavity frequency w,, the Hamiltonian becomes

Hy = Z [AS, ; + g(aTSj_ +aS})

j=1,2
+ 275 + 05T, (8)
where A = wyp — wg, 0 = W — w,. In the case of

A > (2, g, the atoms cannot exchange energy with
the field. Then the Hamiltonian of Eq.(8) can be re-
placed by the effective Hamiltonian!31]
1 .
He = .Zlg Z[(Q%T“ + 27 + Qgae'*
J=1,

+ 2ga’e™ ) (|r;)(r;| — le;) ;)

T (SfSy +5755), (9

+ g%y (1) + )

where the term

> SlePatat @)(r)irs] — les)les)

§=1,2
describes the Stark shifts caused by the photons
of the cavity field and classical field respectively.
The term Y., , %(2gae'® + 2ga’e ") (|r;)(r;| —
lej)(ej]) describes the coupling between the atoms

and cavity mode assisted by the classical field and
dj=12 %|rj)<rj| describes the Stark shift induced by

the vacuum field. The term %4 (S Sy + Sy S5 ) de-
scribes the dipole coupling between the two atoms
caused by the cavity mode.

The time evolution of this system is described by
the Schrodinger equation

d
D o). (10)
After performing the unitary transformation
(1)) = e ot p(t')) (11)
with
1
Hy= Y Z[(92GTG + 12%)(Jry) (s
§=1,2
—lej)lesl) + g2 lrs) (ryll, (12)
we obtain dlw (e
PO ), (13)

dt
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where
H; = Z @{[aei(é—g2/4)t+a e_i(a—g2/A)t|r,><T4|]
1 ‘ A ! ’
j=1,2
[N gl 4 Ay
g2
+ L (ST Sy + 5759, a4

After the infinitesimal interval [t, t + d¢], the evolution
operator of the states in our qubit subspace is

U(dt) = D(da) = @' daada” — g=ifidt = (15)

where
da = i%e_i(‘”-‘ﬁ/mtdt.

During an interaction time ¢, the displacement pa-
rameter a can be expressed as

t/
Oz(t/) — i/ @e—i(l5+g2/4)tdt
O A

.Qg i 2 ’
= —m[e (G+a™/ 4% _ 1], (16)

and the geometric phase shift @ is

6 = Im(/ oz*doz)
¥
2

t
_ . (f29) L i(04g2 ) AN 4t
= Im(/o 17A(A5+gz)(l e )dt)

A((A(ég—i)— g%) { ©AS+ g2 Sin(g zaAtﬂ (17)

and

O; = Im(/ §a*d§a) — 0. (18)
Y

In order to generate a multi-atom cluster state,
we assume that each atom and the cavity mode ini-
tially are in the state (|g;) + |e;))/V2(j = 1,2,..., N)
and the vacuum state |0) respectively. Thus the initial
state of the atomic system is

Bz = 7z 190) + len)) @3 (an) + lea) (19

Under the condition (§ + g?/A)t = 2r, the displace-
ment is along a closed path, returning to the original
point in phase space and acquiring a geometric phase
conditional upon the electronic states. Therefore, af-
ter the interaction time t by Heg, the system evolves
to

1 : 2
(61(484-2!2 t/A) |61>

|p)12..N = oN/2 |e2)

+ ei(@+02t/4) |61>|gz>

+e (OFL D g1 e3) + [g1)]g2))
@75 (lgn) + len)). (20)
Performing the one-qubit operation
. 2 3
lej) — e (ETTH/ N e) (5 =1,2),

the state of the atomic system becomes

B)123 = s (@2 len)len) +[en)loa) + o))

+1g1)l92)) @55 (len) + gn)- (21)

Choosing 20 = —r (namely 202g/(AS + ¢g?) = 1),
(6 + g2/ A)t = 27, we obtain the cluster state of the
atoms 1 and 2

G123 = g7z lon) +len)o?)(192) + lea))

®§‘V:3 (lgn) +len)), (22)

where 02 = |g2)(ga| — |e2)(e2|. Then we drive the
After
an interaction time t = 27/(§ + g?/A), choosing

atoms 2 and 3 through the second cavity.

20 = —7m and performing the one-qubit operation
lej) — 1O+ 2/ A) |y (j = 2. 3) we obtain the state

B)izx = 575 (lon) +len)o?)(1g2)

+le2)o?)(1gs) +les) @514 (Jgn) +len)).(23)

From the form of the above state, we can conclude
that if we send two atoms through a vacuum cavity
for an interaction time t = 27/(8 + g?/A), choosing
260 = —7 and performing the one-qubit operation on
the two atoms, step by step, then we can obtain a
multi-atom cluster state easily. Namely, firstly we
send atoms 1 and 2 through a vacuum cavity for an
appropriate time, and perform the one-qubit opera-
tion on the atoms 1 and 2. Then we send atoms 2
and 3 through another vacuum cavity, and perform
the one-qubit operation on the atoms 2 and 3, and so
on. Finally, then we can obtain the multi-atom cluster
state

1 _
)N = 5573 ®y (l97) + les)ol™),  (24)

where oV 1 = 1.

4. Dynamic model of a cavity
QED

strong

system assisted by a

resonant classical field

We consider two identical three-level atoms, each
one has one excited state |r) and two ground states
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le) and |g). The qubits are encoded in the ground
state |g) and the state |—=) = 1/v/2(le) — |r)). The
transition |e) — |r) is driven by the cavity mode with
the coupling constant g and the detuning A, assisted
by a resonant classical field with Rabi frequency {2.
The state |g) is not influenced in the interaction, the
Hamiltonian[®® is expressed as (assuming /i = 1)

H' =uw, Z S.; +wpala+ Z [g(aTSj_ + aSj‘-")
Jj=1,2 j=1,2
+ Q(e_i“LtS;-r + ei“’LtS;)], (25)

where w1, w, and wy, are the |e) — |r) resonant tran-
sition frequency, cavity mode frequency, and classical
field frequency respectively. Atomic operators S, ; =
L) (sl = les)esl)s S = I (e, and S = [e;) (1.
a’ and a are the creat1on and anmhllatlon operators
of the cavity mode respectively. In the rotating frame
at the driving field frequency wy, (assuming wr, = wy),
the Hamiltonian is given by

L'— Adfa + Z [g(a
j=1,2

=Hy + HE, (26)

TST +aS)) + (S + 57)]

with
v =Adla+ Y 2(SF+5;),
j=1,2

HlL = Z g(aTS; +CLS;F).

j=1,2

Perform the transformation
/_ iHYtrrL —iHIt
H =e"0"He "0

=2 > Il - |

=i (=5l + 2 45—

j=1,2
— e =) (+]Jlae 4 + Hoc., (27)
where |+;) = (|e;) £ |r;))/v/2, and Sj.|+;) = (S] +

SIS

A, g, we discard the rapidly oscillating term, and the

= +|£;). In the strong driving region 2 >

effective Hamiltonian in the rotating wave approxima-
tion is

L =3 2 () (sl = 1=3)(=4D)

j=1,2
x (ae 1At 4 gfeldt), (28)

After the infinitesimal interval [t,¢ + d¢], the corre-
sponding evolution of the states in our qubit subspace
can be described as

U(dt) = D(da) = @ daada” = g=ifidt - (99)

where da = i(g/2)el4*dt. After an interaction time
', the displacement parameter o can be expressed as

t/
AN 1At At
a(t)—l/o 3¢ dt—2A[e 1], (30)

and the geometric phase shift © is

@_Im(/V a*da) = 44\2 [At—sm(At)] (31)

In order to generate a multi-atom cluster state,
we prepare N(N > 2) atoms initially in the state
(lg7) + les))/V2( = 1,2,... N).

prepared in the vacuum state |0).

The cavities are all
The total initial
atomic state is

Bh1a-n = gzslon) +lea)) @g (lgg) + e (32)

Firstly, we perform the transformation le;) —
|—;) (7 = 1,2), then drive the atoms 1 and 2 through
a vacuum cavity. Under the condition At = 27, the
displacement is along a closed path, returning to the
original point in phase space and acquiring a geomet-
ric phase conditional upon the electronic states. After
the interaction time t, the system of atoms evolves to

1
|¢>12---N = W(|91>|92>

+ i(2t+0) |g1>|
+e (29t+4@|

o)+ el i(2t+6) =

1)l92)
Dl=2)) @755 (195) +[=5))- (33)
Then we perform the one-qubit transformation

|—;) — e 12O\ (j = 1,2), the state of atomic
system becomes

S (lonlas) +1g0l—2) +1-1)la2)

+e29=1)|=2)) @15 (lgn) + [=n)).  (34)

After performing the transformation |—;) —
1,2),
At = 27, we obtain the cluster state of the atoms
1 and 2

|¢>12---N =

lej)(J =
choosing 20 = 7 (namely g/A = 1), and

|p)12.. N = 2N/2(|91>+|€1> lg2) + le2))
®j:3 (lgn) +len)), (35)
where o = |g;)(g;] — le;){e;|(j = 2). Secondly,

we drive the atoms 2 and 3 through the second
vacuum cavity after performing the transformation

N0 = 2,3).
t = 2w /A, we perform the one-qubit transformation

|—;) — e 1 (O+2)|_ ) (j = 2 3). By choosing 260 =7

le;) — |- After an interaction time



1224 Jin Xing-Ri et al

Vol. 16

and performing the transformation |—;) — |e;)(j =
2,3), we obtain the state of atomic system

B2~ = g (92) +len)o) 2]

+le2)02)(lgs) +les) @514 (lgw) +en))-(36)

From the form of the above state, we can conclude
that if we perform the transformation |e;) — |—;)
and send two atoms through a vacuum cavity for
an interaction time ¢t = 27/A, thence by choosing
20 = 7w and performing the one-qubit transforma-
tion |—;) — e 1 (?HO)| ) and the transformation
|—;) — le;) on the two atoms, step by step, we can
obtain a multi-atom cluster state, as

1 .
lp)n = oN/2 @31 (l95) +lej)ol*h),  (37)
where oV +1 = 1.

5. Conclusion

In summary, we have proposed two schemes to

generate the multi-atom cluster state via an uncon-

ventional geometric phase shift in cavity QED. In the
two schemes, the cavity mode is displaced along a
closed path depending on the atomic states. The
system of the atomic states acquires a conditional
phase, producing a cluster state of the multi-atom.
The first scheme is based on the large-detuning inter-
action of the two atoms with the cavity mode. Ac-
cording to interaction time t = 27/(§ + g*>/A), and
260 = —m, we obtained the time for generating a
cluster state t; = An/(29)(A > 2,g). The second
scheme is based on the resonant coupling of the atoms
to the classical field. According to interaction time
t = 2x/A, and 20 = 7, we obtained the time for
generating a cluster state ¢y = 27 /g. Thus the time
for generating a cluster state in the second scheme
is shorter than that in the first one. In the second
scheme, the detuning A = g is satisfied because of
At =27 and 20 = g?m/A? = 7. The two schemes can
be realized with the present cavity QED techniques.
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