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This paper proposes two schemes to generate the multi-atom cluster states. The first scheme is based on the

interaction of atoms with a highly detuned cavity mode and a classical field, the second scheme is based on the

interaction of atoms with a cavity mode, strongly driven by a resonant classical field.
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1. Introduction

Multiparticle entangled state, as an important

resource in achieving quantum information process-

ing, such as quantum cryptography,[1−3] quantum

dense coding,[4−6] and quantum teleportation,[7−11]

plays a fundamental role in testing quantum

nonlocality.[12−14] It has been shown that there is

only one class of entanglement[15] for two qubits, and

there are two inequivalent classes of tripartite en-

tangled states, i.e., the Greenberger–Horne–Zeilinger

(GHZ) class[14] and the W class.[16] Recently, a par-

ticular multiqubit entangled state, called cluster state,

was applied to the one-way quantum computation by

Raussendorf and Briegel.[17] The cluster states have a

high persistency of entanglement and can be regarded

as an entanglement source for the GHZ states,[18] but

are more immune to decoherence than GHZ states.[19]

Therefore, a number of applications of cluster states

to quantum computation have been proposed.[20−24]

Recently, Zheng[25] proposed two schemes to gener-

ate the cluster states in ion-trap systems. Zou and

Mathis proposed two schemes to generate the cluster

states in resonant microwave cavity,[26] and in linear

optics system.[27] Dong et al [28] proposed two schemes

to generate the cluster states based on atom–cavity

resonant interactions and atomic ensembles respec-

tively. They also discussed the case of cavity decay

and atomic spontaneous emission.

The original scheme[29] for generation of the ge-

ometric phase gate via the strongly driven Jaynes–

Cummings interaction and the scheme[30] for genera-

tion of the entangled states for multi-level atoms via

the same model, these two schemes were proposed by

Zheng. Then Zheng[31] and Chen et al [32] proposed

the schemes to realize the unconventional geometric

phase gate. Inspired from the scheme proposed in

Ref.[31] we propose the first scheme to generate the

multi-atom cluster states via an unconventional geo-

metric phase shift in cavity QED, which is based on

the large detuning interaction of the atoms with the

cavity mode. Our second scheme is inspired from the

schemes proposed in Refs.[29,30,32], which is based

on the resonant coupling of the atoms to the classi-

cal field. In our schemes the cavity mode is displaced

along a closed path depending on the atomic states.

The system of the atomic states acquires a conditional

phase, producing the multi-atom cluster states.

The structure of our paper is as follows. In Sec-

tion 2, we briefly review the unconventional geometric

phase shift caused by the displacement operator along

a closed path in phase space. In Sections 3 and 4, two

schemes for generating the multi-atom cluster states

are introduced respectively. The conclusions are given

in Section 5.
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2. Unconventional geometric

phase

We first review the definition of the standard un-

conventional geometric phase shift due to displace-

ment along an arbitrary path.[31,33,34] The displace-

ment operator is expressed as

D(α) = eαa†−α∗a, (1)

where a† and a are the creation and annihilation op-

erators of the harmonic oscillator respectively. They

satisfy the following relationship:

D(α2)D(α1) = D(α2 + α1)e
iIm(α2α∗

1
). (2)

Consider a path consisting ofN short straight sections

∆αj , the total operator is

Dt = D(∆αN ) · · ·D(∆α1)

= D
(

N
∑

j=1

∆αj

)

exp
[

iIm
(

N
∑

j=2

∆αj

j−1
∑

k=1

∆α∗
k

)]

. (3)

When N → ∞, an arbitrary path γ can be reached.

Then

Dt = D
(

∫

γ

dα
)

eiΘ , (4)

where

Θ = Im
(

∫

γ

α∗dα
)

. (5)

For a closed path

Dt = D(0)eiΘ = eiΘ , (6)

where the phase operator Θ is determined by the area

of a loop in the phase space and independent of the

quantized state of the harmonic oscillator.

3. Dynamic model of a cavity

QED system assisted by a clas-

sical field

Consider two identical three-level atoms, each one

has one excited state |r〉 and two ground states |e〉 and

|g〉. The transition |e〉 → |r〉 is driven by the cavity

mode with coupling constant g. The state |g〉 is not

influenced during the interaction. The Hamiltonian is

expressed as (assuming ~ = 1)

H = ω0

∑

j=1,2

Sz,j + ωaa
†a+

∑

j=1,2

[g(a†S−
j + aS+

j )

+ Ω(e−iωtS+
j + eiωtS−

j )], (7)

where Sz,j = 1
2 (|rj〉〈rj | − |ej〉〈ej |), S+

j = |rj〉〈ej |, and

S−
j = |ej〉〈rj |, and a† and a are the creation and an-

nihilation operators for the cavity mode. ω0, ωa, ω

and Ω are the |e〉 → |r〉 resonant transition frequency,

cavity mode frequency, classical field frequency, and

Rabi frequency respectively. In the rotating frame at

the cavity frequency ωa, the Hamiltonian becomes

HI =
∑

j=1,2

[∆Sz,j + g(a†S−
j + aS+

j )

+ Ω(e−iδtS+
j + eiδtS−

j )], (8)

where ∆ = ω0 − ωa, δ = ω − ωa. In the case of

∆ ≫ Ω , g, the atoms cannot exchange energy with

the field. Then the Hamiltonian of Eq.(8) can be re-

placed by the effective Hamiltonian[31]

Heff =
∑

j=1,2

1

∆
[(g2a†a+ Ω

2 + Ωgaeiδt

+ Ωga†e−iδt)(|rj〉〈rj | − |ej〉〈ej |)

+ g2|rj〉〈rj |] +
g2

∆
(S+

1 S
−
2 + S−

1 S
+
2 ), (9)

where the term

∑

j=1,2

1

∆
(g2a†a+ Ω

2)(|rj〉〈rj | − |ej〉〈ej |)

describes the Stark shifts caused by the photons

of the cavity field and classical field respectively.

The term
∑

j=1,2
1
∆

(Ωgaeiδt + Ωga†e−iδt)(|rj〉〈rj | −
|ej〉〈ej |) describes the coupling between the atoms

and cavity mode assisted by the classical field and
∑

j=1,2
g2

∆
|rj〉〈rj | describes the Stark shift induced by

the vacuum field. The term g2

∆
(S+

1 S
−
2 + S−

1 S
+
2 ) de-

scribes the dipole coupling between the two atoms

caused by the cavity mode.

The time evolution of this system is described by

the Schrödinger equation

i
d|ψ(t)〉

dt
= Heff |ψ(t)〉. (10)

After performing the unitary transformation

|ψ(t)〉 = e−iH0t|ψ(t′)〉 (11)

with

H0 =
∑

j=1,2

1

∆
[(g2a†a+ Ω

2)(|rj〉〈rj |

− |ej〉〈ej |) + g2|rj〉〈rj |], (12)

we obtain

i
d|ψ′(t)〉

dt
= Hi |ψ′(t)〉, (13)
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where

Hi =
∑

j=1,2

Ωg

∆

{[

aei(δ−g2/∆)t+ a†e−i(δ−g2/∆)t|rj〉〈rj |
]

−
[

aei(δ+g2/∆)t + a†e−i(δ+g2/∆)t|ej〉〈ej |
]}

+
g2

∆
(S+

1 S
−
2 + S−

1 S
+
2 ). (14)

After the infinitesimal interval [t, t+dt], the evolution

operator of the states in our qubit subspace is

U(dt) = D(dα) = ea†dα−adα∗

= e−iHidt, (15)

where

dα = i
Ωg

∆
e−i(δ+g2/∆)tdt.

During an interaction time t′, the displacement pa-

rameter α can be expressed as

α(t′) = i

∫ t′

0

Ωg

∆
e−i(δ+g2/∆)tdt

= − Ωg

∆δ + g2
[e−i(δ+g2/∆)t′ − 1], (16)

and the geometric phase shift Θ is

Θ = Im
(

∫

γ

α∗dα
)

= −Im
(

∫ t

0

i
(Ωg)2

∆(∆δ + g2)
(1 − e−i(δ+g2/∆)t′)dt′

)

= − (Ωg)2

∆(∆δ + g2)

[

t− ∆

∆δ + g2
sin

(g2 + δ∆

∆
t
)]

(17)

and

Θξ = Im
(

∫

γ

ξα∗dξα
)

= ξ2Θ . (18)

In order to generate a multi-atom cluster state,

we assume that each atom and the cavity mode ini-

tially are in the state (|gj〉 + |ej〉)/
√

2(j = 1, 2, ..., N)

and the vacuum state |0〉 respectively. Thus the initial

state of the atomic system is

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉) ⊗N

j=2 (|gN 〉 + |eN〉). (19)

Under the condition (δ + g2/∆)t = 2π, the displace-

ment is along a closed path, returning to the original

point in phase space and acquiring a geometric phase

conditional upon the electronic states. Therefore, af-

ter the interaction time t by Heff , the system evolves

to

|φ〉12···N =
1

2N/2
(ei(4Θ+2Ω2t/∆)|e1〉|e2〉

+ ei(Θ+Ω
2t/∆)|e1〉|g2〉

+ ei(Θ+Ω
2t/∆)|g1〉|e2〉 + |g1〉|g2〉)

⊗N
j=3 (|gN 〉 + |eN〉). (20)

Performing the one-qubit operation

|ej〉 → e−i(Θ+Ω
2t/∆)|ej〉 (j = 1, 2),

the state of the atomic system becomes

|φ〉12···N =
1

2N/2
(ei2Θ |e1〉|e2〉 + |e1〉|g2〉 + |g1〉|e2〉

+ |g1〉|g2〉) ⊗N
j=3 (|eN 〉 + |gN 〉). (21)

Choosing 2Θ = −π (namely 2Ωg/(∆δ + g2) = 1),

(δ + g2/∆)t = 2π, we obtain the cluster state of the

atoms 1 and 2

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉σ2

z)(|g2〉 + |e2〉)

⊗N
j=3 (|gN 〉 + |eN 〉), (22)

where σ2
z = |g2〉〈g2| − |e2〉〈e2|. Then we drive the

atoms 2 and 3 through the second cavity. After

an interaction time t = 2π/(δ + g2/∆), choosing

2Θ = −π and performing the one-qubit operation

|ej〉 → e−i(Θ+Ω
2t/∆)|ej〉(j = 2, 3), we obtain the state

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉σ2

z)(|g2〉

+|e2〉σ3
z)(|g3〉+|e3〉)⊗N

j=4 (|gN 〉+|eN 〉).(23)

From the form of the above state, we can conclude

that if we send two atoms through a vacuum cavity

for an interaction time t = 2π/(δ + g2/∆), choosing

2Θ = −π and performing the one-qubit operation on

the two atoms, step by step, then we can obtain a

multi-atom cluster state easily. Namely, firstly we

send atoms 1 and 2 through a vacuum cavity for an

appropriate time, and perform the one-qubit opera-

tion on the atoms 1 and 2. Then we send atoms 2

and 3 through another vacuum cavity, and perform

the one-qubit operation on the atoms 2 and 3, and so

on. Finally, then we can obtain the multi-atom cluster

state

|φ〉N =
1

2N/2
⊗N

j=1 (|gj〉 + |ej〉σj+1
z ), (24)

where σN+1
z ≡ 1.

4. Dynamic model of a cavity

QED system assisted by a

strong

resonant classical field

We consider two identical three-level atoms, each

one has one excited state |r〉 and two ground states



No. 5 Generation of multi-atom cluster states via an unconventional geometric phase shift in cavity QED 1223

|e〉 and |g〉. The qubits are encoded in the ground

state |g〉 and the state |−〉 = 1/
√

2(|e〉 − |r〉). The

transition |e〉 → |r〉 is driven by the cavity mode with

the coupling constant g and the detuning ∆, assisted

by a resonant classical field with Rabi frequency Ω .

The state |g〉 is not influenced in the interaction, the

Hamiltonian[35] is expressed as (assuming ~ = 1)

H ′ =ω1

∑

j=1,2

Sz,j + ωba
†a+

∑

j=1,2

[g(a†S−
j + aS+

j )

+ Ω(e−iωLtS+
j + eiωLtS−

j )], (25)

where ω1, ωb and ωL are the |e〉 → |r〉 resonant tran-

sition frequency, cavity mode frequency, and classical

field frequency respectively. Atomic operators Sz,j =
1
2 (|rj〉〈rj |−|ej〉〈ej |), S+

j = |rj〉〈ej |, and S−
j = |ej〉〈rj |.

a† and a are the creation and annihilation operators

of the cavity mode respectively. In the rotating frame

at the driving field frequency ωL (assuming ωL = ω1),

the Hamiltonian is given by

HL = ∆a†a+
∑

j=1,2

[g(a†S−
j + aS+

j ) + Ω(S+
j + S−

j )]

= HL
0 +HL

i , (26)

with

HL
0 = ∆a†a+

∑

j=1,2

Ω(S+
j + S−

j ) ,

HL
i =

∑

j=1,2

g(a†S−
j + aS+

j ).

Perform the transformation

H ′
i = eiHL

0
tHL

i e−iHL

0
t

=
g

2

∑

j=1,2

[|+j〉〈+j | − |−j〉〈−j | + ei2Ωt|+j〉〈−j |

− e−i2Ωt|−j〉〈+j |]ae−i∆t + H.c., (27)

where |±j〉 = (|ej〉 ± |rj〉)/
√

2, and Sjx|±j〉 = (S+
j +

S−
j )|±j〉 = ±|±j〉. In the strong driving region Ω ≫

∆, g, we discard the rapidly oscillating term, and the

effective Hamiltonian in the rotating wave approxima-

tion is

H ′
i eff =

g

2

∑

j=1,2

(|+j〉〈+j | − |−j〉〈−j |)

× (ae−i∆t + a†ei∆t). (28)

After the infinitesimal interval [t, t + dt], the corre-

sponding evolution of the states in our qubit subspace

can be described as

U(dt) = D(dα) = ea†dα−adα∗

= e−iH′
ieff

dt, (29)

where dα = i(g/2)ei∆tdt. After an interaction time

t′, the displacement parameter α can be expressed as

α(t′) = i

∫ t′

0

g

2
ei∆tdt =

g

2∆
[ei∆t′ − 1], (30)

and the geometric phase shift Θ is

Θ = Im
(

∫

γ

α∗dα
)

=
g2

4∆2
[∆t− sin(∆t)]. (31)

In order to generate a multi-atom cluster state,

we prepare N(N ≥ 2) atoms initially in the state

(|gj〉 + |ej〉)/
√

2(j = 1, 2, ..., N). The cavities are all

prepared in the vacuum state |0〉. The total initial

atomic state is

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉) ⊗N

j=2 (|gj〉 + |ej〉). (32)

Firstly, we perform the transformation |ej〉 →
|−j〉 (j = 1, 2), then drive the atoms 1 and 2 through

a vacuum cavity. Under the condition ∆t = 2π, the

displacement is along a closed path, returning to the

original point in phase space and acquiring a geomet-

ric phase conditional upon the electronic states. After

the interaction time t, the system of atoms evolves to

|φ〉12···N =
1

2N/2
(|g1〉|g2〉

+ei(Ωt+Θ)|g1〉|−2〉 + ei(Ωt+Θ)|−1〉|g2〉

+ei(2Ωt+4Θ)|−1〉|−2〉) ⊗N
j=3 (|gj〉 + |−j〉). (33)

Then we perform the one-qubit transformation

|−j〉 → e−i(Ωt+Θ)|−j〉(j = 1, 2), the state of atomic

system becomes

|φ〉12···N =
1

2N/2
(|g1〉|g2〉 + |g1〉|−2〉 + |−1〉|g2〉

+ ei2Θ |−1〉|−2〉) ⊗N
j=3 (|gN 〉 + |−N 〉). (34)

After performing the transformation |−j〉 → |ej〉(j =

1, 2), choosing 2Θ = π (namely g/∆ = 1), and

∆t = 2π, we obtain the cluster state of the atoms

1 and 2

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉σ2

z)(|g2〉 + |e2〉)

⊗N
j=3 (|gN 〉 + |eN 〉), (35)

where σj
z = |gj〉〈gj | − |ej〉〈ej |(j = 2). Secondly,

we drive the atoms 2 and 3 through the second

vacuum cavity after performing the transformation

|ej〉 → |−j〉(j = 2, 3). After an interaction time

t = 2π/∆, we perform the one-qubit transformation

|−j〉 → e−i(Θ+Ωt)|−j〉(j = 2, 3). By choosing 2Θ = π
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and performing the transformation |−j〉 → |ej〉(j =

2, 3), we obtain the state of atomic system

|φ〉12···N =
1

2N/2
(|g1〉 + |e1〉σ2

z)(|g2〉

+|e2〉σ3
z)(|g3〉+|e3〉)⊗N

j=4 (|gN 〉+|eN 〉).(36)

From the form of the above state, we can conclude

that if we perform the transformation |ej〉 → |−j〉
and send two atoms through a vacuum cavity for

an interaction time t = 2π/∆, thence by choosing

2Θ = π and performing the one-qubit transforma-

tion |−j〉 → e−i(Ωt+Θ)|−j〉 and the transformation

|−j〉 → |ej〉 on the two atoms, step by step, we can

obtain a multi-atom cluster state, as

|φ〉N =
1

2N/2
⊗N

j=1 (|gj〉 + |ej〉σj+1
z ), (37)

where σN+1
z ≡ 1.

5. Conclusion

In summary, we have proposed two schemes to

generate the multi-atom cluster state via an uncon-

ventional geometric phase shift in cavity QED. In the

two schemes, the cavity mode is displaced along a

closed path depending on the atomic states. The

system of the atomic states acquires a conditional

phase, producing a cluster state of the multi-atom.

The first scheme is based on the large-detuning inter-

action of the two atoms with the cavity mode. Ac-

cording to interaction time t = 2π/(δ + g2/∆), and

2Θ = −π, we obtained the time for generating a

cluster state tf = ∆π/(Ωg)(∆ ≫ Ω , g). The second

scheme is based on the resonant coupling of the atoms

to the classical field. According to interaction time

t = 2π/∆, and 2Θ = π, we obtained the time for

generating a cluster state ts = 2π/g. Thus the time

for generating a cluster state in the second scheme

is shorter than that in the first one. In the second

scheme, the detuning ∆ = g is satisfied because of

∆t = 2π and 2Θ = g2π/∆2 = π. The two schemes can

be realized with the present cavity QED techniques.
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