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We present an experimentally feasible one-step discrimination scheme on Bell bases with trapped ions, and then

generalize it to the case of N-ion Greenberger-Horne—Zeilinger (GHZ) bases. In the scheme, all the orthogonal and

complete N-ion GHZ internal states can be exactly discriminated only by one step, and thus it takes very short time.

Moreover, the scheme is insensitive to thermal motion and dose not require the individual addressing of the ions. The

Bell-state and GHZ-state one-step discrimination scheme can be widely used in quantum information processing based

on ion-trap set-up.
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The phenomenon of nonlocal correlations, or en-
tanglement, between quantum-mechanical particles
is a central topic in the growing field of quan-
tum information science. Entangled states are
required to realize diverse tasks in quantum in-
formation processing,! 3! including quantum dense
coding,*=% quantum teleportation,[”1% entangle-

[11] (12l and information

ment swapping, telecloning
concentration.['314 Tt is well known that the prepa-
ration and measurement of Bell states are essential
to quantum dense coding and quantum teleportation.
The extension to the Greenberger—Horne—Zeilinger
(GHZ) states thus allows us to generalize the two-
particle case to the multi-particle case.['=22] Also, in
a generalization of entanglement swapping,!*® a GHZ-
state analyser can be actually used to prepare multi-

particle GHZ states out of entangled pairs.

Theoretically, using only single-quantum-bit
(qubit) operations and the controlled-NOT (CNOT)
gates®¥ one can construct a suitable quantum net-
work to produce and identify any of the maximally
entangled states for any number of particles.[!] For ex-
ample, using a Hadamard (H) gate (operated on the
first particle) and N —1 CNOT gates (operated on the
first particle and any other of the particles, respec-

tively), any one of the 2 orthogonal and complete
N-particle GHZ states (when N = 2, they are general
Bell states) can be transformed into a corresponding
product state of the IV particles. Thus the complete
deterministic N-particle GHZ bases measurement can
be achieved via separate single-particle measurements
on all the particles. However, when the number of
particles NV is large, such quantum networks are diffi-
cult to construct practically because of the complexity
of manipulation and the limit of coherent time of the
controlled systems.["24:25] In addition, the experimen-
tal process will be time-consuming and the efficiency
must be low. In fact the time for it to take is propor-
tional to the number of particles.'?!

In this paper, we present an experimentally feasi-
ble one-step discrimination scheme on Bell bases with
trapped ions, and then generalize it to the case of N-
ion Greenberger-Horne—Zeilinger (GHZ) bases. The
scheme does not involve any complex quantum net-
works composed of single qubit operations and CNOT
gates.[24=26] All the orthogonal and complete N-ion
GHZ internal states can be exactly discriminated only
by one step. Thus the time for it to take is irrespec-
tive of the number of ions N and is very short. More-
over, the scheme is insensitive to heating of vibrational

*Project supported by the Scientific Research Fund of Hunan Provincial Education Department, China (Grant No 06C354), the
Natural Science Foundation of Hunan Province, China (Grant No 06JJ50015) and the fund from Hunan University of Science and

Engineering, China (Grant No 05-49).
TE-mail: xwwang0826Qyahoo.com.cn

http://www.iop.org/journals/cp http://cp.iphy.ac.cn



1216 Wang Xin-Wen et al

Vol. 16

mode and dose not require the individual addressing of
the ions, which is very advantageous to experimental
implementation.[?”=2% The Bell-state and GHZ-state
one-step-analyser are very useful in quantum informa-
tion processing based on ion-trap set-up.!24:25:30:31]
We consider that N(N > 2) two-level (denoted
by |e) and |g)) ions are confined in a linear Paul trap.
And all the ions are simultaneously excited by two

N N

classical homogeneous lasers of frequencies wg + v + §
and wg —v — 6, where wy is the frequency of the transi-
tion |e) < |g) and v is the frequency of one collective
vibrational mode. Suppose § < v, we can neglect
other vibrational modes. In these cases, the Hamilto-

nian of the system is given by (for simplicity, we let
B o=1)i27:28)

1 . . . . .
H=vata+ 5(.«)0 ZUJZ + Ne~i¢ Zo_;r [elnl(a++a) ~ 671(wo+u+6)t + em2(a++a)ef1(w07v76)t:| +He. p, (1)

j=1 j=1

where a™ (a) denotes the creation (annihilation) opera-
tor for the collective vibrational mode, 0% = [e;)(e;| —

lgj)(g;| is the general Pauli operator, U;-' = le;){g;]
and o; = [g;)(e;| are the raising and lowering opera-

tors, respectively, and n; = \/(k:)2/(2vNm)(i = 1,2)
is the Lamb—Dicke parameter, with k; being the ef-
fective wave vector of the ith laser field along the di-
rection of the string of ions and m being the mass of
each ion. We here have assumed that both fields have
the same phase ¢ and intensity, and also assumed that
the ion—laser interacting strength characterized by the
Rabi frequency {2 is the same for all ions (In practical
realization, one might use Raman transitions between
low-lying states of the ions due to their long coher-
ence time. By appropriately redefining the symbols,
our formalism also describes this implementation[2]).

In practical realization the effective wave vector
k; can be nearly identical for the two fields!?”! (in fact
a total identity can be achieved by modulating the ir-
radiation directions of the two lasers), and we assume
m = n2 = n. When v > 2, we discard the rapidly
oscillating terms and obtain the Hamiltonian in the

interaction picture,

N 0 i N2041
— Oa—ita—n?/2 +o (i)
Hy = 2e %™ ]Ezl o; ;:0 7!(1 O

X [(a+)l+1alefi‘;t + (a+)lal+1ei6t] +Hec.. (2)

Under the Lamb-Dicke regime (ie. nvn+1 < 1,
with n being the vibrational quantum number), the
Hamiltonian of Eq.(2) can approximated by the ex-
pansion to the first order in 1 (assuming ¢ = 7/2) as

follows:
N . .
Hy =21 Z(a;f + U;)(a"’e_“st +ae®).  (3)
j=1

In the case of § > 27, the energy conserving tran-
sitions are |ejexn) < |gjgrn) and |gjexn) < |ejgrn).
The transition |ejexn) < |gjgrn) is mediated by
lgjexn £ 1) and |ejgrn £ 1). The contributions of
|gjexn=1) are equal to those of |e;jgxn+1). The corre-
sponding Rabi frequency is given by 2(£21)?/6. Since
the transition paths interfere destructively, there is no
transfer of population to states with different vibra-
tional excitation and thus the Rabi frequency is inde-
pendent of vibrational quantum numbers.?728 The
Rabi frequency for |gjexn) < |ejgin), mediated by
lejexn £ 1) and |gjggn £ 1), is also 2(£2n)?/5. Then

the effective Hamiltonian is given by[27’28’32]
PR
He= 5 > (e les| + 195950
j=1
N
A (STSE+8FS, + He), j# kK, (4)
Gk=1

where A = 202272 /5. We define the new atomic bases
as
1

[+5) = ﬁ(|9j>+|6j>), | (lg5) = les))- (5)

1
=
Then we can rewrite H, as

2
N

1
He =5 D= 1==h] - (6
j=1
We note that the ionic internal state evolution opera-
tor

U(t) = e et (7)
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is independent of the phonon number of the vibra- When N > 2, using the representation of opera-
tional mode, allowing it to be in a thermal state. tor 0%, the ionic states |g1g2---gn) and |ejes---en)
We first consider the case where N = 2, and ob-  can be expressed as |[N/2,—N/2) and |N/2, N/2), re-
tain the following evolutions: spectively. On the other hand, such states can be ex-
ded in terms of the eigenstates of Pauli operator
B)+1)l+2) +1)l+2), o*128,32,33] a9 follows:
Ut)+1)—2) = |+1>|— )
Ut)|=1)l42) = |=1)l+2), M
iz IN/2,-N/2)= Y CumIN/2,M).,
U(t)|=1)—2) = [=1)|—2). (8) Mo N2
T
If choosing t = —, it is easy to prove that M=N/2
A IN/2,N/2) = > Cu(-1)N*"M|N/2, M),. (10)
1 .
U(43) 7o) +ilerea)) = e lgage), e
s 1 ) i . . .
U (_) —_(lgrg2) — ileres)) = €574 |eses), We first consider even N,' the case. o'f .odd N will
4N/ V2 be discussed later. If the N ions are initially in the
U (%) %(|9162> Filerge)) = e 4||gren), state [g192 - - - gn), the evolution of the system will be
T 1 . ; M=N/2
U(—)— eq) —ile =™/ |e . (9 i
AN \/5(|91 2) —ile1g2)) llergz). (9) IN/2,—~N/2) u) Z CMe_‘Q’\M2t|N/2,M)m.(11)
Hence, the complete deterministic Bell-state measure- M=-N/2
ment can be achieved by detecting ions 1 and 2
separately.[24:25] With the choice t = 1 )\ we obtain
|
M=N/2 1
Z Cule™™/* + ™ (—)M]|IN/2, M), = —=[e 7™ gr1gz - gn) + €™ (1) erez - -en)]. (12)
M —N/2 V2

Similarly, we can obtain

Uy 1 in iz
g gy UG L T D)N/2 g1 g
ler---ejgjr1---gn) — \/Q[e lex---ejgjr1---gn) +e1(—1) lg1 - gjejr1---en)l,
Uk 1 i i
|91"'gjgj+1"'gN> 43 ﬁ[e /4|91"'9jgj+1"'9N>+e4(_1)N/2|€1"'€jej+1"'QN>]~ (13)

According to the evolutions given above, we can obtain the following results:

1 .. . . - = U(L) —im .. .
E(|91]2]3 N Ailersedsgn)) = e ™4 gijags -GN,
1 .. . . - = = U(ﬁ) 1571-/4 = =
E(|91]2]3 e gn) —ilejads - gn)) —= €™ eygags - gn), (14)
where N is even and N/2 is odd;
1 .. . . - = = U(ﬁ) i71'/4 - = =
ﬁ(|glj2]3 cgn) +ilegeds - gn)) 2" € ergagz - In),

U(sy)
—5

1 . . . . - - _171— . . .
7§(|9132J3 - gn) —ileigedz - in)) e ™4 gy jiagiz - Gin), (15)
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where N is even and N/2 is also even, j € {g,e},
and j is the counterpart of the binary number j. So
2N orthogonal and complete N-particle GHZ states
can be exactly discriminated by separate single-ion
measurements. 242%]

As for odd N, the evolutions of Eqgs.(12-15) can-

N

U(t) = exp{ =29t Y (1) (5] = 1=3) (=)

j=1

where g is Rabi frequency characterizing the interac-
tion strength between the ions and the resonant laser
ﬁild. It is easy to verify that any of the GHZ states
V2
formed into a corresponding product state with the
choice A\t = 7/4 and gt = 3w /4 for odd N. In the

same way, the evolution operator shown in Eq.(16)

(lg1d2ds - - - in) Eilerjags - - - in)) can also be trans-

can produce the same results of Egs.(12-15) for even
N with the choice gt = m and A\t = /4.

We briefly discuss the feasibility of the cur-
rent scheme. With the vibrational frequency v =
1.2MHz,?4 we can choose § = 0.1v,n = 0.1, and
2 = 0.1y, thus the conditions § < v, v > {2
and v > (2n can be satisfied.
frequency is v, = V/3v, then the detuning between

The next eigen-

the Rabi frequency and this vibrational frequency is
d = |2 — 1| = 1.632v > 4. So it is reasonable to ne-
glect other vibrational modes. In the experiment re-
ported in Ref.[24] the lifetime of the metastable Dj /o
state of *°Cf is 7; ~ 1.16s. However, with the pa-
rameters given above, the duration of our scheme is
only 7 = m3/(87%0?) ~ 52us (as for odd N, we
can set g = 862?12 /8) which is much shorter than 7.
Meanwhile the scheme is insensitive to thermal mo-
tion and dose not require the individual addressing of
the ions, which is very advantageous to experimental
implementation.[?”=2% Therefore, based on the cur-
rent ion-trap techniques[24:25:29-31,34.35] the proposed
scheme might be realizable.

It deserves being pointed out that the time for our

scheme to take to make the Bell-state measurement is
much shorter than that required by the schemes in

not be obtained directly from the Hamiltonian of
Eq.(6). In this case, however, we can use another reso-
nant laser to excite all the ions after, before or simulta-
neously applying Eq.(6), and then the total ionic inter-

nal state evolution operator can be described by!?8:32]
2
A
X exp § —io- D+ === s (16)
j=1

Refs.[24-26] which use the way of quantum network.
Because the difference between times required by our
scheme and by theirs is proportional to the number of
ions N, when N > 2 our scheme will be greatly faster
than theirs.

The Bell-state or GHZ-state discrimination is es-
sential to quantum dense coding and quantum tele-
portation. The key step in quantum dense coding
protocol is the Bell state or GHZ state measure-
ment (discrimination). If Bob (receiver) can com-
pletely and deterministically discriminate the Bell
bases! or GHZ bases!!] after possessing all parti-
cles, dense coding successes with certainty, other-
wise, it fails.[®] The Bell-state or GHZ-state anal-
ysis is also required in the quantum teleportation
protocol,l"21 which is the foundation of entanglement
swapping!") (which is usually used for implementing
entanglement concentration®”—4°]), telecloning!*?, in-
formation concentration'3'4 and teleportation-based

31,41,42] G5 our scheme has

quantum computation.!
great potential applications in quantum information
processing based on ion-trap set-up.[2425:30,31]

In summary, We have presented a one-step-
analyser of N-particle GHZ-state with trapped ions.
The analyser does not involve any complex quantum
networks composed of single qubit operations and
CNOT gates. Thus it is much faster than previous
schemes.[24=26] Moreover, the scheme is insensitive to
thermal motion and dose not require the individual
addressing of the ions. The scheme can be realized
with the ion-trap techniques available presently, and
has great potential applications in quantum informa-
tion processing based on ion-trap set-up.
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