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The construction of conserved quantities for linearly

coupled oscillators and study of symmetries
about the conserved quantities∗
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In this paper, the conserved quantities are constructed using two methods. The first method is by making an

ansatz of the conserved quantity and then using the definition of Poisson bracket to obtain the coefficients in the ansatz.

The main procedure for the second method is given as follows. Firstly, the coupled terms in Lagrangian are eliminated

by changing the coordinate scales and rotating the coordinate axes, secondly, the conserved quantities are obtain in new

coordinate directly, and at last, the conserved quantities are expressed in the original coordinates by using the inverse

transform of the coordinates. The Noether symmetry and Lie symmetry of the infinitesimal transformations about the

conserved quantities are also studied in this paper.
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1. Introduction

Researches on the conserved quantity (or the first

integral) of dynamical systems have already become

an important and active field of modern mathemat-

ics, mechanics and physics, in which are employed

traditional methods such as the Lie symmetry, the

Noether symmetry and the form invariance.[1−14] It

should be pointed out that these traditional meth-

ods to construct the conserved quantity are realized

by introducing infinitesimal transformations and then

solving the differential equations to obtain the gener-

ators of infinitesimal transformations. However, the

Lagrangian is usually coupled and the corresponding

differential equations are too difficult to solve so that

more conserved quantities cannot be found.

The linearly coupled oscillators is one of the fun-

damental systems in mechanics and molecular physics.

In this paper, we construct the conserved quantities

by using two methods. The first method is making

an ansatz of the conserved quantity and then using

the definition of Poisson bracket to obtain the coeffi-

cients in the ansatz. The main procedure for the sec-

ond method is as follows. Firstly, the coupled terms

in Lagrangian are eliminated by changing the coordi-

nate scales and rotating the coordinate axes, secondly,

the conserved quantities are obtain in new coordinates

directly, and at last, the conserved quantities are ex-

pressed in the original coordinates by using the inverse

transform of the coordinates. Furthermore, according

to inverse Noether theorem for Lagrange system, we

can also obtain the generators of infinitesimal trans-

formations and discuss the Noether symmetry and Lie

symmetry of the infinitesimal transformations about

conserved quantities.

2. Two methods of construction

of conserved quantity

The main idea of the first method we use to con-

struct the conserved quantity is making an ansatz of

the conserved quantity and then using the definition

of Poisson bracket to obtain the coefficients in the

ansatz.[15]

The Hamiltonian of linearly coupled oscillators is

H =
p2
1

2m
+

p2
2

2m
+ kx2

1 + kx2
2 − kx1x2, (1)

whose Hamilton’s equations of motion can be written

as

ẋ1 =
p1

m
, ṗ1 = −2kx1 + kx2, (2a)

ẋ2 =
p2

m
, ṗ2 = −2kx2 + kx1. (2b)
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We can make an ansatz of the conserved quantity in

the form[15]

I1 = a0 +
2

∑

i=1

aiẋi +
2

∑

i=1,j=1

aij ẋiẋj , (3)

where the coefficients a0, ai and aij are functions of

the variables x1 and x2, and satisfy the condition given

by aij = aji. According to the definition of Poisson

bracket, the conserved quantity I1 can be determined

by

dI1

dt
= [I1, H ] = 0, (4)

namely

(∂a0

∂x1
+

∂a1

∂x1
ẋ1 +

∂a2

∂x1
ẋ2 +

∂a11

∂x1
ẋ2

1 + 2
∂a12

∂x1
ẋ1ẋ2 +

∂a22

∂x1
ẋ2

2

)

ẋ1 −
(a1

m
+ 2

a11

m
ẋ1 + 2

a12

m
ẋ2

)

(2kx1 − kx2)

+
(∂a0

∂x2
+

∂a1

∂x2
ẋ1 +

∂a2

∂x2
ẋ2 +

∂a11

∂x2
ẋ2

1 + 2
∂a12

∂x2
ẋ1ẋ2 +

∂a22

∂x2
ẋ2

2

)

ẋ2 −
(a2

m
+ 2

a12

m
ẋ1 + 2

a22

m
ẋ2

)

(2kx2 − kx1)

= 0. (5)

Equation (5), being in a polynomial form, implies

that the coefficients of all terms containing the form

ẋm
1 ẋn

2 (m 6= n) must be identically zero. Therefore, a

set of partial differential equations about a0, ai and

aij can be obtained by

− k

m
a1(2x1 − x2) −

k

m
a2(2x2 − x1) = 0, (6a)

∂a0

∂x1
− 2

k

m
a11(2x1 − x2) − 2

k

m
a12(2x2 − x1) = 0,

(6b)

∂a0

∂x2
− 2

k

m
a12(2x1 − x2) − 2

k

m
a22(2x2 − x1) = 0,

(6c)

∂a1

∂x1
= 0, (6d)

∂a2

∂x2
= 0, (6e)

∂a11

∂x1
= 0, (6f)

∂a22

∂x2
= 0, (6g)

2
∂a12

∂x1
+

∂a11

∂x2
= 0, (6h)

2
∂a12

∂x2
+

∂a22

∂x1
= 0. (6i)

From Eqs.(6a), (6d) and (6e), we can obtain

a1 = a2 = 0. (7)

In terms of Eqs.(6f)–(6i), the solution of aij can be

obtained immediately by

a11 = c1x
2
2 + c2x2 + c3, a22 = c1x

2
1 + c4x1 + c5,

a12 = −
(

c1x1x2 +
1

2
c2x1 +

1

2
c4x2 − c6

)

. (8)

Substituting Eq.(8) into Eqs.(6b) and (6c) and com-

paring the coefficients of all terms containing the form

ẋm
1 ẋn

2 , we can obtain

c1 = c2 = c4 = 0, c5 = c3, c6 = 2c3 (9)

and

a0 = 6c3
k

m
x1x2. (10)

Inserting Eq.(9) into Eq.(8), we get

a11 = c3, a22 = c3, a12 = 2c3.

Finally, the conserved quantity of the system is

I1 = c3

(

ẋ2
1 + ẋ2

2 + 4ẋ1ẋ2 + 6
k

m
x1x2

)

, (11)

where c3 is an arbitrary constant. The conserved

quantity I1 is the coupling energy of system.

The main procedure for the second method is as

follows. Firstly, the coupled terms in Lagrangian are

eliminated by changing the coordinate scales and ro-

tating the coordinate axes, secondly, the conserved

quantities are obtain in the new coordinates directly,

and at last, the conserved quantities are expressed in

the original coordinates by using the inverse transform

of the coordinates.

The Lagrangian of this system is

L =
m

2
(ẋ2

1 + ẋ2
2) − kx2

1 − kx2
2 + kx1x2. (12)

By rescaling the coordinates such that

yi =
√

mxi (i = 1, 2), (13)

the Lagrangian (12) turns into

L1 =
1

2
(ẏ2

1 + ẏ2
2) −

k

m
(y2

1 + y2
2 − y1y2). (14)
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By rotating the coordinates defined as

q1 =

√
2

2
y1 +

√
2

2
y3, q2 =

√
2

2
y1 −

√
2

2
y2, (15)

the uncoupled Lagrangian in new coordinates is

L2 =
1

2
(q̇2

1 + q̇2
2) − k

2m
(q2

1 + 3q2
2). (16)

According to Eq.(16), two conserved quantities of the

system in new coordinates can be obtained immedi-

ately as

I2 =
1

2
q̇2
1 +

k

2m
q2
1 , I3 =

1

2
q̇2
2 +

3k

2m
q2
2 . (17)

By using inverse transform of coordinates, these two

conserved quantities are expressed in the original co-

ordinates as

I2 =
m

4
(ẋ1 + ẋ2)

2 +
k

4
(x1 + x2)

2,

I3 =
m

4
(ẋ1 − ẋ2)

2 +
3k

4
(x1 − x2)

2. (18)

We find that these two conserved quantities are not

independent; the relationship between I2 and I3 is

I2 + I3 = I = H, (19)

where H is the Hamiltonian of the system.

3. Noether symmetry and Lie

symmetry of the three con-

served quantities

Let us consider infinitesimal transformations,

t∗ = t + ετα(t, xs, ẋs),

x∗
s = xs + εξα

s (t, xs, ẋs)

(s = 1, 2, α = 1, 2, 3), (20)

where ε is the infinitesimal parameter, and τα and

ξα
s are the generators of infinitesimal transformations.

Under infinitesimal transformations (20), we intro-

duce the generator vector for infinitesimal transfor-

mations

X(0) = τα

∂

∂t
+

2
∑

s=1

ξα
s

∂

∂xs

, (21)

whose first and second extended vector are respec-

tively given by

X(0) = X(0) +

2
∑

x=1

(ξ̇α
s − ẋsτ̇α)

∂

∂ẋs

, (22)

X(2) = X(1) +

n
∑

s=1

[(ξ̈α
s − ẋsτ̈α − 2ẍsτ̇α)

∂

∂ẍs

.(23)

By means of inverse Noether theorem for La-

grange system, we can obtain the generators of in-

finitesimal transformations:[1]

ξα
s = ταẋs +

1

m

∂Iα

∂ẋs

(s = 1, 2, α = 1, 2, 3), (24)

τα =
1

L

[

Iα − ∂L

∂ẋs

(ξα
s − ẋsτα) − Gα

]

(α = 1, 2, 3),

(25)

where Gα is a gauge function satisfying the following

Noether equalities:

∂L

∂t
τα +

∂L

∂xs

ξα
s +

∂L

∂ẋs

ξ̇α
s +

(

L − ∂L

∂ẋs

ẋs

)

τ̇α

= −Ġα,

(s = 1, 2, α = 1, 2, 3). (26)

Substituting Eqs.(11) and (18) into Eqs.(24) and (25)

respectively and noticing Eq.(26), we have the follow-

ing solutions:

τ1 = 1, ξ1
1 = ẋ1 +

c3

m
(2ẋ1 + 4ẋ2),

ξ1
2 = ẋ2 +

c3

m
(2ẋ2 + 4ẋ1),

G1 = −I1 − L + c3
12k

m
x1x2; (27)

τ2 = −1

2
, ξ2

1 =
ẋ2

2
, ξ2

2 =
ẋ1

2
,

G2 = −1

2
mẋ1ẋ2 −

k

4
x2

1 −
k

4
x2

2 + kx1x2; (28)

τ3 = −1

2
, ξ3

1 = − ẋ2

2
, ξ3

2 = − ẋ1

2
,

G3 =
1

2
mẋ1ẋ2 +

k

4
x2

1 +
k

4
x2

2 − kx1x2. (29)

So we can see that generators (27)–(29) of the three

conserved quantities have Noether symmetry.

Furthermore, we find that Eqs.(27)–(29) also sat-

isfy the following Lie symmetrical determining equa-

tions:

ξ̈α
s − ẋsτ̈α − 2τ̇αas = X(1)(as)

(s = 1, 2, α = 1, 2, 3), (30)

where αs are generalized accelerations and can be

written as

a1 =
1

m
(−2kx1 + kx2),

a2 =
1

m
(−2kx2 + kx1). (31)

It is indicated that generators (27)–(29) of the three

conserved quantities have also Lie symmetry.
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