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A direct way to construct integrable couplings for discrete systems is presented by use of two semi-direct sum Lie

algebras. As their applications, the discrete integrable couplings associated with modified Korteweg—de Vries (m-KdV)

lattice and two hierarchies of discrete soliton equations are developed. It is also indicated that the study of integrable

couplings using semi-direct sums of Lie algebras is an important step towards the complete classification of integrable

couplings.
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1. Introduction

In the past two decades, the continuous type of
integrable system of the soliton theory has been ex-
tensively developed,['=3 and has become a most im-
portant topic because of its applications in physics,
chemistry and biology, etc. So it is necessary to pay
more attention to the generation of the discrete inte-
grable system and its relevant properties.

The integrable coupling is quite a new and signif-
icant subject in the theory of soliton, which originates
from the investigation of centreless Virasoro symmetry
algebras of soliton equations. For a given integrable
lattice hierarchy u; = K(u), we can construct a new
bigger triangular integrable system as follows:

{ ur = K(u),

vy = S(u,v). S

This is usually called the integrable couplings of u; =
K (u) if the system (1) is still an integrable system
in the Lax sense. Recently, a systematic approach
which uses the trace identity as a powerful tool has
been introduced for generating continuous integrable

[4=14] The result, however, is not so good for

systems.
integrable lattice models. There are few references de-
voted to the integrable coupling of lattice equations.
This is mainly due to the difficulty in doing it. In this
paper, we provide two semi-direct sum Lie algebras

to generate discrete integrable couplings. As their ap-
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plications, the discrete integrable couplings associated
with modified Korteweg—de Vries (m-KdV) lattice and
two hierarchies of discrete soliton equations are devel-
oped.

Usually a discrete isospectral problem is given by

Ep =U(u, N, (2)
and the auxiliary problem
pr =V =V(u,A)g, 3)

where shift operator E is determined by

Ef(n) = f(n+1),
E7 f(n) = f(n—1),

(E=1)f(n) = fat1 = fn,
E"f =",

(E-1)""f )=~ Fusn
k=0

Df(n) = f(n+1) = f(n),

and U(u, \) is a matrix with u = (ug,uz, - ,up)T as

the potential, A is the spectral parameter with Ay = 0.
After introducing the matrix I', we have a hier-
archy nonlinear differential-difference equation

U = (EDYU -UT, (4)
which can be written as

Uern = K (u, Bu, E" u, - --). (5)
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The Gateaux derivative and the variational derivative

are given by

T ) = 5T+ <f )lco.

(js_li - X;Em(aifn))

me

with H =3, _, H(u(n)).

To construct an integrable coupling of the lattices
Eq.(5), we use semi-direct sums of Lie algebras to ex-
pand the original Lie algebra G;. Again, we take an-
other matrix Lie algebra G5 closed under matrix mul-
tiplication and then perform a semi-direct sum G of

- 1 0 ~ 0 0
hi = ho =
1 (0 0)7 2 (0 1)7

along with the commutative operations

[h1,ho] =0, [h1,é] = ¢,

and expand G as another Lie algebra

Gl and G2
G =G Gs. (6)

We also require the closure between GG; and G under
matrix multiplication

G1G2, GGy C Gy, (7)

where G1Go = {U1U2|U1 S Gl, Us € GQ}, to ensure a
Lax pair for forming the semi-direct sum G generat-
ing a coupling system.

In this paper,we take the special Lie algebra Gi =
span{ﬁl, ha, €, f}, where

G= Span{hla h27 €, f7 €4,€6_, f+}7

where

hi

€4 =

o oo O© O -
o oo © o o
oo~ © OO
c 0o © oo
coco @ =<
orr o 29 <

then we find that él is isomorphic to G; =

span{hy, ho,e, f}. Let Go = span{ei,e_, f1}, then
we will have

G = Gl D G27 [Gla GQ] g G27

where G5 is an Abelian ideal of the Lie algebra
(. Furthermore, we also see that G is closed un-
der the following matrix multiplication: hihy = hq,
hlhg = hghl = 0, h2h2 = hg, ee = ff = 0,
fef+ = f+, e = e, ehy = 0, hge = 0, ehy = ¢,
hif =0, fha = f, haf = [, fha = 0, ef = ha,

fe = ha, hiey = ey, exhy = 0, hge. = e_,
e_ho=0,ee_ =ey,e_e=0, fex =e_,erf =0,
erfr = eq, freq = 0, e_fi = e, frem =0,
hie- = e_hy = hify = frh1 = haep = erhy =0,

—_ o o SN~
~
I

S = O

oS O O

oS O O

hafy = fyhe = eep = eqe =efy = fre = feo =
ef=fif=ff+ =ere_=e_e; =0.

It is easy to find that the spectral matrices U and
V given in Egs.(2) and (3) can be presented in terms
of hi,he,e, f,es,e_ except fi as follows:

ue (%)
0 0

where U is a 2 x 2 matrix, and U = (e, f)T.

2. Discrete integrable couplings

The (141)-dimensional and (2+1)-dimensional
m-KdV lattice equations refer to respectively

Tn, = T?L(TnJrl - Tnfl)a (8)
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Tn, = [Ti('f‘n_l,_l + 7no1)]y- 9) =a(hy — hg) + be + Aef + dey + ge_.

We now expand EqS(S) and (9) into a large dis- Equatlon(12) can be written as
crete integrable system which is the integrable cou-

pling. Consider the following isospectral problem by s =re, W —a =re™ — sb,

resorting to the Lie algebra G: r(a(l) +a)+ A = 0, S(a(l) +a)+eh=0,

0 r p paM + b =rg,  Apc™ — gaV = Xsd + Ag, (13)
Uu,\)=|2xs X ¢
0 0 0 which lead to sb(!) = rc. Take ag = —1/2, by =
= Mg +re + \f + pey + qge_, (10)  co = do = go = 0, and let a;|jy—0 = 0, bj|ju=0 =0,
¢ilu=0 = 0, djljuj=0 = 0, and gjlj—0 =0 (j > 1),
where s = s(n,t), ¢ = q(n,t), r = r(nt), and  ypepe [u] = (u,u™,u® ...), the first coefficients
p = p(n,t) is potential dependingonn € Z andt € R. i) be given as follows: a; = r(“Vs, b = (=1,
The isospectral problem is 1 = 8 by = _T.(—l)(r(—Q)S(—l) + T(—l)s)’ co =
—S('f'(_l)S + 'f'(l)S), and ay = _7‘(_2)T(_1)8(_1) —
Ep= U(uv )‘)907 (11) (1) (1) (—1))2 .2 . .

rimHrsst) — (p(=1)262 ... In this way, the recursion
in which ¢ = (¢'(n,t), ©3(n,t), ¢3(n,t))T = relation (13) determines uniquely @, bm, Cm, dm, gm,
(01, 02, ©3)T is an eigenfunction. m > 0. We also obtain that a,, (m > 1) are all lo-

To derive the discrete integrable system, we first cal, i.e. ay,(m > 1) are all polynomials of ¢, 5, p, 7, ¢,
1 ...
s

solve the equation
Let I'\™ = S (a;(h1 — ha) +be + e f + diey +

(ED)U(u, A) = U(u, \)I" =0, (12)  gie )An=i = A\ — '™ then Eq.(12) will be written
where s
ON I (n) _ _ ON (n)
Am  bm dm (Ery")yu-ury (ETr2")YU - U, T2
Ir= EnZO ACm  —m 9Im AT
0 0 0 A direct calculation leads to
|
(B —uri =) e — cosr f+ (pel)y — sdnsr — gnsr)e—
1
oW o
= —Cpt1 0 pcSH)rl — 8dpt1 — Gn+1
0 0 0
Take
V1 V2 VU3 All A12 A13
Ar=1wvs vs ws |, (EA)U,-U,A1= | A1 Az Ao
0O 0 0 0 0 0

then we will have
Ay = )\svél) —rug, A= rvgl) + /\vél) —rvg, Ai3= pvgl) + qvél) — Vg,
Ao = )\svél) — Mg — Asvy, Agp = Tvil) + )\vél) — Avs — Asvg, and Aoz = pvil) + qvél) — Avg — Asvs.

Solving the following equations for v;:

/\svél) —rvg =0, vél) =0, rvil) =0, Dvs—svy =0, svz+uvg=0, (14)
gives vg = v5 = vg = 0, v3 = qgn+1, and vg = —5q¢Gn4+1. Choose v1 = —2a,, and let ro = I'in) + Ay, then we
will have

0 bfll) 1+ 2ray, 2pan41 + qsTGnt1
(B0 1)U U0y = ( : @ )
—Cny1 — 250, 0 PCpi1 — SAnt1 — Gnt1
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Therefore, the discrete zero curvature equation
Upe = (ET")\U —UT™ (15)

determines the following Lax integrable discrete nonlinear systems:

Tin = —bfllJ)rl — 27"0,511) =r(a, — asll)),
Stn = Cnt+1 + 2sa, = s(a, — a%l)),
Ptn = 2P0nt1 + 5TqGn 41,
— oM _gq _ _ .,
din = p0n+1 Sln 41 In4+1 = qan+1'
Taking p = ¢ = 0, Eq.(16) reduces to an integrable differential-difference equation

{ Tin = _bgllJ)rl - 2Ta$ll) = T(an - agll))v (17)
Stn = Cpt1 + 28a, = s(an — agzl))-

Equation (17) can be written as

An_1
r -
( ) =J| r =JL T , (18)
S/ nt a’_n an—1
S S
where Hamiltonian operator
J_ 0 r(1—E)s
S\ s(E7P=1r 0

and recurrence operator

1 1
—1-E Y YsE " 'r —rEs)r —1-E Y YsE™'r —rEs)s
=l r
1 1
—(E—-1)"YsE~'r —rEs)r —(E—-1)"YsE™'r —rEs)s
s s

When m = 1, the first system is

= p(r(-Dg — pg1)
ry = r(riT s —rsth),
{ 11 =1 ) (19)
si = s(r(-Ds — rs(D),
Taking r = s, u — uy,, the system (19) reduces to m-KdV Lattice equation (8).
When m = 2, the second system is
’["t2 = T[Ts(l) (T(1)5(2) + ',"5(1)) i T(fl)s(r(iz)s(fl) + T(fl)s)], 20
StQ = S[Ts(l)(r(l)s(z) +TS(1)) i 7"(71)5(7’(72)5(71) “FT’(il)S)] ( )
Taking t; — y, to — ¢, and u — u,, we obtain the (2+1)-dimensional Lattice equation
Tnt = —|["n(Tn—18n + TnSn )
{ t = —[rn(rn—1 +1)], (21)
Snt = _[Sn('rnflsn + TnSnJrl)]y;

and taking r, = s,, the above equation reduces to Eq.(9). Therefore, we call Eq.(16) the discrete integrable
couplings of the m-KdV Lattice equation according to the definition of integrable coupling.
The choice of the modified term A; is not unique. For example, we can take

V1 V2 Ve 511 512 613
Ay = v A+wvs 0 , and (EAl)Un -U,A = 021 029 523 ,
0 0 0 0 0 0

then we have

011 = )\(svél) —rvg), O12 = /\(vél) —7r)+ rvgl) —rvg, 013 = pvgl) + qvél),

021 = )\2(5 —v3) + )\(svél) — sv1), 022 = )\(Tvél) — sUy + vél) —vs), and do3 = pvél) + Mg —I—pvél) — svg).
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Solving the following equations for v;:

svél) —rug =0, vél) —r=0, s—wv3=0, Tvél) —svg+ Dus =0, ¢ —I—pvél) — svg = 0, (22)
gives vy = r(_l), v3 = 8, U5 = —sr(_l), and vg = (q—l—pr(l))/s. Choose v1 = —2a, and let Gamma'™ =
Gammaﬁf) + Ay, then we will have

(E(\"Gamma)+)U — U(\" Gamma) 4
< 0 b;lll + 2ra, + rr(-Ys —2pay 1 + qr=h )
—Cng1 — 25a, + ssWr 0 pcgll)rl — 8dpi1 — gnyr — psrY

Therefore, the discrete zero curvature equation

Unt = (E Gamma("))U — UGamma'™ (23)

determines the following Lax integrable discrete nonlinear system:

1) (1)

Tin = —bn+1 —2ray’) —rr(g = —rDa,, — rr(fl)s,

Stn = Cp41 + 2sa, = —sDa,, — ss(l)r,

Pin = 2pan+1 — qri=,
_ (1)

(€))

Gin = —PCp iy + Sdng1 + gnyr +psrY = —qa, |y + psr(-Y.

The first two equations in Eq.(24) are similar to those
in Eq.(16), but a bit different, and also integrable cou-
plings of m-KdV lattice equation.

In fact, in order to obtain the integrable cou-
plings of discrete soliton, we also take the spectral

matrices U and V' given in Eqgs.(2) and (3) as follows:

N = (g gl ), where U, U, and U, are all 2x 2 matrices,
2

0 denotes a 2 x 2 zero matrix, which will be discussed

in other papers.
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