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A universal theoretical approach is proposed which enables all hard sphere density functional approximations

(DFAs) applicable to van der Waals fluids. The resultant DFA obtained by combining the universal theoretical approach

with any hard sphere DFAs only needs as input a second-order direct correlation function (DCF) of a coexistence bulk

fluid, and is applicable in both supercritical and subcritical temperature regions. The associated effective hard sphere

density can be specified by a hard wall sum rule. It is indicated that the value of the effective hard sphere density

so determined can be universal, i.e. can be applied to any external potentials different from the single hard wall. As

an illustrating example, the universal theoretical approach is combined with a hard sphere bridge DFA to predict the

density profile of a hard core attractive Yukawa model fluid influenced by diverse external fields; agreement between

the present formalism’s predictions and the corresponding simulation data is good or at least comparable to several

previous DFT approaches. The primary advantage of the present theoretical approach combined with other hard sphere

DFAs is discussed.
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1. Introduction

During the last few decades, classical den-

sity functional theory (DFT) had witnessed con-

siderable progress, most of which happens in the

field of hard sphere density functional approxima-

tion (DFA), so it is reasonable to conclude that

the theory for hard sphere DFA has been highly

successful.[1] To name some of successful hard sphere

DFAs, we have a long-history functional perturba-

tion expansion approximation (FPEA),[1,2] and the

weighted density-type approximation (WDA), which

include several different versions, i.e. the Tarazona

version,[3] Ashcroft’s version,[4] and Rosenfeld’s fun-

damental measure version.[5] We also have a so-called

bridge DFA (BDFA),[6] a Lagrangian theorem-based

DFA (LTDFA)[7] and its adjustable parameter free

version.[8] All of the above-mentioned hard sphere

DFAs perform well for hard sphere fluid under the

influence of diverse external potentials. Especially,

the LTDFA holds a desirable self-correction prop-

erty as discussed in a recent paper.[9] Although the

bridge DFA and the LTDFA are approximations for

the nonuniform first-order direct correlation function

(DCF), they also can be employed in the calculation

of free energy of the nonuniform systems.[8,10] Unfor-

tunately, extension of the hard sphere DFAs to van

der Waals fluids is far from successful. There exist

several routes for applying the hard sphere DFAs to

the van der Waals fluids: the density functional mean

field approximation (DFMFA), the density functional

perturbation approximation (DFPA),[11−13] and the

partitioned density functional approximation.[14−16]

Besides these standard methodologies, there also ex-

ists a DFA based on the radial distribution function

(RDF), denoted by RDF-based DFA.[17] Finally, some

researchers also employ directly the hard sphere DFAs

to the van der Waals fluids by substituting the hard

sphere second-order DCF and excess Helmholtz free

energy expressions appearing in the hard sphere DFAs

by the corresponding van der Waals fluid’s ones.[18]

With regard to the accuracy and the application of

these methods, one can conclude that the DFMFA

is very low in accuracy; the DFPA can improve the

DFMFA in some cases, but also becomes unsatis-
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factory when the coexistence bulk density and tem-

perature are low. One of the versions of the parti-

tioned DFA[15] can be very accurate by incorporating

an adjustable parameter into itself,[7] but the formal-

ism cannot work when the temperature is below the

critical temperature since the formalism needs as in-

put the bulk second-order DCF of many state points

at the same temperature with different bulk densi-

ties which sometimes enter into the unstable region

bounded by a binodal line. It is well-known that a

fluid will phase separate into a low-density gas phase

and a high-density liquid phase when the bulk state

is in the unstable region where the Ornstein–Zernike

(OZ) integral equation (IE) has no physical solution.

Although the RDF-based DFA can be very accurate,

and can be applied at subcritical temperatures, its de-

velopment is hampered by the many-value property of

the DFA from the bulk RDF, therefore its application

is now limited to the cases where the required bulk

RDF is from the non-renormalization OZ IE theory.[19]

However, it was known that the bulk RDF of high ac-

curacy comes from renormalization OZ IET.[20] There-

fore, before the bottle-neck is eliminated, there is a

long time when the RDF-based DFA can draw little

attention. In regard to the direct application of the

hard sphere WDAs to the van der Waals fluids,[18]

the resultant formalism will break down due to the

same reason as that in Ref.[15]. One can also notice

that previous DFAs[11,12,15,21−26] for nonuniform van

der Waals fluids had been only verified by simulation

data taken from safe regions of the bulk phase dia-

gram, i.e. the regions far away from the critical point,

or far away from the binodal line. Therefore, their be-

haviours in regions near critical point and gas–liquid

coexistence line are not known yet.

The aim of the present work is to propose a theo-

retical approach which enables the hard sphere DFAs

to apply to the van der Waals fluids under the influ-

ence of diverse external fields so that the resultant

DFA for the van der Waals fluids will be applica-

ble in both supercritical and subcritical temperature

regions. Especially, we will employ simulation data

for ‘dangerous’ regions to confirm the validity of the

present DFA, i.e. the coexistence bulk fluid is near

the critical temperature or the gas–liquid coexistence

line, since the ‘dangerous’ regions can be a strict test

standard for any DFAs for the van der Waals fluids.

It also should be noted that the external potentials

employed in the present calculation are of a hard wall

type which can serve as a far stricter test standard

than that of a soft wall type.

2. Universal theoretical approach

for extending hard sphere

DFAs to the van der Waals flu-

ids

We will employ a recently proposed BDFA[6] as an

illustrating example to show the validity of the present

universal theoretical approach, in which a hard core

attractive Yukawa (HCAY) model potential will be

employed as the target potential since enough simu-

lation data were reported for the HCAY model fluid

under the influence of various external fields.[27] Es-

pecially, these simulation data mainly corresponds to

the coexistence bulk fluid situated in the ‘dangerous’

regions. It is also shown that the nonuniform HCAY

model fluid may be the only one whose density distri-

bution profile is the most difficult to predict theoret-

ically accurately, this fact can be found clearly from

the far larger scaling of ordinate of the figures than the

actual range of the ordinate change.[12,16,21,22,24,25]

The BDFA[6] specifies the first-order DCF,

C(1)(r; [ρ]), of the nonuniform fluid as follows:

C(1)(r; [ρ]) = C
(1)
0 (ρb) +

∫

dr1(ρ(r1) − ρb)

×C
(2)
0 (|r−r1|; ρb)+B

(

∫

dr1(ρ(r1−ρb

)

× C
(2)
0 (|r − r1|; ρb)). (1)

Here C
(1)
0 (ρb) is the corresponding uniform first-order

DCF, C
(2)
0 (r; ρb) is the second-order DCF of the co-

existence bulk fluid with density ρb and interaction

potential u(r). Substituting Eq.(1) into a single-

component density profile equation,[28]

ρ(r) = ρbexp{−βϕext(r)+C(1)(r; [ρ])−C
(1)
0 (ρb)}, (2)

one has

ρ(r) = ρbexp
{

−βϕext(r) +

∫

dr1(ρ(r1) − ρb)

× C
(2)
0 (|r − r1|; ρb) + B

(

∫

dr1(ρ(r1) − ρb

)

× C
(2)
0 (|r − r1|; ρb))

}

, (3)

where ϕext(r) is an external potential responsible for

the generation of the nonuniform density distribution

ρ(r). B denotes the bridge functional of the corre-

sponding coexistence uniform fluid. It should be noted
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that the bridge functional B in the BDFA should

be expressed as a functional of the indirect correla-

tion function of the uniform fluid. For nonuniform

hard sphere fluid, a well-known Verlet-modified bridge

functional,[29]

BVM(γ) = −0.5γ2/(1 + 0.8γ), (4)

is combined with the hard sphere BDFA, i.e.

C(1)(r; [ρ]) = C
(1)
0 (ρb) +

∫

dr1(ρ(r1) − ρb)

× C
(2)
0hs(|r − r1|; ρb) +

(

∫

dr1(ρ(r1) − ρb

)

× C
(2)
0hs(|r − r1|; ρb)). (1′)

Here C
(2)
0hs(r; ρb), the second-order DCF of the co-

existence hard sphere fluid of bulk density ρb, pro-

vides the most accurate prediction for ρ(r) and sur-

face tension[6,10] under diverse external potentials.

However, straightforward application of the BDFA

to nonuniform Lennard-Jones (LJ) fluid[15] only pro-

duces qualitatively correct prediction, but quantita-

tively incorrect; its direct application to nonuniform

penetrable sphere fluid with bounded interaction[23] is

also only quantitatively correct in the high tempera-

ture case.

To calculate the density distribution ρ(r) by us-

ing Eq.(2), the key point is to obtain the expression

C(1)(r; [ρ]) − C
(1)
0 (ρb) as a functional of the density

distribution ρ(r). A formal ‘Taylor series’ expansion

of the C(1)(r; [ρ]) around the coexistence bulk fluid of

density ρb can be written as

C(1)(r; [ρ]) = C
(1)
0 (ρb) +

∫

dr1(ρ(r1) − ρb)C
(2)
0 (|r − r1|; ρb)

+

∞
∑

n=3

1

(n − 1)!

∫

dr1

∫

dr2 . . .

∫

drn−1

n−1
∏

m=1

[ρ(rm) − ρb]C
(n)
0 (r, r1, . . . , rn−1; ρb), (5)

Comparing Eq.(5) with Eq.(1), one can have

∞
∑

n=3

1

(n − 1)!

∫

dr1

∫

dr2 . . .

∫

drn−1

n−1
∏

m=1

[ρ(rm) − ρb]C
(n)
0 (r, r1, . . . , rn−1; ρb)

= B
(

∫

dr1(ρ(r1) − ρb)C
(2)
0 (|r − r1|; ρb)

)

. (6)

As discussed just now, for a nonuniform hard

sphere fluid, Eq.(6) together with the bridge func-

tional specified by Eq.(4) can be very accurate for cal-

culation of density distribution ρ(r) and surface ten-

sion prediction as shown in Refs.[6] and [10]. However,

for a nonuniform LJ fluid, even if one chooses diverse

forms of bridge functional B, Eq.(6) combined with

Eqs.(5) and (2), i.e. the BDFA Eq.(1), can only de-

scribe the density distribution ρ(r) of a LJ fluid of high

density and high temperature under external fields.[30]

When the bulk density and temperature are lowered,

its performance rapidly deteriorates.[15,30] Recalling

that in the partitioned DFT,[15] it was proved that

if the tail part C
(2)
0tail(r; ρb) of the bulk second-order

DCF C
(2)
0 (r; ρb) is independent of the density argu-

ment or is only very weakly dependent on the den-

sity argument, the bridge functional B for the tail

part (denoted by Btail) can be exactly zero or approx-

imately zero. Then, following the spirit of the par-

titioned DFT, and approximating the hard core part

C
(2)
0hc(r; ρb) by the hard sphere DFA, here the BDFA,

we have

C(1)(r; [ρ]) − C
(1)
0 (ρb)

=

∫

dr1(ρ(r1) − ρb)C
(2)
0hc(|r − r1|; ρb)

+ B
[

∫

dr1(ρ(r1) − ρb)C
(2)
0hc(|r − r1|; ρb)

]

×

∫

dr1(ρ(r1) − ρb)C
(2)
0tail(|r − r1|; ρb). (7)

Equation (7) makes use of the weak density-

dependence of the tail part C
(2)
0tail(r; ρb) on the density

argument, i.e. setting Btail = 0.

In Ref.[31] Eq.(7) is substituted into the density

profile Eq.(2) to calculate the density distribution ρ(r)

of an adhesive hard sphere fluid confined between two

hard walls. It was found that the prediction will be-
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come unsatisfactory when the adhesive parameter is

reduced and therefore the adhesive hard sphere fluid

becomes less like the hard sphere fluid. To improve

the performance in the case of low adhesive parame-

ter, one has to employ the high-order FPEA[2] to cure

the inappropriateness of Eq.(7) in the case of low adhe-

sive parameter. Although it was concluded incorrectly

in Ref.[24] that the high-order FPEA was integrated

to improve the second-order FPEA for the tail part.

In another paper,[25] the present author has corrected

the statement in Ref.[24] and concludes that the high-

order FPEA is integrated to improve the inappropri-

ateness of the hard sphere DFAs, here, the hard sphere

BDFA, for the hard core part. In fact, even other

WDA was substituted for the BDFA in Eq.(7), the

above observation also appears as shown in Ref.[26].

When a LTDFA[7] is substituted for the BDFA in

Eq.(7) to calculate the density distribution ρ(r) of an

LJ fluid near a single hard wall,[15] it is found that the

accuracy can be very high if the adjustable parameter

in the LTDFA is specified by a hard wall sum rule, but

the adjustable parameter’s value largely deviates from

0.5 required by the adjustable parameter free version

of the LTDFA.[8] In a recent paper,[9] the author found

that the LTDFA has a self-correction property which

enables the LTDFA-based DFA for nonuniform poly-

mer melt to behave quite well even with a not very

accurate bulk second-order DCF as input. Therefore,

it can be concluded that it is not a suitable procedure

to employ the hard sphere DFA with the hard sphere

second-order DCF C
(2)
0hs(r; ρb) substituted by the hard

core part C
(2)
0hc(r; ρb) of the considered fluid second-

order DCF to treat the hard core part. The success

of the partitioned DFT[15] is due to the self-correction

property of the LTDFA. If one assumes that the hard

sphere DFA is strictly suitable only for the hard sphere

fluid, considering the above statement, and that the

hard core part of the van der Waals interaction poten-

tial can be replaced by an effective hard sphere fluid,

one should substitute the hard core part C
(2)
0hc(r; ρb)

of the considered fluid second-order DCF by the hard

sphere second-order DCF C
(2)
0hs(r; ρhs) but with an ef-

fective hard sphere density ρhs different from the den-

sity ρb of the considered fluid, and then substitute the

resultant C
(2)
0hs(r; ρhs) for the C

(2)
0hs(r; ρb) appearing in

the hard sphere BDFA (1′). With this idea in mind,

we have

C(1)(r; [ρ]) − C
(1)
0 (ρb)

=

∫

dr1(ρ(r1) − ρb)C
(2)
0hc(|r − r1|; ρb)

+B
[

∫

dr1(ρ(r1) − ρb)C
(2)
0hs(|r − r1|; ρhs)

]

×

∫

dr1(ρ(r1) − ρb)C
(2)
0tail(|r − r1|; ρb)

=

∫

dr1(ρ(r1) − ρb)C
(2)
0 (|r − r1|; ρb)

+B
[

∫

dr1(ρ(r1) − ρb)C
(2)
0hs(|r − r1|; ρhs)

]

. (8)

Equation (8) is actually equivalent to an improve-

ment of the second-order FPEA by adding a term into

the second-order FPEA. In the case of the BDFA, the

added term is

B
[

∫

dr1(ρ(r1) − ρb)C
(2)
0hs(|r − r1|; ρhs)

]

,

which is exactly the omitted terms resulting from ex-

panding C(1)(r; [ρ]) around the coexistence bulk fluid

of density ρb, and truncating the series at the low-

est order, i.e. the left side of Eq.(7) with ρb replaced

by ρhs. Since any DFA, whether it is for the excess

Helmholtz free energy or for the C(1)(r; [ρ]), certainly

means an approximation to the left side of Eq.(6),

the present theoretical method for applying the hard

sphere DFAs to the van der Waals fluids, can be imple-

mented with any other hard sphere DFAs. It is based

on this consideration that we denote the present pro-

cedure as ‘universal theoretical approach for extending

hard sphere DFA to the van der Waals fluids’. In the

present preliminary investigation, we only study the

property of the universal theoretical approach based

on the hard sphere BDFA, i.e. we will investigate the

prediction accuracy of Eq.(8) for nonuniform HCAY

model fluid using the following density profile:

ρ(r) = ρbexp
{

−βϕext(r)+

∫

dr1(ρ(r1)−ρb)C
(2)
0 (|r−r1|; ρb)+B

[

∫

dr1(ρ(r1)−ρb)C
(2)
0hs(|r−r1|; ρhs)

]}

. (9)

The HCAY potential is of the following form:

βu(r) = ∞ , r/σ < 1,

= −βεσexp[−κ∗(r − σ)/σ]/r, r/σ > 1,
(10)
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where σ is the hard core diameter of the HCAY par-

ticle, and is used as a length unit; ε is the interaction

amplitude parameter, which is related to the reduced

temperature T ∗ = kT/ε, κ∗ is the reduced screen-

ing parameter. The present Eq.(8) needs as input the

second-order DCF C
(2)
0 (r; ρb) of the bulk HCAY sys-

tem in coexistence with the nonuniform HCAY fluid

under consideration. In the present calculation, we

employ a nonlinear optimized random phase approxi-

mation (ORPA)[32] for the OZ IE for C
(2)
0 (r; ρb). For

the specification of the effective reduced hard sphere

density ρhsσ
3, we try to determine it by the virial

pressure self-consistency, i.e. we follow the Percus test

particle method and apply Eq.(9) to a special exter-

nal potential which is due to a bulk HCAY particle

situated at the origin, then the reduced density dis-

tribution ρ(r)/ρb is exactly the bulk RDF. From the

obtained RDF one can determine the virial pressure of

the bulk system. Letting the virial pressure obtained

from Eq.(9) equal to the virial pressure predicted from

the nonlinear ORPA, one can determine the effective

reduced hard sphere density ρhsσ
3. In some density

range of the coexistence fluid, one can determine the

effective reduced hard sphere density ρhsσ
3 success-

fully, but in other cases, a solution does not always

exist. Even if we replace the equality between the two

virial pressures by minimizing the difference between

the two virial pressures, the ρhsσ
3 determined is phys-

ically meaningless. By much practice, we find that the

most suitable procedure for the specification of ρhsσ
3

is based on a hard wall sum rule which specifies the

bulk pressure P by a hard wall contact density ρw,

P = ρwkT, (11)

where ρw can be obtained from ρ(0.5σ) in Eq.(9) when

the external potential has the following form:

ϕext(z) = ∞, z/σ < 0.5

= 0, 0.5 < z/σ.
(12)

Although the hard wall sum rule is valid only for

a fluid in contact with a single hard wall, the speci-

fied value of ρhsσ
3 from this special case can also be

used in other external potential cases, and this prop-

erty is called the universality of the associated ad-

justable parameter ρhsσ
3. Since the universality of

the adjustable parameter associated with a theoreti-

cally derived DFA depends strongly on the suitability

of the DFA, it needs verification. In Ref.[33] based on

enough simulation data, we have verified the univer-

sality of the adjustable parameter and find that only

if the DFA is suitable, and the externally imported

second-order bulk DCF is highly accurate, will the

universality hold.

To see whether the present Eq.(9) is valid for di-

verse external potentials, we investigate the density

profile ρ(r) due to a single hard wall as well as two

hard walls separated by a distance Hσ, a large hard

sphere with radius Rσ, a spherical cavity with a hard

wall of radius Rσ, and a bulk HCAY particle. The

external potentials due to these hard bodies and the

soft body take the following mathematical forms:

ϕext(z) = ∞, z/σ > H,

= 0, 0 < z/σ < H,
for two hard walls (13)

ϕext(r) = ∞, |r|/σ < R,

= 0, |r|/σ > R;
for a large hard sphere (14)

ϕext(r) = ∞, |r|/σ < R,

= 0, |r|/σ > R;
for a spherical cavity (15)

ϕext(r) = u(r). for a bulk particle (16)

It should be pointed out that there exist several

previous DFT approaches,[12,16,21,22,24,25] which pre-

dict the density profile for HCAY model fluid near

a single hard wall or a soft wall, in which the co-

existence bulk fluid with reduced range parameter

κ∗ = 1.8 exists only at the state points with bulk

reduced density ρbσ3 = 0.7 and reduced tempera-

tures T ∗ = 2, 1.25, 1.1. Although the dimensionless

density profile changes within 2 units in the cases

investigated, the ordinates of the figures reported
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in Refs.[12,16,21,22,24,25] range from zero to six or

seven. Therefore, practical agreement between the

simulation and theory is not so perfect as concluded in

these papers. In the present work, in case that the pre-

diction is very accurate, the ordinate never has such

a large range. When comparing the performance of

the previous DFT approaches[12,16,21,22,24,25] with the

present formalism, we have to take into account the

difference of scales in these papers. If the prediction is

not very accurate, in order to make a fair comparison

between the previous DFT approaches and the present

work, we should take the same ordinate scaling as in

the previous works.

Fig.1. Density profile for the HCAY fluid near a sin-

gle hard and soft wall. The lines correspond to the pre-

dictions of the present formalism Eqs.(9), and the sym-

bols stand for the corresponding computer simulation data

from Ref.[22]. The three figures differ from one another in

temperatures. To make the figures clearer, Figs.(b) and

(c) are shifted 0.5σ along the x direction.

Fig.2. The same as in Fig.1 except for different coexis-

tence bulk densities. The prediction from the second-order

is FPEA also presented.

Fig.3. The same as in Fig.2 but the external potential is

due to two hard walls separated by a distance 4σ.

Fig.4. The radial distribution function for two state

points indicated in the figure. The lines correspond to

the predictions of the present formalism Eqs.(9), the sym-

bols stand for the corresponding computer simulation data

taken from Ref.[34].

In Fig.1, we plot the density profile of the HCAY

fluid near a single hard wall or hard wall plus an at-

tractive tail, and the corresponding simulation data[22]

for the coexistence bulk fluid state points as investi-

gated in Refs.[12,16,21,22,24,25], here the coordinate
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scaling is the same as before. From Fig.1 one can see

that the present prediction accuracy is comparable to

previous ones.

Fig.5. The same as in Fig.4 except for different bulk state

points indicated in the figures. The symbols stand for the

predictions from the numerical solution of the nonlinear

ORPA in Ref.[32] (a) and the simulation data in Ref.[27]

(b).

Fig.6. The same as in Fig.5(b) except for different bulk

state points.

In Figs.2–10, we compare the present density pro-

file predictions for HCAY model fluid under the influ-

ence of several external fields as given by Eqs.(13–16)

with the corresponding simulation data provided in

Ref.[27]. After a careful scrutiny one can conclude

that in all the hard external potential cases, the pre-

diction accuracy can be very high when the coexis-

tence bulk density is low no matter whether the tem-

perature is supercritical or subcritical. However, when

the coexistence bulk density is high, the prediction

accuracy is only comparable to several previous DFT

approaches no matter whether the temperature is su-

percritical or subcritical. When the external potential

is of an attractive tail, the prediction accuracy can be

high for both low and high coexistence fluid bulk den-

sities.

Fig.7. Density profiles for the HCAY fluid near a large

hard sphere of R = 5.5σ. The lines correspond to the

predictions of the present formalism Eqs.(9), the sym-

bols stand for the corresponding computer simulation data

taken from Ref.[27]. The coexistence bulk states are indi-

cated in the figures.

Therefore one can conclude that the present DFA

is a very useful theoretical tool for the investigation

of wetting transition induced by an external poten-

tial with an attractive ingredient. One also can see

that the performance of the present formalism some-

what deteriorates when the external potential is due

to the hard spherical cavity. This comes from the fact

that the hard spherical cavity represents the highest

degree of confinement, whereas the present formalism

is based on the expansion around the bulk fluid, the
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higher degree of confinement certainly incurs a large

disagreement between the bulk density and the den-

sity profile under consideration. Therefore the present

formalism becomes more inappropriate when the de-

gree of confinement increases. It should be pointed

out that the required hard sphere fluid bulk second-

order DCF is based on the well-known Percus–Yevick

(PY) approximation.[1]

Fig.8. The same as in Fig.7 except for different coexis-

tence bulk state points as indicated in the figures.

Fig.9. Density profiles for the HCAY fluid confined by a

cavity with a hard wall of radiusR = 4.5σ. The lines corre-

spond to the predictions of the present formalism Eqs.(9),

and the symbols stand for the corresponding computer

simulation data taken from Ref.[27]. The coexistence bulk

states are indicated in the figure.

Fig.10. The same as in Fig.9 except for different coexis-

tence bulk state points indicated in the figures.

3. Discussion and concluding

remarks

The present paper proposes a universal theoret-

ical method with which any hard sphere DFAs can

be applied to the van der Waals fluids. As an ex-

ample, the present paper employs the hard sphere

BDFA to investigate the solid–liquid interface struc-

tural behaviour of the HCAY model fluid. The pre-

diction accuracy is good or at least comparable to

that in several previous DFT approaches. Possibly,

when the adjustable parameter free version of the

LTDFA[8] is combined with the present universal theo-

retical method, the greatest advantage of the present

theoretical method can be shown up. As shown in

Ref.[15], when the LTDFA is substituted into the par-

titioned DFT, the resultant DFT for nonuniform LJ

fluid is very accurate. However, the LTDFA-based

partitioned DFT[15,16] will break down in the case

of subcritical temperature since the approach needs

as input the bulk second-order DCF of many den-

sity points, while the OZ IE will not have a physi-

cal solution when the density point lies in the region
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bounded by a binodal line. Since the present univer-

sal theoretical approach only concerns itself with the

bulk second-order DCF of the coexistence fluid state

point and the second-order DCF of the effective hard

sphere fluid, where the coexistence fluid is certainly

stable, i.e. it certainly lies in a single phase region

corresponding to either monophase gaseous state (low

densities) or monophase liquid state (high densities),

the needed bulk second-order DCF of the coexistence

fluid state point certainly exists. Therefore, the resul-

tant DFT approach based on LTDFA or other WDAs

will also apply in the subcritical temperature region.

What then is the difference between the present for-

malism and that in Ref.[25]? The DFA in Ref.[25] is

also based on the expansion around the bulk density,

but the hard core part is truncated at the third-order

terms whereas the tail part is truncated at the second-

order ones. The present formalism distinguishes itself

from the DFA in Ref.[25] by two points: one is to

treat the hard core part by infinite-order, instead of

the third-order level; the other is that the treatment

is based on the effective hard sphere fluid instead of

the hard core part in Ref.[25].

Further exploration of the present theoretical ap-

proach combined with other hard sphere DFAs, and

their application to some interesting phenomena such

as drying transition, wetting transition, especially

application of the resultant DFT approach in a re-

cent universal theoretical framework for calculation of

solvent-mediated potential[35−42] will be reported in

future publications.
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