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In this paper, we investigate the breakup of spiral wave under no-flux, periodic and Dirichlet boundary conditions

respectively. When the parameter ¢ is close to a critical value for Doppler-induced wave breakup, the instability of

the system caused by the boundary effect occurs in the last two cases, resulting in the breakup of spiral wave near the

boundary. With our defined average order measure of spiral wave (AOMSW), we quantify the degree of order of the

system when the boundary-induced breakup of spiral wave happens. By analysing the AOMSW and outer diameter R

of the spiral tip orbit, it is easy to find that this boundary effect is correlated with large values of R, especially under

the Dirichlet boundary condition. This correlation is nonlinear, so the AOMSW sometimes oscillates with the variation

of e.
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1. Introduction

The spiral waves in two spatial dimensions are
the most paradigmatic examples of spatiotempo-
ral self-organizing structures in excitable and os-
cillatory mediums. They have been the subject
of extensive research in a large variety of systems,
which include catalytic surface processes, Belousov—
Zhabotinsky (BZ) reaction and the heart muscle.!'~?!
The transition from a regular pattern to spatiotem-
poral chaos is a challenging phenomenon observed in
nonlinear dynamics.? Among these phenomena, the
instability of spiral waves in reaction diffusion systems
is one of the most robust scenarios observed in ex-
periments of chemical reactions!*~7 and in numerical

(8=20] Generally, stable

simulations of various models.
spiral waves lose their stability via a Hopf bifurcation
that leads to meandering spiral waves.'”) Two dif-
ferent breakup scenarios have been investigated both
experimentally and numerically. The first one is the

[6,18—-20] which modu-

longitudinal Eckhaus instability,
lates the spiral waves so that the minimum of the local
period in the system violates the dispersion relation
and results in breakup. Depending on the behaviour
of the Eckhaus mode, the spiral wave may break up far

away from or near to the core. The second breakup is

caused by a Doppler effect.!®18 When the stable spi-
ral tip meanders, the Doppler effect becomes so large
that adjacent waves interact and break.

In this work, we investigate the breakup of spi-
ral wave due to boundary effect, about which little
has been researched before. The no-flux boundary
condition, periodic boundary condition and a spe-
cial Dirichlet boundary condition are considered here.
This boundary effect can cause the instability of the
system and induces the breakup of spiral waves near
the boundary. If this boundary effect is weak, the spi-
ral waves break up far away from the core; with such
an effect being strong, the instability transfers inward
and the breakup area of the system will increase. The
breakup areas are dependent on parameters, so the
patterns correspond to a series of degrees of order with
different parameters. It is not appropriate to identify
whether the system is just ‘ordered’ or ‘disordered’.
A qualified measure, which may be termed an average
order measure of spiral wave (AOMSW), is introduced
by us to characterize the degree of order for the spiral
wave. This measure can give a clear ‘score’ for the
spiral waves with different order degrees. The prob-
lems may be solved in the following steps: consider a
2D FitzHugh-Nagumo-type model and give the phe-
nomena under different boundary conditions, and then
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use our defined order measure AOMSW to investigate
the properties of boundary-induced breakup of spiral

wave.

2. Model and dynamical property
under different boundary con-
ditions

Consider a 2D FitzHugh—Nagumo-type model
where each reaction unit in the lattice has two vari-
ables u = u(z,y,t) and v = v(x,y,t). These variables

satisfy the following reaction-diffusion equations:[*]

ou 1 b+v 9
pri Eu(l u) (u " ) + V-u, (1)
%~ fw v
0, 0<u<1/3,
fu) =19 1-6.75u(u—1)21/3<u<]1,
15 1 <u.

The form of f(u) describes a delayed production of
the inhibitor and the equations have been used to
model the patterns in a catalytic surface reaction in
the CO oxidation on a Pt(110) surface. If we choose
f(u) = u, the functions can be used to investigate the
heart muscle. In simulations, we use Euler integra-
tion with a space step dz = dy = 0.045 s.u. and a
time step dt = 0.02 t.u. We choose a = 0.84 and vary
the parameter b, such that the corresponding local
dynamics changes from oscillatory (if b < 0) to ex-
citable (if b > 0). The parameter choice a < 1 yields
excitable (oscillatory) behaviour for b > 0 (b < 0)
and 0 < ¢ < 1.
exists with (u,v) = (ug,vg) in the local dynamics of

In both cases, an unstable focus

Egs. (1). In the excitable case, two more fixed points
appear: (u,v) = (0,0) is the stable rest state and
(u,v) = (b/a,0) is a saddle that marks the threshold
of the excitable medium.

The definition of the Dirichlet boundary condition
is as follows.l?!) The no-normal flow boundary condi-
tion implies that - Vu = 0 and 7 - Vu # 0, where
71 18 a unit vector pointing outwards from the bound-
ary, L = 2 x 7 is a unit vector perpendicular to the
path traversing the boundary, and 2 is a unit vector
perpendicular to the lattice layer of the system. So

the variables of the reaction units on the boundary
are equal in value. We take u; and v, as boundary
variables. In our numerical simulation, the system is
divided into 200 x 200 lattice points (see Fig.1). The
variables u, and v, can be obtained from the reaction-
diffusion equation (Eq.1). The diffusion term is given
by the diffusion of the points A, B, C' and D. These
points are middle points of the lines a, b, ¢ and d re-
spectively, and the lines are grid points inwards from
the boundaries. For the Laplacian, we use 5-point

prescription Viu, = (ua +up +uc +up — 4uyp)/6%x.

B b
a
41 A Cce
d
c
d D

Fig.1. The definition of the special Dirichlet boundary
condition.

In this definition of Dirichlet boundary condition,
due to the variables being equal in value on the bound-
ary, the topological structure of the system is of a
spherical surface. So the boundary is one of the poles
of the topological sphere. Because the boundary val-
ues up and vy satisfy the reaction—diffusion equation
(Eq.(1)), they vary constantly. Figures 2(a) and (b)
are two typical snapshots of the system under the
Dirichlet boundary condition at different times with
b > 0. Figure 2(a) corresponds to the case in which
the boundary units have not been excited, whereas
the boundary units have been excited in Fig.2(b).
These two cases appear alternately with wave fluc-
tuating on the boundary. Thus a topological tar-
get wave transfers from the boundary to the centre.
These boundary-excited waves collide with the inner
spiral wave around the boundary. An unstable effect
can be created within the collision area. Some lit-
tle free wave tips are created near the boundary by
this effect (see Fig.2(b)).
ters, this effect can be amplified, and the breakup of

With appropriate parame-

spiral wave will occur. A similar effect can be found
in the periodic boundary condition. In Fig.3 we give
the breakup processes of spiral waves under different
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boundary conditions. The figures in each column show
the scenarios at different times but under the same pa-
rameters. The first column displays a propagation of
spiral wave breakup caused by a typical Doppler effect
under the no-flux boundary condition. The instability
starts from the core of the wave. For a long run, the
windows will be full of the absolute spatiotemporal

chaos. While the second column shows the breakup
of the spiral wave due to the periodic boundary effect.
The spatiotemporal chaos appears round the bound-
ary and then extends inward. Similarly, the third col-
umn shows that under the Dirichlet boundary condi-
tion, the instability effect starts around the boundary,
and then spreads inward.

" 3 -

Fig.2. Stable spiral waves under Dirichlet boundary condition, without the boundary units excited (a) and with the units

excited (b). These two states occur alternately.

\

Fig.3. First column: propagation patterns of an initial stable spiral wave under no-flux boundary condition with e = 0.0685.

Breakup of spiral wave appears due to Doppler effect. The second column: propagation patterns of the same initial spiral wave

under periodic boundary condition with ¢ = 0.0672. The instability of the spiral wave starts from the boundary. The third

column: propagation figures of the same initial spiral wave under Dirichlet boundary condition with € = 0.0679. Instability

effect also starts from the boundary. These figures are in the excitable medium with b = 0.05 and 200 x 200 pixels.
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To study the spiral wave dynamics, we record the
spiral tip trajectory,l?%22] then measure the outside
diameter (R) of the tip orbit (defined by the isoline
u = 0.5) when the spiral wave behaviour is stable or
meandering (if the spiral tip has a stable circle orbit,
R is the diameter of the circle; if the orbit of the spi-
ral tip is meandering with a modulating frequency, R
is the average diameter of the circle). If the medium
is excitable (b = 0.05), the system first encounters a
Hopf bifurcation around € = 0.0556. Before that the
spiral is stable; beyond that, the spiral wave meanders.
Further increasing e causes the spiral wave breakup.
Figure 4 gives diagrams for R as a function of ¢ un-
der different boundary conditions. We find that the
curves are almost similar to each other in three cases
except for different critical values for instability of the
systems. In the case of the no-flux boundary condition
(Fig.4(a)), there is a critical value g = 0.0684 for the
Doppler effect instability. When € < g, the system is
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Fig.4. The diameter R of the spiral tip orbit as a func-
tion of € at b = 0.05. The system is under (a) no-flux
boundary condition, (b) periodic boundary condition and
(c) Dirichlet boundary condition respectively.

stable. Beyond ¢y the Doppler effect causes the spiral
wave breakup and spatiotemporal chaos state appear-
ing in the system. This effect is the only instability

ingredient in this case. Under the periodic boundary
condition (Fig.4(b)), the spiral wave begins to break
up at the point € = 0.0664. When 0.0664 < ¢ < gy,
the system is unstable because of the boundary effect.
The Doppler-induced instability also happens when
In the Dirichlet boundary case (Fig.4(c)),
the system properties are similar to those of the peri-

g > €p.

odic case, but the critical value of system instability is
smaller, or rather, ¢ = 0.0656. This means a relatively
strong boundary effect under this condition.
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Fig.5. The diameter R of the spiral tip orbit vs e for
b = —0.045 with (a) no-flux boundary condition, (b) peri-
odic boundary condition and (c) Dirichlet boundary con-
dition respectively.

For the oscillatory medium (see Fig.5), we take
b = —0.045, and again study the relation between R
and . Here two value ranges for spiral wave breakup
are observed for the no-flux boundary condition in
Fig.5(a). The first one, which is caused by the Doppler
effect, occurs when ¢ € (0.0551,0.0554), and the sec-
ond one, which is caused by the Eckhaus instability,
appears when £ > g7 = 0.0752. In Fig.5(b) there are
also two breakup ranges, but the first one has a more
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wide range with ¢ € (0.0541,0.0554). Now the in-
stability of the system mainly results from the effect
of periodic boundary effect. The second range where
the Eckhaus instability happens is similar to that of
¢ in Fig.5(a).
three instability ranges. The first one begins from the
point € = 0.0481, and ends at € = 0.0554. The bound-
ary effect is the main reason for the breakup of spiral

For the Dirichlet boundary, there are

wave. Instability of the system in the second range
(e € (0.0558,0.056)) is totally caused by the bound-
ary effect. In the third range there also exists Eckhaus
instability with the same critical value ;. Actually,
although we consider the system to be stable when
e € (0.0554,0.0558), instability of the system still ex-
ists. But the spiral wave only partially breaks up, and
the breakup area dose not spread.

3. Definition of AOMSW

If a spiral wave persists for 160 cycles without
fragmentation we think of the breakup as being ab-
sent at these parameter values. With this definition,
we can find an exact g9 as a critical transition point
under the no-flux boundary condition in an excitable
medium, such as g = 0.0684 in Fig.4(a). When ¢ < gg
the spiral wave is stable, and there is no fragmentation
even after a very long run (1000 cycles). If € > ¢, the
spiral wave is so unstable that the instability effect will
make it break up after several cycles, and the system
will be totally in a spatiotemporally chaotic state. In
Section 2, though we have given the transition curve of
spiral wave under different boundary conditions, the
exact critical values are difficult to obtain for peri-
odic and Dirichlet boundary conditions. For example,
in an excitable medium (Figs.4(c)), although we have
given the critical value € = 0.0656 for the spiral wave
breakup, a stable spiral wave can still persist with-
out any fragmentation around some points of &, such
as € € (0.06638,0.06652). At the same time, around
some other points, such as ¢ € (0.0666,0.0668), the
breakup of spiral wave easily appears. But wave frag-
ments of spiral wave only appear in a very small area
around the boundary, and the other parts are still sta-
ble even after quite a long time, while the system may
be very easy to be full of the wave fragments within
some parameter ranges, such as e € (0.0677,0.0679).

For the reason above, it is inappropriate to iden-
tify whether a spiral wave is ‘ordered’ or ‘disordered’.
So it needs a qualified measure to quantify it. We refer

to it as AOMSW. The calculation of the AOMSW for
a given parameter ¢ is divided into three major steps:
first, calculate the order measure O(t) of the snapshot
on the lattice at each sampling time ¢, after some tran-
sient time tt,ans; then average this order measure over
a long time T to obtain the averaged order measure
O, = (O(¢))¢ for this run; last, repeat these two steps
and average O, over 50 different runs under different
initial conditions to acquire the AOMSW as follows:

50
1
AOMSW = — ; O,. (2)

In our simulations, we choose ti;ans = 120 cycles, and
the measure time T = 40 cycles. However, in the
first step, one encounters a difficulty in defining such
a single measure O(t) to characterize the degree of
order for a snapshot at time ¢. From Fig.3, it is obvi-
ously found that the panels in the first row are more
ordered than the corresponding panels in the second
and third rows, and the spirals in the second row are
more ordered than those in the third row correspond-
ingly. One notes that each panel shows a total spiral
with a free tip as seen from Figs.3(a)—(c). At the same
time the excited units are connected except for several
parts separated by the boundaries, while the fragmen-
tized spirals in Figs.3(d)—(i) each contain at least two
free wave tips, and the spirals break up into several
independent excited pieces. So we can conclude that
the more free wave tips and independent parts of the
excited wave pieces the system contains, the more dis-
ordered the spiral will be. So the definition of O(t)
must obey the following items:

(1) O(t) decreases with the number of the free
wave tips NN increasing.

(2) O(t) decreases as the number of the indepen-
dent excited wave pieces M increases.

(3) The fragmentized pieces correspond to the ar-
eas S; (1 = 1,2,---, M).
the less the O(t) will be.

(4) O(t) =1 for the whole spiral wave.
These considerations finally lead to the following def-
inition of O(¢):

The larger the max(S;) is,

O(t)—i<§—;)ﬁ, (3)

=1

where Sy = Zi\il S; is the total area of the excited
units, and 3 is in direct proportion to N. We choose

N —
0 =1+ —— where « is a given integer. The wave
!
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tip is a point defect. The variables of this point sat-
isfy 0;u = 0. Here we consider the points that satisfy
u = 0.5 and ;u = 0 as wave tips. Now, in numerical
simulation, we can calculate the number of the free
wave tips IV for a panel given by the distribution of
u at each sampling time ¢. Then, for a given value
Ue, if u > ue, we think of the lattice point as being
excited. Now we can count the number of the sepa-
rately excited pieces M, and obtain the area S; of the
pieces by calculating the number of the jointly excited
lattice points. In Fig.2(b), it is easy to find that there
are several free wave tips on the boundary. But the
spiral have not broken up yet. We do not count this
We take a = 10 for the ex-
citable medium and a = 5 for the oscillatory medium.

kind of free wave tips.

In Fig.3, the corresponding O(t) for Figs.3(a)—(i) are
1,1, 1, 0.8812, 0.7864, 0.7485, 0.5573, 0.3274, 0.2713.
Obviously, the degree of order of the spiral wave is
perfectly reflected by O(t). As the time and ensemble
average of O(t), the AOMSW can reflect the property
of the system.

4. Property of spiral wave with
AOMSW

Now we use the definition of AOMSW to discuss
the properties of the spiral wave. The AOMSW versus
¢ is plotted in Fig.6 with b = 0.05. The dashed line
represents the no-flux boundary condition. Varying
with e, AOMSW is 1 when ¢ reaches 0.0684. Appar-
ently, when ¢ < 0.0684, the spiral wave is stable with-
out any fragmentation. When ¢ > 0.0684, AOMSW
is close to zero, which shows that the system is in
the spatiotemporally chaotic state, and is full of small
wave fragments, while in the periodic boundary case
(solid line in Fig.6(a)), we cannot find a distinct crit-
ical value for instability of spiral wave. Within the
range € € (0.065,0.0664), AOMSW = 1. This implies
that the spiral wave breaks up only partially, and this
breakup happens occasionally. Varying e from 0.0664
to 0.0684, AOMSW becomes smaller gradually. At
the same time, AOMSW fluctuates with e.
peaks of AOMSW occur during this process.

Several

These
peaks correspond to relatively ordered spiral states.
It means that the system encounters a weak bound-
ary effect in the local range of €. If ¢ > 0.0684, the
status is the same as that in the no-flux boundary con-
dition. The AOMSW is close to zero and the spiral
wave breaks up due to the doppler effect instability.

In Fig.6(b), the solid line shows the AOMSW varying
with & under the Dirichlet boundary condition. Com-
paring it with the curve of the periodic case, we find
that relatively strong boundary effect appears when
e > 0.0655 and the AOMSW also fluctuates with the
But the peaks are much steeper than
And most of
peak maxima are close to 1, even AOMSW = 1 at
some points (¢ = 0.0666,0.06692, etc) and in some
ranges (e € (0.06638,0.06652), ¢ € (0.06682,0.06686),
etc). When ¢ > ¢g, the AOMSW is close to zero, and
the system comes to an absolute instability state too.

varying of e.
those in the periodic boundary cases.

0.8} VAN v ;
% o AAREE
‘ f‘v\
O 0.4F /i: 1
< 8 of no flux boundary \JV "
"I — period boundary igo
0.065 0.066 0.067 0.068 0.069
€
1.0p= W‘vw TN 0 (b) 7
0.8f M 1M A E
Z o0 /! I AT
CEJ : \ VI I
< 8;1 — no flux boundary C i;\!\u‘l ' ! ‘
i il t E
““t —— dirichlet boundary ' \50

0.067 0.068

€

0 L
0.065 0.066 0.069

Fig.6. The order measure AOMSW as a function of e
at b = 0.05.
flux boundary condition and the solid line is for periodic
(b) The dashed line is also for no-flux
boundary condition and the solid line for Dirichlet bound-

(a) The dashed line corresponds to no-
boundary one.

ary condition.

In an oscillatory medium, Fig.5 shows that, if
€ > €1, the system undergoes the Eckhaus instabil-
ity, the critical values 1 are the same under different
boundary conditions. So we only plot the AOMSW
versus € with € € (0.0480, 0.0580), where the outer di-
ameter of the spiral wave tip orbit is relatively large.
Now the system contains some complex phenomena
including Doppler-induced and boundary-induced in-
stabilities. In Fig.7, the dashed line also corresponds
to the no-flux boundary condition. Apparently, there
is a narrow range of €, where AOMSW< 0.2. It is
the result of Doppler effect instability, and the spiral
wave breaks up into pieces. Under the periodic bound-
ary condition, there is a relatively wide range of &
(e € (0.0544,0.0555)) where the AOMSW < 0.2. Out
of this range, 0.6 < AOMSW < 1 and the AOMSW

varies slowly. It is obvious that with this relatively
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large value of AOMSW, the breakup of spiral wave
only occurs partially near the boundary, while under
the Dirichlet boundary condition, the breakup of spi-
ral occurs within an even wide range of €. When
e < 0.048, AOMSW= 1; when ¢ > 0.048, AOMSW
begin to be less than 1. With the increasing of ¢,
the AOMSW decreases gradually. During this pro-
cess the instability of spiral wave appears near the
boundary and transfers to the core. Once € > 0.049,
the AOMSW decreases dramatically. Within ¢ €
(0.05,0.0555), the AOMSW< 0.2, and the system is
in an absolute chaotic state. Varying e from 0.0555
to 0.058, the curve is somehow similar to the corre-
sponding part of periodic boundary one. Two peaks
of AOMSW appear near the points e = 0.056 and
e = 0.0573. It seems that it is more difficult for the
breakup of spiral wave to happen at these values. This
relatively stable effect in the local area is somehow
correlated with the resonance between the spiral wave
and inner-transferred waves from boundary. A sim-
ple explanation for the resonance and breakup of col-
lided spiral waves may be found in Ref.[23], where res-
onant frequencies are always integral multiples of the
intrinsic frequencies of the spiral waves. The problem
becomes slightly complex in the present work. We
know that ¢ determines the frequency of the spiral
wave. Once the scale L of the system is fixed, ¢ will
determine the difference in phase between the spiral
waves and the inner-transferred waves. An appropri-
ate phase difference can induce an instability of the

wave. This
—_— T L ———
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Fig.7. The order measure AOMSW vs ¢ with b = —0.045.
The dash line corresponds to no-flux boundary condition
in (a) and (b). The solid line represents periodic boundary
condition in (a), and Dirichlet boundary condition in (b).

instability effect will be reflected by the boundary and
will cause an additional instability on the wave dur-
ing the next collision. Then this instability effect will
be amplified again and again through the sequential
collisions, and induce the breakup of the spiral wave
near the boundary finally.

5. Conclusion and discussion

In this paper, we have studied the breakup of spi-
ral wave under different boundary conditions. Using
the ‘order’ measure AOMSW that we define for a spi-
ral wave, we give the property of the system with the
varying of e. In an excitable medium (b = 0.05), the
spiral wave can break up due to a Doppler effect when
¢ is larger than the critical value eg under different
boundary conditions. For the periodic boundary con-
dition, the instability of the spiral wave occurs with
€ < &g because of collision between the spiral wave
and the wave transferring inward from the boundary.
This instability effect increases gradually with the in-
creasing of €. But there are several peaks in the curve
of AOMSW vs ¢, and these peaks correspond to rel-
atively stable status of the system. For the Dirichlet
boundary condition, the property of the system is sim-
ilar to that of the periodic boundary case. But the sys-
tem shows a more complex phenomenon. The system
can still maintain perfect spiral waves (AOMSW = 1)
even when e is very close to 9. In an oscillatory
medium (b = —0.045), the property of the system is
the same under different boundary conditions when ¢
is near the Eckhaus instability range. When the sys-
tem encounters a Doppler effect instability, we give a
narrow parameter range of ¢ for the breakup of spiral
wave under the no-flux boundary condition, and a rel-
atively wide range of ¢ under the periodic boundary
condition, and an even much wider range of € under
the Dirichlet boundary condition. The instability of
the wave in the first boundary condition is caused by a
Doppler effect, and the last two conditions are caused
mainly by the boundary effect. Comparing Fig.4 with
Fig.6, and Fig.5 with Fig.7, we find that the breakup
of spiral waves caused by boundary effects exhibit sev-
eral common properties. (1) € is near the range where
the system encounters a Doppler effect instability. (2)
The tip of the spiral wave meanders, and the outside
diameter (R) of the spiral tip is relatively large. (3)
System stability under the Dirichlet boundary condi-
tion is more sensitive to the outer diameter of spiral
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tip orbit. (4) There always exist several narrow ranges
of &, where the spiral wave is inactive to the boundary
effect instability. So the AOMSW is relatively large
in the local area, which corresponds to the peaks in
Fig.6 and Fig.7. This phenomenon correlates with res-
onance between the spiral wave and inner-transferred

wave.

It is easy to find that the data shown here are ro-
bust. We have chosen smaller step sizes of spatial and
temporal discretization of the partial differential equa-

tions. The basic property is similar to as indicated by
the data here. In Fig.6 and Fig.7, the parameter ¢ is
also robust. So the curve of AOMSW is not smooth.
Considering computing speed, we have chosen these
robust discrete steps.
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