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Based on the displacement potential functions, the elastic analysis of a mode II crack in an icosahedral quasicrystal

is performed by using the Fourier transform and dual integral equation theory. By the solution, the analytic expressions

for the displacement field and stress field are obtained. The asymptotic behaviours of the phonon and phason stress

fields around the crack tip indicate that the stresses near the crack tip exhibit a square root singularity. The most

important physical quantities of fracture theory, crack stress intensity factor and energy release rate, are evaluated in

an explicit version.
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1. Introduction

Quasicrystals (solids with a long-range orienta-
tional order and a long-range quasiperiodic transla-
tional order) [l have become one of topics of the the-
oretical and experimental studies in the physics of
condensed matter. Since the first discovery of icosa-
hedral quasicrystals in Al-Mn alloys,[?! the physical
properties, such as the mechanical, electronic, mag-
netic, optical and thermal properties of quasicrystals
have been investigated intensively. Elasticity is one
of important properties of quasicrystals. Within the
framework of the Landau theory, Bak [*4 and Levine
et all! formulated the elastic energy of the quasicrys-

6] established the general-

tals. Later on, Ding et al
ized linear elasticity theory of quasicrystals. Luben-
sky et all” suggested the hydrodynamics equations of
the material. Since quasicrystals are brittle solids at
room temperature,® it is appropriate to adopt linear
elasticity theory to analyse their mechanical property.

In the investigation of dislocations in quasicrys-
tals, Levine et all® and Socolar et all”) predicted the
existence of dislocation and established dislocation
theory before their observation experimentally.[0-!1]
Soon after, the analytical expressions for the dis-
placement field and stress field induced by a dislo-
cation in several quasicrystals were derived by De and

Pecovits,'? Ding et al,'*' Qin et al'® Yang et

al,16=18] Hu et al[1929 Fan et al2'23 and Li et
al.? Some further discussion on energies of disloca-
tions and dislocation dissociation was given by Woll-
garten et al.1?]

Recently, some experimental evidence has re-
vealed that some two-dimensional detects such as
planar defects and cracks caused by cleavage are
defective in quasicrystals.[26=32] These macroscopic
defects influence strongly the mechanical properties
of quasicrystals such as fracture toughness, fracture
strength, etc. Since the introduction of the phason
field in quasicrystals, their fracture behaviour has pre-
sented quite different characters from those of crys-
tals. Some characteristics related to the phason field of
crack propagation in a quasicrystal have been pointed
out by Mikulla et al®* by molecular dynamics sim-
ulation. Therefore, to quantitatively describe the in-
fluence of cracks on the mechanical behaviour of qua-
sicrystals, fracture mechanics in quasicrystals, includ-
ing the determination of the elastic field, the energy
release rate and so forth, is a prerequisite. Some other
relevant discussions about quasicrystals are given in
Refs.[34-37].

Up to now the observed individual quasicrystals
are over 200 varieties; among them there are 96 va-
rieties of icosahedral quasicrystals and 65 varieties of
decagonal ones. This shows that the icosahedral qua-
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sicrystals play a central role in the materials. Icosa-
hedral quasicrystal is a three-dimensional one, with a
huge number of field variables and field equations in-
volving the elasticity. Since the discovery there has
been no analytic solution for the crack for icosahedral
quasicrystal. The observation of exact analytic solu-
tion is of great importance.

Because of the importance of dislocations and dis-
location motion to the elasticity and plasticity of the
material, and the inherent connection between dislo-
cations and a mode II crack, in this paper we are con-
cerned with a mode II crack in an icosahedral qua-
sicrystal. Based on a general solution in terms of
the displacement function GG, a mixed boundary value
problem is reduced to solving dual integral equations.
By solving the resulting equations, the analytic ex-
pressions for the displacement field and the singular
behaviour of the stress field around a crack tip are ex-
plored and determined. Moreover, the stress intensity
factor and the energy release rate for the crack tip are

given.

2. Simplification of the basic
equations

According to the description of an n-dimensional
quasicrystal as a quasi-periodic structure which is pe-
riodic in (3 4+ n)-dimensional space (1 < n < 3), the
(3 + n)-dimensional space can be divided into the di-
rect sum of two orthogonal subspaces. One is three-
dimensional physical or parallel space, F), and the
other is n-dimensional perpendicular or complemen-

tary space, E|. Therefore, for each quasicrystal, in
addition to the usual phonon displacements u; and
phonon strains ¢;; describing the local shift of atoms
in E), one must introduce the phason displacements
w; and phason strains w;; to describe the local re-
arrangements of atoms in E,. In this section, we
consider a three-dimensional icosahedral quasicrystal
with a mode II Griffith crack along the xs-axis. It is
obvious that elastic field induced by a uniform shear
stress at infinity is independent of x3, i.e. the field

variables are independent of x3 or 9/dz3 = 0. In this

case, the generalized Hooke law is as follows:[®!
0ij = Cijricrl + Rijriwei,
H;j = Ryijer + Kijriwg, (1)

in which o;; and H;; are phonon and phason stress
tensors, and

B 1(8ui n 6uj),

i = =
J 2 8$j 8IEZ
6’[1}1'
J

Cijii and Kjji; the elastic constants of phonon and
the phason field respectively, and R;ji; the phonon-
phason coupling elastic constants. If the coordinate
system can be chosen, with the x3-axis pointing for-
wards a vertex of an icosahedral quasicrystal, then
there exist

Cijkl = X030 + p(0ikdj1 + 0:10jk), (2)

and [K] and [R] which are expressed as follows:

(K1 0 0 0 K> 0 0 K» 0 |
0 K 0 0 “K» 0 0 K, 0
0 0 Ky+K, 0 0 0 0 0 0
0 0 0 K -K» 0 Ky 0 0 K,
K= | Ks Ky 0 0 K -Ky 0 0 0 0o |,
0 0 0 Ko 0 K1 —-K 0 0
0 0 0 0 0 Ko Ki—Ko 0  —K,
Ky K 0 0 0 0 0 K —Ky 0
0 0 0 —Ks 0 0 —K> 0 K
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1 1 1 00001 0|
1 -11 000 0-10
0 0 -2 00000 0
0 0 0 00-110 —1
[RI=R|1 -1 0 01000 0 |, (3)
0 0 0 -10-10 0 1
0 0 0 00-110 -1
1 -1 0 01000 0
000 0 -10-10 0 1 |

where A and p are the Lamé constants of the material.

According to the above-mentioned 9/0x3 = 0, the governing equations of plane elasticity problems for the

z129 plane in an icosahedral quasicrystal arel6-23]

pV2ur + (A + u)a%lv w4 R((?;;U%l + 26‘3:5;2 - a;gél) =0,

pV2us + (A + u)%v ut R(6;22 - 8‘2??;2 - a;;’g) =0,

Ko+ i (G - T (G —apte S TSy,

KiViu, — 2K, aijgiz +R(?;ZL§2 * Zaijgicg - %2532 - aijgig) =0

(K1 — K2)Vw; + Kz(a(;;? - 8(37212};2 — 682;21) + RV?u3 =0, (4)

in which w = (u1, ug, us).
As a result, the key of the task is to determine the elastic field in the z;z5 plane, in order to solve plane
elasticity problems of an icosahedral quasicrystal. It is convenient to employ the formula obtained previously

by Fan and Guo,?’!

but some description needs to be added, that is, for a plane elasticity problem in the ziz2
plane of an icosahedral quasicrystal, the phonon and phason displacement that can be expressed in terms of

G(z1,x2), the displacement potential function, as follows:

_ 2v72
up = R8x18x2 VEVE pally + B(A + 2p)1LL]G
82 34 4 34
ABu—N— +1 — =
ol (8= ) 5t 100+ 1) s = (5A+9p) axg] G,
02 02
_ 2\72 - _ i
uy = RV2V [ua 5ag Tl — B0+ 2050 Hg} G
86 6 86 86
A? 21) == — 5(2 ——
+coR [(A +2p) a7 5(2A +3p) 9210232 + 5/\690%8:6% + “axg}G’
2 32 32
_ - _ 2 T2 S n
uz = C1 a{I;la(EQ |:(Oé 6)/\ H1H2 + Oéax% Hl + 66,%% H2:| G,
A V2[2c A2V2 — (o — B)ILII }G
1 921075 0 1112 G,
02 02
wy = — WV? |:COA2A2V2 + aa—xgnf + ﬁa_xfng} G,



1114

Zhu Ai-Yu et al

Vol. 16

2

= 02
(91:1 6$2

w3

|:(Oé — 6)A2H1H2 + «

2

ox

B 02
03 + =113
ST+ 55113 G

in which G(z1,z3) satisfies the following twelfth-order partial differential equation:

VAVAVAVAVAV2G(21, 22) + VELG (21, 2) = 0,

where
O[:()\"—2#)}52_“}[(17 5:,U/R2_WK17 UJ:H(A+2‘U), (73,)
pK3 + (K1 — 3K3)R? (K1 — 2K5)Rw (Kap — R?)w
Co = ) 5 CcC1 = 3 Cy = B} (7b)
M(Kl—Kg)—R M(Kl—KQ)—R /J,(Kl—Kg)—R
0? 0? 0? 0? 9 0? 0? 9 0? 0?
H1_33_x%_8—x%’ H2_38—x§_3_x%’ _8—x%+3_:17§7 _3_17%_3_@’ (70)
o 9" ay o010 ay 0%
L=% - 9z + 5(1- 55) 055022 1011~ 105) 920023
o 910 o 910 a 910
10(10 — 11— ) =—5=—= — —4— - = .
+10(10-115) 9103 3(5 g)axfaxg 5 92D (8)

Assuming R?*/(uK7) < 1, (this is understand-
able, because the coupling effect is weaker than those
of phonon and phason themselves), from Eqs.(7) and
(8) we obtain

B/a=1, and VL= %v2v2v2v2v2v2. 9)

Substituting Eq.(9) into Eq.(6), we find that

VAVAVAVAVAVAG (21, 22) = 0, (10)
which is the final governing equation for plane elastic-
ity of the material.

With the aid of the generalized Hooke’s law (1),
the phonon and phason stress components can also
be expressed in terms of G, and these expressions are
omitted here due to the limitation of the space.

In other words, Eq.(5) gives a general solution
in terms of G for the plane elasticity problem of an
icosahedral quasicrystal. Once the function G satis-
fying Eq.(10) is determined for prescribed boundary
conditions, the entire elastic field of an icosahedral
quasicrystal can be found from Eq.(5).

3. Mode II Griffith crack problem
and solutions

Consider an icosahedral quasicrystal solid with a
mode II Griffith crack, which penetrates through the
medium along the x3-axis shown in Fig.1. In view of
the analysis in the proceeding section, it is sufficient

to study a crack of a length 2a occupying the interval
—a < x1 < a, zoa = 0 in the z1x5 plane. Let a uni-
form shear load o012 = s in the physical space E| act
at infinity. For simplicity we assume that the phason
stress Hqo does not exist at infinity, i.e. Hio = 0 for
\/m — 00. Based on the superposition princi-
ple, the problem depicted in Fig.1 is equivalent in the
sense of singularity to that shown in Fig.2, i.e. the sur-
face of the crack is subjected to a shearing stress s and
it is stress-free at the infinity. It is well-known that
the singularity is a dominant factor for crack prob-
lem. By this consideration, the solution for the latter
is enough, in addition, the latter is simpler than the
former for mathematical treatment. We solve only
the latter. Restrict our attention to the upper half-
plane, owing to the symmetry of the problem consid-
ered. Then the mixed boundary conditions associated
with the problem can be stated as

o12(21,0) = —s, Hi2(21,0) =0, |z1| <a,

ui(x1,0) = 0,w1(x1,0) =0, |z1] > a,
092(x1,0) = o32(21,0) =0,

Hao(x1,0) = Hsa(21,0) =0,

(11)

—o0o < <00,
and

oij — 0, x? + 123 — o00. (12)

Hij — O,

To solve the mixed boundary value prob-

lem defined above, we utilize a Fourier transform
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technique.!®® Upon application of the Fourier trans-
form with respect to x;

G(& w2) :/ G(xr,2)e % dar,  (13)
Eq.(10) can be reduced to an ordinary differential
equation, of which a solution, with the infinity con-
ditions (12) taken into account, is obtained in the fol-

lowing form:
G = XYe ltlz2) (14)
where
X = (é Ax As Ay As ﬁ)
§8TIET|T 0T [ER]T 6 (e )
Y = (1,22, x%a I%’ :173, xg)T
and G is the Fourier transform of G. Hence Aq,
Ao, Az, A4, As and Ag are arbitrary functions of
¢ to be determined from the boundary condition (11);
the superscript T' denotes the transpose operator of a
matrix.
From the boundary conditions (11) and (12), we
obtain the dual integral equations!®® as follows:

/ EAjcoséxidzy = smbj, 0<z1 <aq,

0

/ Ajcoséxidr =0, 1 > aq, (15)
0

in which b;(j =1,2,...,6) are known constants com-
posed of elastic constants given in Appendix (Al).

The standard theory of dual integral equations
provides the solution of Eq.(15) as

Aj = aprb;Ji(€a)/é, (16)

where Jy(a€) is the first-order Bessel function of the
first kind.

Thus the problem is solved. By taking the Fourier
inversion transform and substituting it into Eq.(5),
then using the Hooke law and deformation geometry
equation, the displacement and stress fields are deter-
mined. From the above results, it is easy to obtain the
stress intensity factor for Mode II of the phonon field
KI”I—one of the most important physical quantities in
fracture theory
Kl = 1lim {2r(z1 — a)]"/2012(21,0)} = V7as. (17)

z1—a

The above results show that the phonon and pha-
son stress fields, which arise from the coupling be-
tween the phonon and the phason fields, are particular
for quasicrystals and exhibit a square root singularity

around the crack tip. The phason stress exhibits the
same singularity.

+—— — 44— 4—
o
S]
b

—_— — | —> —>
8y

— — | t— —

Fig.1.
sicrystal with shearing stress at infinity.

A mode II Griffith crack in an icosahedral qua-
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Fig.2. A mode II Griffith crack in an icosahedral qua-
sicrystal with shearing stress at surface of the crack.

4. The crack strain energy and

energy release rate

Another of the most important physical quanti-
ties in fracture theory is the crack energy release rate.
The above procedure provided the total information
on the displacement and stress fields for the Griffith
crack. In particular, if we are concerned only with
the distributions of displacement and stress along the
crack line, the non-vanishing displacement and stress
components are

sMy/a? — 2%, |z1| < a,
i (z1,0) = ool (18a)
0, |z1| > a,
-, |I1| S a,
(18b)

= 1), |nl>a,
a
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in which M is a known constant composed of elastic
constants shown in the expression (A4) of the Ap-
pendix.

Moreover, the crack strain energy W and the en-
ergy release rate gy; can be respectively evaluated as

Wit :/ o12(x1,0)ur (z1,0)dzy = Mma®s®/2, (19)
0

and 19
_ 2 w II'\2
= 5 9a = M(Kj;)</2. (20)

A comparison of the phonon displacement field,
the strain energy release rate and the energy release
rate with their counterparts in a conventional mate-
rial indicates that they are different. These quanti-
ties reflect the contributions of phonon, phason and
phonon—phason coupling, and the others coming from
phonon—phason coupling. If we ignore the contribu-
tions of phason field and phonon—phason coupling, the
above results reduce exactly to the well-known results

in a conventional engineering material.

5. Conclusions and discussion

An icosahedral quasicrystal containing a mode IT
crack, which penetrates through the medium along the
r3-axis, is considered with the help of a general so-
lution, and the analytic expressions for the displace-
ment field and the asymptotic stress field near the

singularity and that the stress distribution is in ex-
act agreement with the well-known results for solu-
tions for some lower-dimensional quasicrystals given
by Fan and coworkers previously. Additionally, the
most important results for fracture theory: the stress
intensity factor and energy release rate of the crack,
have been determined analytically, which provide the
basic parameters for fracture analysis for icosahedral
quasicrystals.

Owing to the importance of icosahedral quasicrys-
tal in the quasicrystalline materials, the study on its
The huge diffi-
culty mathematically has been partly overcome by in-

elasticity and defects is significant.

troducing a displacement potential,[?3l we here further
develop systematical the Fourier analysis and dual in-
tegral equation method to solve the mixed boundary
value problem, thereby the present analytic solution
for mode II Griffith crack in the material is achieved,
which is significant for both fracture theory and dis-
location theory, because there exists an inherent con-
nection between dislocation and mode II crack.

Appendix Determination of con-
stants a;, b; and M

In Eq.(15), b;(j =1,2,...,6) are

crack tip are derived by Fourier transform technique. b; = (_1)47'—1ﬁ7 j=1,2,...,6, (A1)
It can be seen that the stresses in phonon and pha- A
son fields around the crack tip exhibit a square root  where
|
bi1 bz b1z bia bis bis
b21 . b27j71 b2_]j+1 . b26
ba1 bao baz baa bas bos
b b b b b b bgl . b37j_1 bg)j_i_l . b36
31 b32 033 0314 035 036
A= ,oand  Aj=1|by ... byj_1 baji1 ... bag | (A2)
ba1 baz baz baa bas bas
b51 R b57j,1 b5_]j+1 . b56
bs1 bs2 bs3 bsa bss bse ) b ) )
61 --- 06—1 06j+1 --. 066
be1 be2 bes bes bes bes ! !

in which

b11 = —2(ca(K1 — K2) + c1R)(24a — 58) + RKa(co(42)\ + 45u) — ap) ,

b12 = 2(02(K1 — KQ) + ClR)(1440é - 49ﬁ) - RK2(00(242)\ + 267#) + 30&[&) y

bis = —4(ca(K1 — Ka) 4+ ¢1R)(193a — 983) + RKs(co(676) + 7731) — 3lap + 328(\ + 2u)

b1sa = 4(c2(K1 — K2) + c1 R) (306 — 2098) — RK5(co(1172X + 1391p) — 129 + 1448(A + 2u) ,

bis = —(co(K1 — K2) + ¢1R)(1279a — 10538) + RKo(co(675) + 839u) — 24Tau + 2883(\ + 2p1) ,
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bis = (c2(K1 — Ka) + 1 R)(925a — 8213) + RK2(34co(31\ + 41p) — 265au + 3326(\ + 24)
bo1 = —2(caKa — c1R) (24 — 58) + R?(—co(21\ + 2u) + BN + 2p) — 20u1)
bas = (caKy — 1 R)(288 — 9803) + R*(co(109\ — 10p) — B\ + 2u) + 1day) ,
bos = —(c2Ky — c1 R) (77200 — 39203) — 54auR? — co(16 K w + R*(220\ — 2394))
bas = 2((ca K2 — c1 R)(612a — 4183) — 12K w(a — B) + 59auR?) + 5co(16 Kjw + R* (44X — 157p)),
bos = —(caK — ¢ R)(1279a — 10533) + 108 K w(a — ) — 145auR? + co(— 172K 1w — 5R*(22) — 216p)) ,
boe = (c2Ko — 1 R) (9250 — 8213) — 198 K w(a — B) + 99auR? + co(208 K 1w + R* (22X — 13251)),
bs1 = 2((c2(K1 — K2) + c1R)(24a — 513)
bsz = 2((—3(c2 (K1 — K2) + 1 R) (32 — 13) + 16 Kow(a — ) ,
bss = 2((c2(K1 — K3) + ¢1 R)(170a — 113) — 72Kow(a — ) ,
bgy = 16coKaw — 2(c2(K1 — K2) + c1 R)(176cx — 15303) — 304 Kaw(o — ) ,
bss = —56coKaw + 5(ca( K1 — K2) + ¢1 R)(47a — 433) — Kow(376 — 36073)
bss = 84coKow — (c2(K1 — K») + c1R)(103a — 850) + Kow(288a — 2403)
by = 2c0R?* (21X + 23p) ,
baz = —2(16 Kow(a — B) + R* (4o + 3co(37A + 40p))
baz = 8(18Kow(a — B) + R*(ap + 4B(\ + 211)) + co(32Kaw + R*(510\ + 523p))
by = —4(64Kow(a — B) + R*(=5ap + 283(\ + 2u)) + co(112Kow + 25R?(26) + 254)) ,
bas = 16 Kow(16a — 156) + 5R%*(—9au + 326(\ + 211)) + 2¢0(88 Kow + 25 RZ(10\ 4 9p1))
bss = —Kow(180a — 1323) + R%(37au — 1163(\ + 2u)) — 2¢o(82Kaw + R*(120A + 1014)),
bs1 = 2(caKa + c1R) (24 — 53) — R?(co(42)\ + 45u) — o)
bsa = —(caKs + 1 R) (288 — 9803) + R*(co(242) + 2671) — 3au) — 32wk (o — ),
bsz = 4(ca Ko + c1R)(193a — 9813) + R*(31lays — 323(\ + 2u)) + co(16 Kyw
— R2(676)\ + 773p)) — 144wK (o — f3),
bss = —(caKy + ¢1 R)(1224a — 8363) — R2(129ap — 1448(\ + 2p1)) — co (64K 1w
— R?(1172\ + 1391p)) — 280wK (a — ),
bss = (c2Ka + 1 R) (1279 — 10533) + R* (247 — 288B(A + 241)) + 2¢0(58 K w
— R%(375) + 839u)) + wK1(316a — 3008)
bss = —(caly + 1 R) (9250 — 8213) — R%(256au — 3328(\ + 21)) — 2¢0 (62K 1w
—17TR*(31A 4 41p)) — wK (2340 — 186)3),
be1 = 2(caR + c1p1) (24 — 50),
bga = 2(—(caR + c11)(96c — 393) + 16 Rw(a — 9)) ,
bes = 2((c2R + c1p)(170c — 1138) — T2Rw(a — 3)) ,
bes = 16coRw — (coR + ¢114) (3520 — 3063) — 304Rw(a — ),
bes = —56coRw + 5(caR + c1p) (47 — 433) — Rw(376a — 3600) ,
bes = 84coRw — (caR + ¢114)(103c — 853) + Rw (288 — 24003) , (A3)
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where «, § and w are given by the expression (7a) in
the text.

As for M in Eq.(19) in the text, it is

6
M =" a;b, (Ad)
j=1

in which b; has the same meaning as (A1), and a,(j =

1,2,.

ai
as
Q4
as

ag

..,6) are

= —32c)R(A+ 1), as = 16coR(9N + 11p),
= —16R(av — B+ co(18\ + 25u)) ,

=8R(5a — 73 + co(42X 4 64p)) ,

= —10R(40 — 88 + (25X + 41p)) ,

= 2R(11a — 298 + co(60A + 104u)) (A5)
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