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In this paper a systematic study is carried out on the angular distribution and polarization of photons emitted

following radiative recombination of H-like ions by a non-relativistic dipole approximation. In order to incorporate

the screening effect due to inner-shell electrons, a distorted wave approach is used. The dependences of the calculated

angular distribution and polarization on the reduced energy and nuclear charge are fitted by the corresponding empirical

formulas respectively.
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1. Introduction

The study of radiative recombination (RR) is im-
portant in application to inertial confinement fusion
and for understanding fundamental physics in astro-
physics plasmas.? In addition, RR is also important
for the process of cooling an ion beam in a storage
ring with electrons.l®! In the electron beam ion trap
(EBIT), different radiative strengths are determined
by normalizing those x-ray intensities to the RR x-ray
intensity using theoretical RR cross section.l*) High
resolution spectroscopy of emitted photons has offered
new possibilities to study state selective RR for bare
and few electron ions.[>%! For the experimental study
of detecting the radiation, it is worthwhile to know
not only the RR cross section, but also the angular
distribution and polarization of the emitted radiation.
However, there are few studies on the angular distri-
bution and polarization of the photons produced by
the RR process.

The earliest analytical formula of RR cross sec-
tions for the bare ion target was originally derived
by Kramers by using a semiclassical approach.!”) The
Kramers formula has frequently been used to evaluate
the RR cross section because of its simplicity. The
RR cross section can be treated in the non-relativistic
dipole approximation given by Hahn!®! and Burgess(®!

for arbitrary (n,l) states. In the case of the ions
with a few electrons, an effective charge method has
been adopted to approximately treat the screening
effect.[10 The comparison of Kramers formula with
the exact calculation shows that it is accurate within
5% for higher n (n > 20) and within 20% for lower
n states.!''] Some relativistic treatments were given
by Lee and Pratt,['? Kim and Pratt,['3) Ichihara,4
and Zeng et al.l'®l Tn Ref.[14], the comparison of the
calculated RR cross section for bare ion target by rela-
tivistic treatment including all multipole contribution
with those from non-relativistic dipole approximation
shows that for nuclear charge Z < 50 and incident
electron energy E; <10keV, the discrepancy between
relativistic cross section and the non-relativistic cross
section increases with the increase of incident energy
and nuclear charge number, and the maximum relative
deviation is about 10%. In Ref.[15], the relativistic ef-
fects and the multipole contribution of the photoion-
ization processes are discussed for highly charged ions.
The calculation shows that the multipole contribution
could be omitted when the incident electron energy is
lower than 50keV.

In 1989, Scofield reported relativistic theoretical
studies of the photon angular distribution and polar-
ization in recombination of selected highly charged
ions, Ba**t and Ni?6*, using electrons with a few
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kilo electron volts of energy.!*

Later on, Pajek and
Schuch reported the non-relativistic calculations on
the photon angular distribution and polarization of
RR for bare ions at very low energy in the storage
ring experiments. (%!

Regarding that the cross section for RR into 2p
orbital is large and the photon following the RR pro-
cess is not completely polarized, in this work we cal-
culate the cross sections and anisotropy parameters
for RR into the 2p orbital for hydrogenlike isoelec-
tronic sequence: Ne’t, Sil3* Arl7+ Ti2lt Fe?5+,
Ni?™, Se33+, Kr3%t, Zr3%* and Mo*!'* by using the
non-relativistic dipole approximation, with relativistic
corrections and a distorted wave approach. From our
earlier works, Refs.[17] and [18], we can see that the
distorted wave method reflects reasonably the vari-
ation of screening effect due to inner-shell electrons
of target ions with incident electron energy in con-
trast with the pure Coulomb method. By using this
method, the calculated cross sections and anisotropy
parameters for some ions agree well with other theo-
retical calculation and experiments. Based on the cal-
culations of the cross sections and anisotropy parame-
ters, the photon angular distribution and polarization
of the emitted photons following the RR process can
be obtained. In many studies, it is necessary to obtain
the data quickly and accurately. The dependences of
the calculated angular distribution and polarization
on the reduced energy u and nuclear charge Z are
fitted by the corresponding empirical formulae. The
reduced energy is defined as u = Ej/I,, where E;
is the incident electron energy and I, is the ioniza-
tion potential of 2p orbital. The energy range in our
calculation is from v = 0.1 to u = 6 as required for
non-relativistic dipole approximation.

2. Theoretical method

In the non-relativistic dipole approximation, the

RR cross section is given in units of ma? by10:17]

200+1)—q 16 [ hw \® [mc2\'"?
2214+1)  3v2a2 \'mc? E;
< [URZTE+ D@L )

Onl =

where ¢ is the number of electrons presented in the
subshell (n,l) of the target ion before capture, « is
the fine structure constant, hw is the emitting photon
energy, m is the mass of electron, and the bound-free
dipole matrix is given by

oo
REW :/ Rg,pRyrdr,(I' =1£1),  (2)
0

where R, is the bound state radial wave function cal-
culated by Cowan’s atom-structure programs in the
HFR (Hartree-Fock approximation with relativistic
correction) method™ and Rp,; is the continuum
state radial wavefunction based on distorted wave
approximation.?”) The total RR cross section is then
given by

oRR = Z Onl, (3)
nl

where o,,; are summed over the open shells.

Rate coefficient (vo) for RR can be obtained from

Mmax

(vo) = on(v)vf(v,t)dv, (4)
2o

where nyax is the maximum primary quantum number
in the calculation, f(v,T) is the distribution function
of relative velocity. Usually, f(v,T) is represented by
the Maxwell distribution for plasma at the tempera-
ture T' as

m 3/2 —mu?
) e /2kT' (5)

G (27rkT

The differential RR cross section into a specific state,
describing the angular distribution of the emitted pho-
ton, can be expressed in non-relativistic dipole approx-
imation in terms of the RR cross section o, asl®:16]

dow(0,¢) _ om

1 .2 2
0 " I 1+§Bnl(3sm Ocos®p—1)|,(6)

where 6 is the angle between the directions of the pho-
ton wave vector k and the incident electron momen-
tum p, while ¢ is the angle between the polarization
vector and the plane defined by p and k (see in Fig.1).

The anisotropy parameter 3,; can be expressed as[®18!

2 2
Bu = [@+2)0+1) (RFT) +10-1) (RE') =610+ )RR cos(din — 61-1)
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where §;41 is the phase shift of the distorted wave
and is numerically determined by using the asymp-
totic behaviour of the wavefunction. The degree of
polarization is given by

_1y(0) - 1.(0)

Pni(0) = 1,00+ 1.(0)’

(8)
where I,,(0) and I, (0) are the radiation intensities
associated with electric vector in (¢ = 0°) and per-
pendicular (p = 90°) to the (p, k) plane respectively.
Since I, | () ~ doy;/df2, the degree of polarization
can be obtained from Eq.(3) and Eq.(5) as

33, sin? 6
(2 - 6nl) + 36nl Sin2 9 '

pui(0) = 5 (9)
From Eq.(7), it can be seen that for recombination
into s state, 8,0 = 2, the photons are completely lin-
early polarized with an electric vector in the (p, k)
plane, and for the higher (n,[) states, the photons are
no longer completely polarized and the polarization is
strongest at 6 = 90°.

ZA

-
-

Xg’/

Fig.1. The coordinate system used to describe the RR
process, p is the momentum of the incident electron, k is
the direction of the photon, and & is the unit vector along
the photon electronic vector for the photon polarization.

3. Results and discussions

3.1. Cross sections for radiative recom-
bination

We have calculated cross sections for RR into 2p
orbital of ten H-like ions: Ne%t, Sil3+ Arl7+ Ti2l+
Fe?5* Ni2™, Se33t, Kr3%t, Zr39t and Mo*' . Figure
2 shows the dependences of the cross sections for RR
into 2p orbital of two H-like ions, Ti?'* and Mo*!'*,
on the reduced energy u. The cross sections for Ti2!*

are the lowest and the cross sections for Mo*!'t are

the highest one among the cross sections of all the ten
ions. The largest relative deviation between these two
curves is 12% at u = 6. So we can easily fit the depen-
dence of all the cross sections on the reduced energy
u and nuclear charge Z by an empirical formula.

1000

2

100

azp/10_24 cm

10

0.1 1.0
u

Fig.2. Cross sections for RR into 2p orbital are plotted as
a function of u. Solid: Ti%!*; dash line: Mo*!+.

In Fig.3, the solid curves denote the depen-
dences of calculated RR rate coefficient for Fe?>* with
Maxwell distribution. In this calculation, nya.x = 70,
and the rate coefficients for n > 20 are obtained from
the Kramers semiclassical formula with Z = 25.5.
For comparison, we also show the corresponding val-
ues computed from rate coefficients given by Arnaud
and Raymond[?!l using photoionization cross sections
obtained by Clark et all??! with Hartree-Fock wave-
functions and by Verner and Ferland[?3 with the
Hartree-Dirac—Slater and R-matrix method. From
Fig.3, it can be seen that the relative deviation be-
tween our calculated values and other theoretical re-
sults is within about 10%.

<wo > /(107 2cm3/s)

2500 3500 4500

kT /eV

0 I
500 1500

5500

Fig.3. Dependence of rate coefficient for Fe25+. Solid:
the distorted wave method. The open circles are theoret-
ical data from Ref.[21], and the open triangles are from
Ref.[23].
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3.2. Fit of cross sections for radiative re-
combination

We fit our calculation cross sections for ten H-like
ions with the empirical formula as

) A
fit _ 1
O'Qp(u) - (U3+A2U2+A3U),

(10)

where A1, As and As are three adjustable parameters
obtained by an ‘optimal calculation method’.[?4 The
average deviation from fit is defined as

N fit 2

P = | L3 () om()

x 100. (11
]\]i:1 o2p (1) (11)

Table 1 lists the fit parameters in Eq.(7) and the
average deviations for ten ions respectively. The ion-
ization potentials of 2p orbital for individual ions are
also listed. It can be seen that the average deviations

are less than 0.2%. In order to obtain an empirical
formula that can be used to fit the dependence of the
calculated cross sections on the reduced energy u and
nuclear charge Z, we take the lowest fitted cross sec-
tions U?;(Ti21+) as a benchmark and then plus a cor-
rected term relative to v and Z. Figure 4 shows the
dependence of the relative deviations between the cal-
culated cross sections for ten ions and the benchmark
U%;(Ti21+) on u. Regarding that the relative devia-
tion is nearly linear to the reduced energy and that
the relative deviation nonlinearly increases with the
increase of the departure of the nuclear charge from
Z = 22, we can well fit the scale of cross sections by
the following formula:

1729
(u3 +6.401u? + 6.145u)
X[143.46 x 107°(Z — 22)2(u + 2.65)]

x (10~ **cm?). (12)

ogé(u, 7Z) =

Table 1. Ionization potentials of 2p orbital I (Ryd)*, RR cross section fit parameters and average deviations

for individual ions.

H-like ions I/(Ryd) A1/(107%4cm?) Az Az F/%
Ned+ 2.056 x 10 1.896 x 103 6.887 6.608 0.11
Sil3+ 4.273 x 10 1.761 x 103 6.479 6.218 0.09
Arl7t 7.297 x 10 1.729 x 103 6.408 6.136 0.09
Ti2l+ 1.113 x 102 1.729 x 103 6.401 6.145 0.08
Fe25+ 1.578 x 102 1.759 x 103 6.483 6.243 0.10
Ni27+ 1.842 x 102 1.783 x 103 6.548 6.318 0.10
Se33+ 2.757 x 102 1.875 x 103 6.777 6.602 0.10
Kr35+ 3.104 x 102 1.917 x 103 6.884 6.730 0.10
Zr39+ 3.861 x 102 2.023 x 103 7.159 7.051 0.12
Mo*!+ 4.272 x 102 2.094 x 103 7.366 7.270 0.14
*1Ryd =13.60¢eV.
~ . . . . . . tions from Eq.(12) and the calculated cross sections is
¥ B - Z=42]
5 012 about 1.0% when 10 < Z < 42.
£ 0.10 - Z=40]
& - g
S
= 0.08 . . .
¥ /a6 3.3. Calculation and fit of the anisotropy
3. 0.06 Z—10
g pary parameters
£§" 0.04 R
[ g . .
& 0.02¢ ~Z=141 Figure 5 shows the anisotropy parameters 3 for
L %i%%_ RR into 2p orbital of five H-like ions: Si'3*+, Ti%'*,
8 T 10 20 30 40 50 60 70 Ni27*, Kr®>* and Mo*!*. For the fit of the anisotropy
u parameters for individual ions, we use the empirical

Fig.4. (o2, (Ti?'") — ofE(Ti%')) /of (Ti*1T) is plotted
as a function of u at the range from 0.1 to 6.

The largest deviation between the fitted cross sec-

formula as

ﬁﬁt(u) = Bl =+ BQG_Bsu, (13)
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where By, Bo, and Bj are three adjustable parameters. (14)
T T T T . The largest deviation between the fitted

1.5F J

1.0

ﬁQp

0.5F .

0.1 1.0 2.0 3.0 4.0 5.0 6.0

Fig.5. Anisotropy parameter is plotted as a function of wu.
Dashed: Sil3+; solid: Ti2!*; dotted: Ni27*; dash-dotted:
Kr35+; dash-dot-dotted line: Mo*1t.

Table 2. Fit parameters for anisotropy parameter and av-
erage deviations for individual ions.

H-like ions B3 Ba Bs F/%
Ned+ 0.4410 1.044 0.3434 0.49
Sil3+ 0.4459 1.024 0.3453 0.48
Arl7+ 0.4539 1.006 0.3474 0.52
Tj21+ 0.4680 0.9851 0.3528 0.49
Fe25+ 0.4808 0.9652 0.3564 0.52
Ni27+ 0.4882 0.9544 0.3586 0.52
Sed3+ 0.5125 0.9200 0.3663 0.52
Kr35+ 0.5241 0.9052 0.3714 0.50
Zr39+ 0.5463 0.8756 0.3796 0.45
Mo+ 0.5622 0.8570 0.3892 0.44

Table 2 lists the fit parameters in Eq.(13) and
the average deviations for individual ions respectively.
It can be seen that almost all of the average devia-
tions are less than 0.6%. In order to obtain an empir-
ical formula that can be used to fit the dependence
of the calculated anisotropy parameters on the re-
duced energy w and nuclear charge Z, we take the
average of the fit parameters of all the ions, Bi .y =
0.4898, B2 oy = 0.9554, B3 4v(3) = 0.3582, and then
we take Bay(u) = 0.4898 + 0.9554e0-3582¢ a5 a bench-
mark. Figure 6 shows the dependences of the relative
deviations between the calculated anisotropy parame-
ters for five ions and the benchmark (3,, on u. It can
be seen that curves are closest to one another when
u = 2.2 and the values of 3 for Ni?"* are closest to
the benchmark. So the scaled anisotropy parameters
can be fitted by the following formula:

5ﬁt(u, Z) = (0.4898 x 0'9554e70.3582u)
x[1+8.71 x 10%(Z — 28)(u — 2.2)].

anisotropy parameters from Eq.(14) and the calcu-
lated omes is within 2% when 14 < Z < 42, and
within 2.5% when 10 < Z < 4.

0.06
0.04
0.02k
of

—0.02F
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~ —0.04

—0.06 \ ) ) ) )

0.1 1.0 2.0 3.0 4.0 5.0 6.0
U

Fig.6. (B2p — Bav)/Pav is plotted as a function of u at the

range from 0.1 to 6. Dashed: Sil3%; solid: Ti2!*; dotted:

Ni27+; dash-dotted: Kr35t; dash-dot-dotted line: Mo*1+.

3.4. Calculation and fit of photon angu-
lar distribution

Figure 7 shows the angular distribution of the
emitted photon following the RR into 2p orbital for
five ions when v = 1 and ¢ = 0°. Using Eqgs.(6), (12)
and (14), we can quickly calculate the angular distri-
bution of the emitted photon for RR into 2p orbital of
the H-like ions with 10 < Z < 42.

25 —T T T T T T

0 1 A A Il 1
0 30 60 90 120 150 180

6/(°)
Fig.7. Photon angular distribution is plotted as a function
of # when v = 1. Solid: Ti2'*; dotted: Ni27*; dashed:
Sil3+; dash-dotted: Kr35t; dash-dot-dotted line: Mo*lt,
from bottom to top in Fig.7.

From the comparison of the fitted results and the
calculated values for the angular distributions, we find
that the deviation is about 1% when 14 < Z < 42, and
about 2% when 10 < Z < 14.
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3.5. Calculation and fit of photon polar-
ization

0.5 T T T T T

0.4}
0.3F
A,
0.2F

0.1F

0 1 1 1 1 )
0 30 60 90 120 150 180

6/(°)
Fig.8. Photon polarization is plotted as functions of 6
when u = 5. Dashed: Si'3*; solid: Ti?'*; dotted: Ni?7+;
dash-dotted: Kr35t; dash-dot-dotted line: Mo*'t, from
bottom to top in Fig.8.

Figure 8 shows the polarization of the emitted
photon for RR into 2p orbital of five ions when v = 5.
Using Eqgs.(9) and (14), we can quickly calculate the

photon polarization for RR into 2p orbital of the H-
like ions with 10 < Z < 42.

From comparison of the fitted results and the cal-
culated values for the polarizations, we find that the
average deviation is about 2.5% when 14 < Z < 42,
and about 3% when 10 < Z < 14.

4. Summary

In this paper, the cross sections, anisotropy pa-
rameters, photon angular distributions and photon
polarizations for RR into 2p orbital of high-charged
H-like ions with 10 < Z < 42 are systematically cal-
culated by using non-relativistic dipole approximation
with relativistic corrections and a distorted wave ap-
proach. Our calculation agrees well with other the-
oretical calculations. Also, we present the empirical
formulae and corresponding fit parameters for the de-
pendence of all the calculated values on the reduced
energy v and nuclear charge Z.
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