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We have studied the Langevin description of stochastic dynamics of financial time series. A sliding-window

algorithm is used for our analysis. We find that the fluctuation of stock prices can be understood from the view of a

time-dependent drift force corresponding to the drift parameter in Langevin equation. It is revealed that the statistical

results of the drift force estimated from financial time series can be approximately considered as a linear restoring

force. We investigate the significance of this linear restoring force to the prices evolution from its two coefficients, the

equilibrium position and the slope coefficient. The daily log-returns of S&P 500 index from 1950 to 1999 are especially

analysed. The new simple form of the restoring force obtained both from mathematical and numerical analyses suggests

that the Langevin approach can effectively present not only the macroscopical but also the detailed properties of the

price evolution.
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1. Introduction

The analysis of financial data by methods devel-

oped for physical systems has a long tradition,[1−5]

and has attracted the interest of physicists. One of the

most motivated reasons is that it is a great scientific

challenge to understand the dynamics of a strongly

fluctuating complex system with a large number of

interacting elements. In addition, it may be possible

that the experience gained in the process of studying

complex physical systems might yield new results in

economics.

There are many observables generated from finan-

cial markets, and one central issue of the research on

the dynamics of financial markets is the statistics of

price changes which determine losses and gains. The

price changes of a time series of quotations x(t) are

commonly measured by returns: r := x(t + τ)/x(t),

log-returns, or increments: ∆x := x(t + τ) − x(t)

at a time scale τ . In 1900, Bachelier proposed the

first model for the stochastic process of returns—an

uncorrelated random walk with independent identi-

cally distributed Gaussian random variables.[1] How-

ever, prices do not follow a single random walk

process.[6−10] For example, the daily correlation has

been known as the daily log-returns correlated with

themselves in such a way that positive returns are

followed by positive returns as well.[11,12] Many con-

siderations have been aroused by this effect recently

and meanwhile the related research has been reported,

not only for daily data[13] but also for high-frequency

data.[14,15]

The Langevin equation (LE) has been used to

deal with many problems in physics such as Brownian

motion.[16−19] It is also one of the methods widely used

to investigate phenomena in financial markets, which

distinguishes the evolution of the system into the de-

terministic and random terms. Recently, LE classi-

fication has been employed to describe the dynamics

of mean-reverting financial variables.[20] In particular,

some traditional processes for modelling volatilities[21]

or, mainly, squared volatilities are the Hull–White[22]

and the Heston[23] models, the latter also known ei-

ther as the Cox–Ingersoll–Ross[24] or Feller process.[25]

The arithmetic and geometric Ornstein–Ulhenbeck

processes[26] are particular cases too. On the other
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hand, using the Langevin approach, Friedrich et al
[27]

and Ivanova et al
[28] used the statistical way to distin-

guish and quantify the deterministic and the random

influence on the hierarchical structure of the financial

time series.

Different from the former studies, we reconstruct

the Langevin equation directly from the log-return

series. That is, the numerical results of the LE’s

drift parameter A(z) and diffusion parameter B(z)

are directly estimated from log-return series. Based

on a sliding-window algorithm, we analyse the time-

dependent properties of A(z). The relations between

autocorrelation C, average return 〈z〉 and A(z), from

which the practical significance of A(z) is exhibited,

are obtained both from mathematical and numerical

analyses. It is valuable that our Langevin description

contains, as a particular case with flat-A(z), the ef-

fect of daily correlation in log-returns. The research

is mainly carried out from the samples of the daily

log-returns z(t)|τ=1d of S&P 500 index from 1950 to

1999, containing 12583 days, thus covering a wide time

range with many different economic and political sit-

uations.

This paper is organized as follows. In Section 2,

taking the daily log-returns as an example, we gener-

ally discuss the application of Langevin approach to

log-returns series. In Section 3, we show the results

and discussions. Finally, the summary and the out-

look of this paper are given in Section 4.

2. The Langevin approach to log-

returns series

For a time series of prices or market index values

x(t), the log-return z(t) ≡ z(t)τ over a time scale τ

is defined as the forward change in the logarithm of

x(t),

z(t)τ ≡ lnx(t + τ) − lnx(t). (1)

The behaviour of daily log-return z(t)1d as a stochas-

tic variable is described by the following LE:

dz = A(z)dt + B(z)dw, (2)

where the drift parameter A(z) and diffusion parame-

ter B(z) describe respectively the deterministic and

the random influences on the time process of log-

returns, and dw denotes the increment of a standard

Wiener process. It is assumed that within each sam-

pling window the parameters may depend on the log-

returns, but not explicitly on time (stationary). Thus,

the drift and diffusion parameters of the sampled pe-

riod can be extracted simply using the definition,[29]

A(z) = lim
∆t→0

1

∆t
〈Z(t + ∆t) − z〉|Z(t)=z , (3)

B(z)2 = lim
∆t→0

1

∆t
〈(Z(t + ∆t) − z)2〉|Z(t)=z . (4)

Here 〈. . .〉 denotes the averaging operator and Z(t +

∆t) is a realization of the LE (2). From Eq.(3), it is ob-

vious that the drift parameter A(z) is the average in-

crement (per unit time) under the condition Z(t) = z,

and B(z) is the deviation of A(z) which exhibits the

random influences. It has been known that the auto-

correlation of the log-returns decays very fast,[6] usu-

ally characterized by a correlation time much shorter

than a trading day.[7] When the time increment ∆t is

larger than 1 day, the daily log-returns can be con-

sidered as the results of many uncorrelated ‘shocks’.

Thus, in this paper, ∆t is mainly set as 1 day. Com-

pared with the length of time window T we will adopt

that ∆t = 1d approximately accords with the limit in

Eqs.(3) and (4).

Sampling all over the long log-return series, the

statistical results of A(z) and B(z)2 respectively es-

timated by Eqs.(3) and (4), denoted as A′(z) and

B′(z)2, can be written in general forms. That is, A′(z)

is close to a linear form as

A(z) = az + b, (5)

and B′(z)2 is close to a parabolic form as

B(z)2 = a′z2 + b′z + c′. (6)

As an example, Fig.1 presents the statistical results

A′(z) and B′(z)2 (circles) estimated from the daily

log-returns series of S&P 500 index from 28 May 1962

to 10 June 1970 (window length T = 2000d). There

have been systematical discussions about the linear or

nonlinear drift parameter, and additive or multiplica-

tive diffusion parameter.[30−32] However, here, we will

just consider the simple forms presented in Eqs.(5)

and (6), where A(z) corresponds to a linear drift term,

and B(z) corresponds to a state-dependent linear mul-

tiplicative noise term B(z)dw in Eq.(2). The linear

multiplicative noise term, which is required by the

Langevin description to describe the variability of the

log-return series, can be interpreted as the variability

of log-returns that increases with log-returns itself.
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Fig.1. The statistical results of A(z) and B(z) (circles) estimated from the daily log-returns of S&P 500 index from 28

May 1962 to 10 June 1970, a window with length T = 2000 days. Their fitting results with equal-weight (dashed lines)

and weight factor P (zi) (solid lines) correspond respectively to the fitting errors σA = 2.564×10−4 and 8.650×10−3

and σB = 1.336 × 10−5 and 5.144 × 10−4. The expressions for solid lines are A(z) = −0.7569z − 3.24305 × 10−4

and B(z)2 = 0.92478z2 − 0.00562z + 2.48829 × 10−5.

The statistical results for large z are more noisy

and uncertain than the points near the origin (see

Fig.1), because these border points are visited rarely

by the log-returns series. On the contrary, as viewed

from statistics, the more the given value zi (i =

1, 2, ..., n, n is the number of regions of z) is visited,

the more times the averaging operator 〈. . .〉|Z(t)=zi
in

Eqs.(3) and (4) works, which would produce more ac-

curate and reasonable A′(zi) and B′(zi)
2. Thus, while

fitting A′(zi) (i = 1, 2, ..., n) with a linear curve and

B′(zi)
2 (i = 1, 2, ..., n) with a parabolic curve by least-

squares fit, each value zi should correspond to its own

weight. Here, we define the weight factor of zi pro-

portional to its frequency,

P (zi) = N(zi)/T, (7)

where the N(zi) is the frequency of zi within the time

window of length T . Figure 1 shows the fitting results

to A′(z) and B′(z)2 with weight factor P (zi) (solid

lines) and with equal-weight (dashed lines). The val-

ues of the fitting error σA and σB (i.e., the mean stan-

dard deviations of linear and parabolic fitting results

from A′(z) and B′(z)2) with weight factor P (zi) are

visibly lower than those with equal-weight. There-

fore, while fitting the statistical results, the point at

zi should take the weight P (zi).

The frequency N(zi), which influences the accu-

racy of A′(z) and B′(z)2, also depends on the window

length T . Generally, N(zi) increases with T and thus

A′(z) and B′(z)2 become more accurate for large T .

We investigate the relations between T and the fitting

errors σA and σB. In order to estimate the error purely

made by window length T , instead of by information

the time series embodied, we randomly rearrange the

daily log-returns series. Then, the fitting errors σA,

σB vs. T (100d − 13000d) are calculated (Fig.2).

We find that the σA and σB of the fitting results

with weight factor P (zi) decline quickly with a perfect

power-law behaviour, σA = 8.178 × 10−3 · T−0.49022

and σB = 1.249 × 10−4 · T−0.31122. This behaviour

suggests that the more accurate statistical results of

A′(z) (or B′(z)2) are more feasible to be fitted with

linear (or parabolic) form. That is to say, the linear

(or parabolic) fitting line is suitable for the expression

of A′(z) (or B′(z)2). Note, incidentally, that only the

results with the same window length T could be com-

pared since different T corresponds to different fitting

errors.

The algorithm for the detection of the time-

dependence of drift term A(z) is as follows: sample the

long log-returns series with a sliding window of short

length T , and estimate A′(z) for each sampling, whose

linear fitting curve presents the characters of financial

markets in the corresponding periods. This algorithm

is more sensitive than merely studying transient be-

haviour. The comment for the selection of window

length T is to choose T long enough so that the av-

erages in Eqs.(3) and (4) are statistically meaningful,

but not so long as to lose the temporal resolution. In

the results presented below, 250d and 2000d window

lengths and 5d overlapping (window shift by 5 days

per time) are used. The corresponding fitting errors

are, σA,250d = 5.46×10−4, σB,250d = 2.24×10−5, and

σA,2000d = 1.97 × 10−4, σB,2000d = 1.17 × 10−5. It

is expected that the variation of A(z) as a function

of time can accurately indicate interesting dynamical

changes in financial process.
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Fig.2. Log-log plots of weighted fitting errors σA and σB vs. T , with T = 100d–13000d. They exhibit perfect

power-law behaviour. The solid lines are power-law regression fits over the entire range, which give estimates of

power-law exponents, ηA = 0.49022 and ηB = 0.31122.

3. Results and discussions

In the LE, the negative-sloped drift parameter

A(z) with the form of Eq.(5) behaves like a restor-

ing force. We call the position z0 = −b/a, at which

the force A(z0) = 0, the equilibrium position. And

A(z) corresponds to a symmetrical confining poten-

tial with A(z) = −∇V (z). In the following, the time-

dependence of restoring force A(z) will be discussed,

including the equilibrium position z0 and the slope co-

efficient a. In addition, discussions on the error anal-

ysis will be given.

3.1. Equilibrium position z0

Fig.3. Sliding window analysis of the time-dependence of (a) the average log-return 〈z〉, and (b) the equilibrium

position z0. The lengths of sliding windows are T = 250d (left) and T = 2000d (right), and windows shift by

5 days per time. (c) The correlation function between z0 and 〈z〉. Their linear fitting lines (solid lines) are

〈z〉 = 0.9985z0 + 3.4060 × 10−6 (left), and 〈z〉 = 0.9856z0 + 7.8319 × 10−6 (right).
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From the Langevin equation,[26] the so-called

equilibrium position z0, with zero value of force A(z),

corresponds to the minimum of the potential well.

Also, the average displacement 〈z〉 of an oscillating

particle in the potential well should be the minimum

of the potential well, (−b/a, 0). Thus, we have

z0 ≃ 〈z〉. (8)

The average displacement 〈z〉 is directly obtained from

the log-returns series, and the equilibrium position z0

is calculated from Eq.(5). The time-dependence of z0

and 〈z〉 coincide with each other very well all over the

ranges (see Figs.3(a) and (b)), and the plot of z0 as

a function of 〈z〉 in Fig.3(c) is in excellent agreement

with Eq.(8).

In the language of finance, the average log-return

〈z〉 describes the macroscopical trend of the price

movement: 〈z〉 > 0 indicates going up, and 〈z〉 < 0

indicates going down. Therefore, based on Eq.(8), the

rising trend of prices could be estimated if the sta-

tistical result z0 = −a/b > 0; otherwise, the falling

trend could be estimated if z0 = −a/b < 0. Thus,

the equilibrium position z0 of restoring force A(z) can

be regarded as the ‘trend index’ of stock prices. Fur-

thermore, the stock prices and their log-returns are

macroeconomic indicators which are widely used be-

cause of the strong correlation between financial mar-

kets and economic development. In this case, the equi-

librium position z0, which is derived from the LE de-

scription of financial time series, would be another im-

portant indicator of macroeconomics.

3.2. Slope coefficient a

Fig.4. Sliding window analysis of the time-dependence of (a) the slope coefficient a with ∆t = 1d, (b) the auto-

correlation function C∆t=1, and (c) the proportion of sign-converted cases and sign-sustained cases β. The lengths

of sliding windows are T = 250d (left) and T = 2000d (right), and windows shift by 5 days per time. (d) The

correlation function between a and C. Their linear fitting lines (solid lines) are C = 0.9942 + 0.9958a (left), and

C = 0.9932 + 0.9938a (right).
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In Fig.4(a), the time-dependence of the slope co-

efficient a calculated from the daily log-returns of S&P

500 with T = 250d and 2000d are plotted. The

ranges of the slope coefficient a with T = 250d and

2000d are [−1.127,−0.574] and [−1.009,−0.699] re-

spectively, both of which are close to −1. We know

that in a certain given position zi, steeper (flatter)

slope of A(z) corresponds to larger (smaller) restoring

force A(zi). Thus, one can imagine the mechanism of

our model: it would take less time for larger forces

(slope: a < −1) to draw particles from one side of the

equilibrium position z0 to the other side, which we call

‘z0-crossing’ action for the moment, and more time for

smaller forces (slope: −1 < a < 0). To discuss this

mechanism more accurately, we use the normalized

daily log-returns,

g =
z − 〈z〉T

ν
, ν =

√

〈z2〉T − 〈z〉2T , (9)

which has zero mean value, 〈g〉 = 0. Here the standard

deviation ν of log-returns stands for the time-averaged

volatility,[10] and 〈. . .〉T denotes an average over the

entire length of the series within time window T . From

Eq.(8), g has the equilibrium position z0 equal to zero,

so that the z0-crossing action could be reduced to the

sign conversion of g. Thus the mechanism can be de-

scribed as follows: The sign of g changes frequently

while the slope is quite steep; on the contrary, the

same signs congregate together and sequences of con-

secutive ‘+’ or ‘−’ appear when the slope is flat.

The sign series of daily log-returns has been con-

sidered for the study of the daily correlation in log-

returns.[13] Reference [13] obtained the conditional dy-

namics from the sequence of consecutive ‘+’ and ‘−’.

In this paper we will compare the same-sign sequence

with the converted sign one of two neighbouring days

to show the relationship between a and z0-crossing.

The sign-cases of a given day and its previous

day are ‘++’, ‘+−’, ‘−+’ and ‘−−’. One can de-

fine ‘++’ and ‘−−’ as the sign-sustained cases, and

‘+−’ and ‘−+’ as the sign-converted cases. Inciden-

tally, the contribution of ‘++’ to the sign-sustained

cases is shown to be a little more than ‘−−’ on av-

erage over the whole series. Then, the time series of

signs of g is investigated by counting the frequencies

of sign-sustained cases and sign-converted cases (de-

noted as m and n, respectively). We calculate the

time-dependence of the proportion β = m/n from the

daily log-returns of S&P 500 with T = 250d and 2000d

(Fig.4(c)). The similarity of β and a proves their re-

lations and the existence of the correlation between

neighbouring daily log-returns. In detail, in one sam-

pling period, while the slope of the restoring force is

flat, the given day’s sign of normalized log-return is

more likely to be the same as its previous day; in con-

trast, while the slope is steep, the given day’s sign is

more likely to be different from its previous day. Thus,

the mechanism of the daily correlation determined by

the sign of log-returns is qualitatively explained by the

effect of restoring force.

It is easy to see from Figs.4(a) and (c) that for

most of the periods over the whole series, a are larger

than −1, and β are larger than 1, with mean val-

ues ā|T=250d = −0.883, ā|T=2000d = −0.874, and

β̄|T=250d = 1.242, β̄|T=2000d = 1.223. These im-

ply that, in practice, the flat-slope restoring force is

more prevalent than the steep-slope one, and the sign-

sustained case appears more frequently than the sign-

converted one. Consequently, from the general ap-

pearance of sign-sustained cases, we arrive at the same

conclusion as that of Ref.[13]: the return of the price

during a given day can be correlated with the previ-

ous day, in particular with the sign of the previous day.

Furthermore, it is notable that the analysis with the

Langevin approach is general because it contains the

positive daily correlation as the particular case with

flat-slope restoring force.

On the other hand, the autocorrelation function

C(∆t′), a typical important statistics of stochastic

processes, is always used to investigate pairwise corre-

lation of the log-returns of a financial asset. We know

that

C(∆t′) =
〈z(t) · z(t + ∆t′)〉T − 〈z(t)〉2T

〈z(t)2〉T − 〈z(t)〉2T
, (10)

where 〈. . .〉T denotes time averaging over all the trad-

ing days within the sampling local period with length

T , and ∆t′ the time increment. In the following, we

compare the autocorrelation function of the slope coef-

ficient a both from mathematical and numerical anal-

yses.

For the weighted linear least-squares fitting we

have used to approximate the statistical results A′(z),

the weighted objective function[33,34] can be written

as

q =

n
∑

i=1

Wi[A(zi) − (azi + b)]2, (11)
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where Wi is the weight of the point (zi, A(zi)). It is

known that the best values of a and b correspond to

the minimal value of function q. From Eq.(11), the

solution of slope coefficient a in Eq.(5) is

a =

∑

i Wi

∑

i ziA(zi)Wi −
∑

i ziWi

∑

i A(zi)Wi
∑

i Wi

∑

i z2
i Wi − (

∑

i ziWi)2
. (12)

In the above discussion, the weight of zi is defined as its probability P (zi) (Eq.(7)). Thus one obtains

a =

∑

i P (zi)
∑

i ziA(zi)P (zi) −
∑

i ziP (zi)
∑

i A(zi)P (zi)
∑

i P (zi)
∑

i z2
i P (zi) − (

∑

i ziP (zi))2
. (13)

In fact, numerical results of a are calculated by this statistic formula. Substituting Eqs.(3) and (7) into Eq.(13),

we have

a =
〈z · A(z)〉T − 〈z〉T 〈A(z)〉T

〈z2〉T − 〈z〉2T
=

1

∆t

[

〈z(t) · z(t + ∆t)〉T − 〈z(t)〉T 〈z(t + ∆t)〉T
〈z(t)2〉T − 〈z(t)〉2T

− 1

]

. (14)

When T , compared to ∆t, is sufficiently long, the sta-

tionary assumption of financial time series is 〈z(t)〉T ≈

〈z(t + ∆t)〉T . Then, comparing Eq.(14) with Eq.(10),

we can obtain the relation between a and C,

a(∆t) ≈
1

∆t
[C(∆t) − 1], (15)

which is valid for any value of ∆t because there is

no limit on ∆t during the derivation. However, since

the log-returns are lack of correlation for ∆t > 1d,

only the case with ∆t = 1d is analysed. We also

compare the numerical results of C∆t=1d and a. The

correlation function between them (see Fig.4) shows

the good effectiveness of Eq.(15). The analytical re-

sults indicate that the sign-cases, slope coefficient a,

and autocorrelation function C∆t=1d reflect the simi-

lar properties of time series. Since we know that the

correlations observed in financial time series show the

incompleteness of the efficient market hypothesis,[13]

the three coefficients C, a, and β may probably indi-

cate the degree of market efficiency. From the same

tendency of the three coefficients shown in Fig.4 with

T = 2000d (right), we obtain the following two points:

(i) the market was lack of efficiency from 1961 to 1976

relatively, since the values are much larger than the

remaining 25 years; (ii) the market tended to be in-

creasingly efficient from 1968 to 1999 because of the

decreasing trend of the values.

From the preceding analysis of the equilibrium

position z0 and the slope coefficient a, we finally ob-

tain the form of restoring force A(z) by substituting

Eqs.(8) and (15) into Eq.(5),

A(z) =
1

∆t
(C − 1)(z − 〈z〉). (16)

This new form as a function of the traditional qual-

ities C and 〈z〉, is a direct way to understand the

dynamical behaviour of time series. As to the finan-

cial data, the information given by A(z) includes fea-

tures of the macroscopical properties together with

the detailed properties of the price evolution; that is,

the macroscopical trend of prices is presented by z0,

and the detailed correlation between two neighbouring

days is expressed by a.

Equation (16) can be informatively rewritten as

A(z) = −(z−z0)/t0, where t0 = −∆t/a is the charac-

teristic relaxation time; t0 is more visualized than the

slope coefficient a, both of which reflect similar prop-

erties of the log-returns. The maximum values of t0

calculated from the sliding windows of various lengths

are all less than 2 days, and the average values of t0

with T = 250d and T = 2000d are t̄0|250d = 1.153d

and t̄0|2000d = 1.157d. Therefore, the effect of the

restoring force A(z) of one given day decays with the

characteristic relaxation time less than 2 days.
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3.3. Fitting error σ

In addition, we also investigate the weighted fit-

ting error of A(z) and B(z). Figure 5(b) shows the

time-dependence of σA and σB calculated from the

sliding window with T = 250d down the log-returns

series. The time-averaged volatility of log-returns, a

measurement of how liable the market is to fluctu-

ate, is calculated from the same 250d sliding window

(see Fig.5(c)). Compared with the original daily log-

returns series (Fig.5(a)), one can easily find that the

variations of σA and σB (Fig.5(b)), as well as that

of the time-averaged volatility (Fig.5(c)), show sud-

den jumps when very volatile periods enter or leave

the time window. For example, as pointed out by ar-

rows, the jumps at T = 9500d and 3110d are caused

by the crashes in May 1962 and on the ‘black Mon-

day’, 19 Oct. 1987. Therefore, one can conclude that

the fitting errors, σA and σB, indeed respond to the

volatility of the financial markets: i.e., the information

of historical events in real market would influence the

accuracy of the fitting results presented in this paper.

Fig.5. (a) Daily log-returns of S&P 500 index from 1950

to 1999. (b) The time-dependence of fitting errors σA and

σB with T = 250d. (c) The time-averaged volatility of the

same series with T = 250d.

3.4. The results of the log-return series z(t)|τ 6=1d

The preceding analysis concentrates on the daily log-return z(t)|1d. In this section, we also investigate

z(t)|τ with τ = 2d, 3d, 4d, 5d in the light of our Langevin approach. It can be concluded that all the forms of

A(z) and B(z) (Eqs.(5) and (6)), the correlation function between z0 and 〈z〉 (Eq.(8)), the correlation function

between a and C (Eq.(15)), and the new form of restoring force A(z) (Eq.(16)) are still effective for these series.

Table 1 lists the results from the log-return series of the S&P 500 index on the time scale τ from 1d to 5d.

Table 1. The results from the log-return series of the S&P 500 index on the time scale τ from 1d to 5d. The average

slope ā, the average value of autocorrelation C̄, the average proportion of the sign-sustained and sign-converted cases

β̄, the average characteristic relaxation time t̄0 with T = 250d and 2000d are listed in this table.

τ(d) ā C̄ β̄ t̄0(d)

250d 2000d 250d 2000d 250d 2000d 250d 2000d

1 -0.883 -0.874 0.115 0.125 1.242 1.223 1.153 1.157

2 -0.467 -0.462 0.533 0.539 2.273 2.252 2.178 2.187

3 -0.303 -0.299 0.697 0.702 3.205 3.137 3.395 3.414

4 -0.224 -0.222 0.776 0.779 4.136 4.059 4.416 4.633

5 -0.182 -0.177 0.818 0.825 4.986 4.886 5.759 5.822

4. Summary and outlook

In this paper, we present a time-dependent

Langevin description of the dynamics of stock prices,

which is verified to be effective by the results ob-

tained from analysing the S&P 500 index. The time-

dependence of the LE’s drift parameter A(z) consid-

ered as the restoring force is investigated by the slid-

ing window algorithm. Significantly, when choosing

the right weight factor (Eq.(7)) to fit the statistical

results of A(z), the linear fitting results can reflect

both the macroscopical and the detailed properties of

the price evolution, and the new form of the restor-

ing force, Eq.(16), is achieved from analytical meth-

ods. The mechanism of our model is also discussed

by analysing the sign series of log-returns, and the
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daily correlation in log-return is exhibited by the flat-

slope A(z). Therefore, from the restoring force A(z)

in Langevin approach, one can obtain the properties

of experimental data, including the financial time se-

ries we analysed in this work. Furthermore, it must

be pointed out that the diffusion parameter B(z) also

plays an important role in the dynamics of financial

markets, which will be addressed further in our future

work.
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