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We study here a quantum version of Foldy—Wouthuysen—Tani (FWT) transformation and compare the similarities

and differences between the quantum and the classic FWT theories. Then the improvement of action on lattice is

discussed. The result shows that it is not necessary to improve the covariant difference along the time direction on

lattice. Finally we discuss briefly the structure of physical vacuum and give a model independent of field condensate.
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1. Introduction

The spectra of quantum chromodynamics (QCD)
should in principle contain bound states without con-
stituent quark content, the so-called glueballs, in ad-
dition to the mesons and baryons of the quark model.
The question, however, arises, what is the difference
between a flavour singlet meson and a pure glueball
state? Do they mix and, how do they mix?

This paper gives a trial answer to these puzzles.
To do this we first study the Foldy—Wouthuysen—Tani
theory (FWT theory).[""? This theory has been stud-
ied in the classical version (in Lagrangian language),
but here we study it in the quantum version (in Hamil-
tonian language) and compare the similarities and dif-
ferences between them. One can, just as one did in the
classical version, study the systematic non-relativistic
expansion of the interactions in hadrons in the quan-
tum version of FWT theory. The quantum FWT
theory shows strict conservation quantities in bound
states, which are referred to as the numbers of mod-
ified fermion operators and the modified antifermion
operators here. Glueballs and heavy quarkonia are
distinguished unambiguously according to this state-
ment. One can calculate the structure of hadrons by
using the technique of modified fermion.

The modified quark/antiquark (MQA) is different
from the associated (current) quark/antiquark (QA).
First, it has a finite size. Second, it also includes com-
ponents of gluon degree, multi-quark degree and even
more, the degree of other type of quark. In fact, the
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property of number conservation determines not only
the form of theory, nonrelativistic quantum chromody-
namic (NRQCD) theory,~8] or heavy quark effective
theory (HQET),[®1% but also the content of modified
quarks in bound states.

Owing to the quantization, there are some dif-
ferences between quantum FWT theory and classical
FWT theory. For instance, there appear additional
terms in the quantum version. Besides, we think the
definitions here of chromo-electric fields and covariant
derivative operator along the time direction, especially
on lattice, are better than those in Refs.[4-11].

We first write out briefly the quantum form of
Then we study the
FWT theory in quantum language and compare the

chromodynamics in Section 2.

similarities and differences between quantum FWT
theory and classic FWT theory in Section 3. We study
the improvement of action on lattice in Section 4 and
then give a brief summary in Section 5.

2. Quantization

We work here in four-dimensional Euclidean
space. For simplicity, we always take the gauge condi-
tion Ag = 0 and definition A = Z? ~*- Al in this paper
(i = 1, 2, 3). With notations D, = 9, + igA§T* we

have [D,, D,] = igF),,, where By, = leiijij.

First, we quantize gauge fields and fermion fields
simultaneously. After the quantization, every classical
field, such as spinor ¢, will turn to the correspond-
ing field operator acting on the completed Fock space.
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Since the gauge fields and the fermion fields are all
quantized, the total Fock space is F = F¢ X Fg, where
Fr is Fock space for fermions while F¢ is Fock space
for bosons. We list the basic properties of these op-
erators as follows. Other properties are discussed in
many text books, for example in Ref.[14].

We denote the corresponding conjugate field oper-
ators of canonical field operators A% (boson operator)
and ¥’ (fermion operator) as ill¢ and i¥]’ respec-
tively. After the quantization it is natural to adopt
their commutation or anti-commutation relations as

(v

pa?

WILJ;} = 6i];15zya [A('l

1% i)

I3,) = 63704y, (1)

where the first 4, j for ¥ or ¥ are colour indices while
the second i, j for A or II are orientation indices. No-
tice here that As are Hermite operators while ITs are
anti-Hermite ones.

We use a functional to expand Hilbert space,
for instance, an eigenstate © can be written as
O(A(x),y!(x),¥(x)). Then, for the conjugate field
operator 1%, we have

)
54 2)

iz © = —
And up to a normalized constant
(Ag|Hg) = exp™ /1@ AT T, (3)

The requirement for the local gauge invariant of state
O is

(Dill;z)"6 = 0. (4)
The complete conditions are

[ Ayl -1.

Jatwtelores (- [aevto) wi-1. 6

These complete conditions suggest how to expand
the state functionals. To expand a state in the gauge
field, we use

6= [da@)ae), ©)

where O(A) = (A]O, while to expand a state in the
fermion field, we use a slightly complicated formula,

o = / [Ty |v) exp <— / dcww)

X (1, /) exp(— / depy) W), (7)

where O(¢1,9') = (¥|Oy’).

To describe the dynamics of this Fock space we
should write out the Hamiltonian operator, which, in
principle, determines all the information about the
dynamical behaviour such as spectra of mesons and
baryons. The full Hamiltonian operator in QCD is

H = H{ + Hg. (8)

The Hamiltonian operator for gauge fields is

He = 3 (~(1)” + (B2?), )

and the Hamiltonian operator for a heavy quark with

mass m is
Hp =m) wi(B(1+pm)3,w,  (10)

where the summations over repeated indices are al-
ways assumed. We refer to the fermions, of which
Hamiltonians are given by the expression (10), as cur-
rent fermions thereinafter.

We emphasize here that all the above operators,
since they act on Fock space, are time independent.
Therefore, the Hamiltonian operators, such as H, Hg
and Hg, are also time independent.

For v matrices, we set

0 7; 10
v = s B=7 = ; (11)
7 0 0 -1
and also
1
oij = 5[%‘7%‘] = —€ijk K
Tk 0
= _Eijk . (12)
0 Tk

3. The

transformation

Foldy—Wouthuysen—Tani

Suppose that there exists a unitary transforma-
tion U that does not depend on time explicitly, then
for a vector © in Fock space F we will have the fol-
lowing transformation:

o' =ue, (13)

while for a given operator, such as Hamiltonian H,
the transformation is

H =UHUT. (14)

It should be emphasized that, unlike what we did in
the classical version of FWT transformation,!*®l here
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it is not necessary to consider the correction —ild9U*
in Eq.(14), since U and H are both time independent.

For exemplification, we first let U =

1
exp {% EPTE)EP} = e,

colour, spinor and position indices have been sup-

where summations over

pressed here and thereinafter. We have
1/ D\’
2\m
+1 D "1 P 4+
3 \m 8 \m

U is a unitary transformation, therefore, the com-

HY = UHMU' =mW'p

w. (15)

mute relations in Eq.(1) still hold after this transfor-
mation.

Under this unitary transformation, the operator
Hg turns to

H{, = UHGU'

= He + [V, Ho] + 5[V [V, Ho) +

—HG——WTW

~ 9 N ), v () +

8m?
zy

(16)

Because of the quantization of the gauge fields,
there exist additional terms imposed on the initial Hg.
These terms should be absorbed into the Hamiltonian
for fermion fields. Therefore, under the transforma-
tion, Hg is invariant while Hamiltonian for fermions

turns to
oo =5 () 5 ()
(@)

S ), WD)+ (17)

zy

ig n
V- v
2m? mw

We refer to the operators that keep the conser-
vation of fermion number and antifermion number as
even operators, such as operator ¥T3¥. Otherwise,
we call them odd operators, such as operator ¥T3p¥.
The odd operators can be eliminated by a series of uni-
tary transformations according to the powers of v step
by step. After performing a series of time indepen-

dent transformations, such as exp [—% WTBW] ,
m

1
exp {6 vi(pm)? LD] and so on, Hg becomes invari-

ant, but the Hamiltonian for fermion changes to

Hp = m¥'p [1 - 2173122 + g;‘jn;fé’B N 817’):4
oy 2 P (), v ()] +
y (18)
where we have used the identity ¥ = D? — X - B.

We then decompose a four-component Dirac
spinor into two two-component Pauli spinors as fol-
lows:

v=|7], (19)

X
where ¢ annihilates a fermion while x produces an
anti-fermion.
Notice that the Hamiltonian is in fact in the nor-
mal order form, we can also rewrite Eq.(18) in the

two-component Pauli form:

D? gr-B D?
He = of _ =
P [m 2m+ 2m 8m3]<p
D? gT B
R -
X [m 2m + 8m3] X

9 gt
+W{¢T(DXH IT x D)y
+x'7 (D x IT — IT x D)y}
(D IT—II D)y

X'(D-IT - II - D)x}
FHy+ Ho+ -, (20)

where H, includes the four-fermion interaction:
QT 4 i i
Hy = -— {4<st0><*>< - zelrextr'x
6m 3
ST T Tox + oI T X Tr x }
— B oITerix i T, (21)
m
and Hg includes
1 DS 1 ,DS
Hy = = 260" —s0 + 7ox'—x

16
8 (oD% 7 B} — x'{D* 7 B}x)

"~ (IT - I +ir - IT x Iy

2m3
+xT(IT - IT +ir - IT x IT)x}. (22)

2
In Eq.(21) i, j are colour indices and oy = I while

T
in Eq.(22) we have ignored the terms with very small
coefficients, for instance, smaller than 1/20. For sim-
plicity, Hg will be ignored thereinafter. We note here
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that terms in H, are due to the correction of the quan-
tization for gauge fields

D 1T DU(x), v (y)]

zy
= > Uip v —igwF vl wwy T TS,
(23)

which
inate

includes odd operators. To elim-

perform transfor-

PP - () and

Qe .
exp {— 963 (xTrp)? — (wTrx)Q)} successively.
To apply Egs.(20)—(22) to quarkonia, one should

them  we unitary

mations exp {

know the orders in the velocity expansion of each term
in these equations. To do this one should return to

4 From

the Coulomb gauge and use power counting.
the discussion in obtaining Eq.(28), it is equivalent
in power counting between II and E. Suppressing
the integral factor dz® ~ (mv)™® in each term,

D2

we have respectively pfmp ~ m, of—¢ ~ mv?,
m
D4 T-B 1
ot = ~ mot, o 20 ~ o, —{pir - (D x
m m

9T —gIT x D)p ~ #{sDT(D-gH—gH-D)cp ~ mu'
in Eq.(20). We also have Hg ~ mv® and Hy ~ mov? if
we set ag(mo) ~ v.

We have thus reproduced the results of classical
FWT theory, 219 except for the quantum corrections
in Hy, which is on the order of v*. These four-fermion
interactions cannot occur at a tree level in classical
version. As argued in Ref.[4], such terms can only
exhibit themselves by a loop integral in the classi-
cal version, therefore, the four-fermion interaction in
Hy is on the order of a2 or beyond,*16 while in
the quantum version, these terms appear at a tree
level, just due to the uncommutation of field opera-
tors. They stem from the uncommutation between
the gauge fields and the associated conjugate fields.
This is the significant difference between the quantum
version and classical version of FWT theory. These
four-fermion interactions cause spin—spin interactions
of modified fermions in bound states, which have been
studied by other NRQCD approaches, > with the uti-
lizing of matching conditions.

In some theory using classical FWT transforma-
tion there is no four-fermion interaction or multi-
fermion interaction. An example is lattice Fermilab
action.['6] The J /1 —n. mass splitting is mis-estimated
in some lattice work['”) based on this action. Since the

four-fermion interactions are spin—spin ones, we sug-
gest here that one should add such interactions to the
action in lattice simulations.

Notice that the translation fermion operators in
Eq.(18) and Eq.(20) are different from the initial cur-
rent fermion operators in Eq.(10). They are deter-
mined by a unitary transformation. Correspondingly,
we refer to the translation fermion operators as modi-
fied fermion/antifermion (MFA) operators. Define the
number operator of modified fermion as

sz/M¢wwm, (24)

then [N(y), H] = 0 will be obtained, which implies
that the modified fermion is the fermion with conser-
vational particle number, although it is very compli-
cated to represent the modified fermion in the form of
(current) fermion. We have a similar result for modi-
fied antifermion operators. From this statement, one
can therefore unambiguously define bound states with
N(p)© = N(x)O = O as quarkonia and bound states
with N(p)©® = N(x)© = 0 as glueballs respectively.
Although in the language of current quarks there does
exist the admixture, this statement is not an accurate
one because the number of current quark is not a con-
servational quantity in bound states. One can calcu-
late this ‘admixture’ by utilizing the conservation of
modified fermion in bound states.

Since we refer to the operators that break the con-
servation of MQA number as odd ones, the conserva-
tion is equivalent to the statement that there is no
odd operator in the ultimate translation Hamiltonian.
Thus, equivalently, as long as it can be demonstrated
that one can always perform a unitary transformation
to eliminate all the odd operators, the conservation
of MFA in QCD is proven. The exact form of the
unitary transformation is unknown; correspondingly,
the exact analytical forms of the modified fermions
and antifermions are unknown also. As the product
of unitary transformations is still a unitary transfor-
mation, one can use the product of series of unitary
transformations to approximate the ultimate transfor-
mation. Therefore, what is necessary is only to prove
that one can perform unitary transformations (FWT
transformations) to eliminate the odd terms step by
step. In heavy quark systems one can do it accord-
ing to dimensions of operators. What are required are
only the two constraints: 1) the Hamiltonian being
Hermite; 2) the relative quark numbers in Hamilto-

nian being conservational.
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Before the proof we make some comments here.
As is well known, in classical FWT transformation one
can decouple fermion from antifermion. However, in
quantum FWT theory one cannot do that. There is an
obvious counter example in Eq.(21). In fact, there are
differences between conservation of MFA and decou-
ples of MFA. For instance, four-fermion interaction in
Eq.(21) has conservation property but no decoupling,

while an interaction such as d:ceijkw”wﬂw“ has
the decoupling property but breaks the conservation
property. As we shall see, all the arguments below
are for the conservation property. Our discussion in
the following is very general, although we shall meet
a rather more complicated situation than that in the
classical theory.

We prove it by using induction. The initial Hamil-
tonian satisfies these two constraints, of course. Sup-
pose that through a series of unitary transforma-
tions the two constraints still hold, then the Hamil-
tonian can be written as H = Hqg + Hp = Hg +

Hgven + Hgdd where Hp’*" maintains the modi-

/ d:cm(g)Tnp -

1
X'X) = =—(p'D%*p—x"D?x) +- - -, while H2 breaks
modlﬁec?i quark conservation. Notlce that all the

3

fied quark conservation, Hp'*"

dimensions of operators in Hamiltonian are posi-

tive, except /dw(gngo — x"x), of which the dimen-
sion is zero. For instance, /d.’l)((pTDQ(p — x'D?%y)

1
and 3 / dax B} B;' have dimensions 2 and 1 respec-

tively. Because of the two constraints, in H"dd,

the odd operator, in particular, the odd operator

with the lowest dimension can always be written
as OF = T /dw(go“l . Cox +
X' .XTj’“(OE'_'_'_;’;)TLpil ™), Wherep =3(k-1)+
[, and [ is the dimension of gauge covariant operator

le 011 Zk

O, which itself is an even operator with colour charge.
Here the operator has dimension p, ¢ is a dimension-
less constant and mP~! in factor is to make the total
dimension be unitary.

Under a unitary transformation 2 = e, where

kap ((pTll B le 011 ;ZX . Xjk

_XTJI o XT]k (O;i;i)"-wll o SOZk)7 (25)

Hamiltonian H turns into H’lz UHU' = H +
H*, where H* = [V, H] + S[V,[V.H] + . In

H?d4 the only operator with dlmensmn p is the term

[V.m /dw(wTso—xTx)]=
OP in Hdd,
have positive dimensions, all the dimensions of the

—OP, which just eliminates

Since p > 0 and other operators in H

other operators in H244 are larger than p.

V' still maintains the relative quark conservation
and VI =
still satisfies the two constraints. Notice that the coef-

—V; therefore, the translation Hamiltonian

ficients before V' are convergent rather quickly, which
determines the order of coefficients in the ultimate
Hamiltonian also to converge quickly. The conver-
. Thus,
one can always perform a series of transformatlons to

gence is as rapid as being of the order of ——

eliminate all the odd terms in Hamiltonian.

The conservation character of MFA is beyond the
tree level. In the initial Hamiltonian, there exist inter-
actions such as ¥pW¥ where |p| > m. To apply renor-
malization theory we should integrate out the degree
of interactions with |p| > p where mv < p < m. As
argued in Ref.[7], this integration leads to additional
local interactions imposed on the initial Hamiltonian
H. But since we think that the final Hamiltonian of
QCD also satisfies the two constraints, the conserva-
tions of modified quarks and antiquarks still hold true
in the renormalization theory, although the unitary
transformations and therefore the ultimate Hamilto-
nian should be modified at this time. For the renor-
malization theory in Ref.[10], most of its results still
hold here although it is working on classical FWT the-
ory.

The other modification of Hamiltonian originates
from the truncation of Hamiltonian according to v in
practice, since the ultimate Hamiltonian has infinite
terms. To include the effects of interactions of the
higher order, the coefficients of the truncated Hamil-
tonian should also be modified. For instance, the
six-fermion interactions can modify the four-fermion
interactions through a quark propagator, if we do
not write these six-fermion interactions in the prac-
tice Hamiltonian. The detailed structures of modified
quarks are shown in Section 4.3.

We clarify the conservation of MFA from two as-
pects. Firstly, these results cannot be generalized
to the cases of light quark freedom and gluon free-
dom. That is, it is hard to define modified light quark
or gluon with conservational properties. Therefore,
for example, for a meson 7., there exist relative am-
plitudes of other operators with higher dimensions
or with higher powers of typical velocity v of heavy
quark in the meson, which act on the physical vac-
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uum states, besides the dominant operator that be-
longs to representation colour-singlet 'Sp, 30];75320.[17]
These operators include ccg, four-fermion interaction,
etc, provided that the total JFC of the operators
is equal to 0~ ". This phenomenon has been stud-
ied through quite a lot of NRQCD approaches (c.f.
Ref.[12]). Secondly, the conservation of MFA is at-
tributed to the unitary transformation between MFA
and FA (fermion/antifermion). To describe mesons
bounded by strong interactions, we always use the no-
tation of MFA in an effective model, such as poten-
tial model, NRQCD or potential NRQCD (pNRQCD).
However, it is more convenient to use the notation of
FA in many other high energy processes, such as decay
by electric-weak interaction. The difference between
FA and MFA implies that one cannot take results in
the basis of MFA as inputs in the basis of FA. For
instance, one can extract different condensates using
lattice NRQCD, while applying these results in the
decay process one should perform corrections that are
due to the FWT transformation. On the other hand,
there are some relationships between MFA and FA.
Some of them are shown in Section 4.3. The relation-
ships between them imply that these theories are in
fact different sides of QCD.

Combining these two aspects, the conservation
property of MFA is not in contradiction with the state-

13

ment of meson—gluon mixing, '3 for these two state-

ments are in different bases.
Although at leading order the Hamiltonian of
FWT theory H¥WT and that of NRQCD theory

HNRQCD are equal, HFVVT — HNRQCD

, it is not
As is

well known, the discrepancy between the ultimate

a general conclusion beyond leading order.

Hamiltonian in FWT theory with notation of modi-
fied quark and the initial Hamiltonian with notation of
asymptotic (free) quark lies in a unitary transforma-
tion. Therefore, their evolution matrices S¥WT and
SQCD also have a distinction in unitary transforma-
tion. Since the evolution matrix SNRQCD — GQCD 4t
any order by matching conditions, one has STWT =
USNRQCDY - This unitary transformation can be ex-
panded according to v, which is considered as a small
quantity. S¥WT = GNRQCD 1 5(4)), or, we have a re-
lation H¥WT = gNRQCD 4 4(y)). In other words, only
at leading order, can we have HFWT = ffNRQCD,

A more crucial difference between quantum FWT
and NRQCD is that here we are working in functional
space while in NRQCD we are working in function

space. To see it more clearly, we consider a vacuum

state. Then Hp Oy = EgBy. As seen in the appendix,
in the language of modified quark and antiquark, we
obtain functional Gy(¢f, ¢, x,x") =1 and Ey =0. It
is obvious that there is neither modified quark nor
modified antiquark in the vacuum. For quenched
QED, we obtain functional @y(A4;(p)) of Eq.(31).
There are also two differences between the quan-
tum version and the classical version of FWT theory,
which are shown in Refs.[1,2] and especially a lattice
version of FWT theory in Ref.[16]. Firstly, in the
quantum version, we use time-independent operators
to construct the Hamiltonian. Therefore, we obtain
a time-independent Hamiltonian, even with the con-
sideration of chromo-electric interactions. Thus, for
instance, the time evolution of a free meson with a
definite mass M is expressed as exp(—Et) where F is
time-independent energy. But in the classical FWT
theory we have to take a time-dependent Hamiltonian
when we consider the effect of chromo-electric fields.
Secondly, we obtain multi-fermion interactions which

do not exist in the classical version at a tree level.

4. Improvement of action on lat-

tice

In this section we first study the action on lattice
by utilizing a distribution function Z. A similar case
in classical version was studied in Ref.[16], in which
however, only the case of fermion fields was investi-
gated. We study here the cases of both the fermion
fields and the gauge fields. Surely we are now working
in the quantum version. In Section 4.3 we show some
results of the structure of MFA and physical vacuum.

4.1. Improvement on gauge fields

On lattice, we often use the chromo-electric field
E instead of IT. Here we show the relationships be-
tween IT and FE on lattice. Then we show that it is
unnecessary to improve the covariant difference along
the time direction on lattice. The distribution func-
tion on lattice is

z = [Adwlan)... (Ac)
(a1 (@)e~ (@) | Ay(@))
<exp (- [devl @@ Ae)wi@)..
(26)
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where subscripts are time indices, lattice spacing a
will always be set as being unitary thereinafter and
la:) ({a¢]) is the right (left) eigenstate for annihilator
a (producer a').

We write out only the distribution related to the
gauge fields:

Zo = / A (2)]. . {Arr (@)
- exp {— Z

xTr

(—~II*(2) + B}(2))

N =

g
+W¢T2-(DXH—HXD)¢

ig
8m?2
|A(@)) . ... (27)

¢*(D-H—H~D>w}

Insert [[dIT]|IT)(II| into the above equation and
integrate out conjugate field IT by utilizing Eq.(3) and
the stationary technique since I7 is anti-hermitian.
After rewriting the final result in gauge invariant form,
one obtains

Ze = [, (t.e)
 exp { -3 %tr(EQ(t, z) + BX(t,z))

g
+wa2-(D><E—E><D)¢

(D B-B-D) (28)

up to an irrelevant constant and operators with higher
order in spatial lattice. In the above equation we have
defined the chromo-electric field in a two-leaf-clover
form as

Ei(t,x) = i{(Uo(t,:c)Ui(t—l-1,:c)Ug(t,:c+2)

Ul (t,x — ) U(t, & —3)) — h.c.}.
(29)

This equation is the same as that for lattice
NRQCD and Fermilab action, except for the expres-
sion of E. This means that one can improve the accu-
racy of the discrete form of chromo-magnetic field by
next-leading terms or next-next-leading terms, with
the discrete form of chromo-electric field just kept in-
variant. The correct form of chromo-electric field E is
just the covariant forward difference, at least up to v®.
This statement is generally strict if one studies only
pure gauge fields.

This is an advantage of the lattice theory in the
Hamilton form. In the Lagrange form the chromo-
electric fields have to be defined as a covariant deriva-
tive along the time direction, which implies that it
seems we should use the covariant difference along the
time direction to represent the chromo-electric fields
on lattice. As is well known,!*0 this representation
has many disadvantages on lattice, so we always use
an ‘approximate form’: covariant forward or backward
difference on lattice as a substitute for the covariant
difference. In contrast, in the Hamilton form, this
approximate form is just the exact expression of the

‘chromo-electric fields’.

For the lattice gauge theory, there seems to be
little difference in action between starting from La-
But, this
is not true. Deep-going study shows that our action

grangian and starting from Hamiltonian.

will deviate from the action written directly from La-
grangian at a higher order, for instance, at o(a®).

Since there is no admixture between heavy
quarkonia and heavy hybrid quarkonia with pure glue-
balls, we can use the gauge invariant operators con-
taining only gauge degree to extract glueballs. For in-
stance, we use an operator trB¢ B9 to extract 0+
glueball. One question arises, then, just as raised by
some persons, whether it is also necessary to include
chromo-electric fields to extract the glueball state.
The answer is negative.

To illuminate this statement we recall that in
the quantum dynamic a harmonic system can be de-
picted by using the Hamiltonian as %(—32—1—3:2)1/1(3:) =
Evy(z). The wavefunction corresponding to a state
with energy E; is ¢;(z) = Hito(z) where ¢g = e~
is the vacuum wavefunction and H; is Hermite poly-
nomial, for instance, Hy = 1, H; = 2z, Hy = 422 — 2,
and so on. When working in path integral quanti-

zation, the operator x acting on a vacuum state ex-

tracts the 51/)1 state, while the operator x2 extracts

1 1
the state 11/12 + §w0, which means that when using

x2 to extract state 12, one should perform a vacuum
subtraction, and so on. But, the operator —ip = 0,
acting on vacuum state does not extract new state:
Duto =~

It is similar in the field theory. It is enough to
discuss this by using only gauge fields. An arbitrary
state, including vacuum, can be written as a functional
with respect to canonical fields and the covariant (spa-
tial) derivative of the canonical fields: ©® = O(A), at
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a definite time. If we require the state to be a gauge
invariant, the functional will be functional of chromo-
magnetic fields and their covariant (spatial) deriva-
tive, © = O(B, D). In Fock space, it is not obvious
on lattice to define a chromo-electric field at a defi-
nite time slice, for the definition of the chromo-electric
field should come down to the functional at two time
slices (in quantum FWT theory) or more time slice
(in classical FWT theory). But, from the argument
in obtaining Eq.(28) one may propose an equivalent
scheme: constructing glueball by utilizing conjugate
fields, IT. From Eq.(2), it is equivalent to using an

operator —iw acting on a state functional, which

will produce another state functional with respect to
the canonical fields and the covariant derivative of the
canonical fields. Since the generated state functional
should be a gauge invariant, it can also be written
as the form of ©'(B?, D).
the independent colour-singlet functionals, of which

Then, running over all

the independent variables consist of chromomagnetic
fields and their covariant derivative, implies complet-
ing all the eigenstates of Hamiltonian. These func-
tional can be categorized into different J¥C according
to the representation of group SO(3)FC. In the basis
of canonical field A? (and therefore, chromomagnetic
field BY), these functionals can be considered as be-
ing generated by corresponding operators acting on a
vacuum state, which include the operator of chromo-
magnetic fields and their covariant derivative opera-
tor. Therefore, performing action on a vacuum state
by using all the independent colour-singlet operators
consisting of chromomagnetic fields and their covari-
ant (spatial) derivative in the vacuum will generate all
the independent state wavefunctionals.

We exemplify this statement by the case of
quenched (free) QED. The equation of wave functional
is

1 0? 2 (z
5/da} (_W +Bi(.’lt) ) Q(Al( ))
— EO(Ai(z)). (30)

We obtain its vacuum wavefunctional as follows:
Ou(Ai(p))
1
x o {~ [y AP0 - ) 4,(0) |
1
— e~ [ BCpBm)], (31)

which is gauge-independent. To extract a definite JC

state, one can use the gauge invariant operators acting

on a vacuum state, which determine the property of
the state. For instance, up to a phase factor, suppose
p = (0,0, p3), then the functional generated by oper-
ator A;(p) x %Bg (p) will generate a single photon,

A1(p)By x p—ng (p) @9, of which the polarization di-
p

rection is along the z-axis, i.e. perpendicular to the
momentum p. However, it is not difficult to verify that
I (p), the conjugate field of canonical field A, (p), will
also generate such a state, up to a normalization fac-
tor. (It is worth paying special attention to it and we
shall make comment on it elsewhere.)

In summary, as long as we have run over all the
independent colour-singlet operators, which are made
up of chromomagnetic fields and can be categorized

JPC

into different , we shall obtain all the indepen-

dent wave functionals of glueballs. Therefore, it is
unnecessary to use chromo-electric fields in the calcu-
lation of glueball spectrum, of which the result will be
used to argue whether there exist three 27+ glueballs
in the 2 — 3GeV range in the future. Analogously,
we do not use operators such as ¥ E1 to extract hy-
brid mesons. Using chromo-electric field operators to
construct glueballs may be considered as being their

checking.

4.2. Improvement on Fermion fields

Here we study the improvement on fermion
fields, which can be generalized into Fermi laboratory
form!% or NRQCD form.!*7-8] We rewrite the Hamil-
tonian of fermion fields here

D?> g¢r-B D*
He = i _ = _ =
F 14 (m 2m+ 2m 8m3)(p
n D2+gT~B DA\ t
m— —_ _ =
X 2m 2m sms ) X

ig
—W{sﬂ[f D,7-Elp—x[r-D,7-E|"x"}

QT
¥
m2

Trarix i Terie. (32)
Then the distribution function for the fermion part is
Zp =tr(e 7
= /[dcpdcpdxde] colper) Te(xe—al - (33)
where

_ AT _ _ T
I = e 21 (xy|(pf e ™17 |py) [x ] he X1t (34)

Here subscript ¢ denotes time. After some direct cal-
culations by using Berezin integral, we obtain the re-
sults under anti-periodic condition for fermion fields
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1
In the above equation D} = ~9D; + §D,52 where

1
Dy = 5(Df +D;), D} = Df = Dy, and Df (D;) i

the covariant forward (backward) difference along the
time direction. Just like Eq.(28), we have ignored the
higher-order operators in spatial directions here.

Here we encounter a similar situation to that we
have in the lattice gauge field theory. It seems that one
should perform higher covariant time difference on lat-
tice to improve the accuracy of the discrete form of the
covariant time derivation of fermion fields when work-
ing in the Lagrange frame. In contrast, in the Hamil-
ton form, the time derivation should be expressed just
as the time difference with the Wilson type on lattice
and the improvement on it is not necessary.

Notice here that S is not equal to the Lagrangian
L. This is because of a finite lattice spacing. In fact,
S = L is only a special case even in the continuum.
Here we see that, on the discrete lattice, S # L gen-
erally. Surely, these correction terms should vanish in
the continuum: m — 0. But on the lattice with a
finite spacing, we cannot ignore them.

We substitute the static mass of quark m by
1 — e™™ in the path integrand, which possesses a
property that the pole position of quark on lattice
just equals the current mass of the associated quark.
To see this one can neglect all the higher terms and
write out the propagator of static quarks: G(po,0) =
(ePo — 1+ (1 —e ™))L
at E(= —ipg) = m. Just as expected, the decay be-

The propagator has pole

haviour of correlation of fermion with mass m is like

e—mt

On lattice one should use the covariant difference

1
YA <1 - EAi), where A; = D D; and D (D;)
is covariant forward (backward) difference operator in

direction i (i = 1,2,3), to substitute covariant dif-
ferential operator Y DZ. The evolution of propaga-

tor, if it should be stable!'®! (|1 — H| < 1), requires
m

that m > 1.7. Therefore, D ~ mv < 1 < 7 or,

1.7 <m < l This procedure has a narrow window
to perform cglculations for ¢ family but it has enough
room to perform calculations for 7" family. This win-
dow can be widened by introducing the gauge field or,
by setting 1 — e~ as being unitary, which decouples
the static energy from the dynamic energy of fermion
completely.

In summary, Sections 4.1 and 4.2 are devoted to
the quantum version of theory introduced in Ref.[16].
But, as we are working in quantum theory on lat-
tice while Ref.[16] is in the classical version on lattice,
there occur some differences between them. Some of
them are shown in the last paragraph in Section 3.
However, there are some other differences. A signif-
icant one is, for example, the treatment of chromo-
electric fields. In Ref.[16], a common discretization for
chromo-electric field is the use of the four-leaf clover
terms, which will cause some trouble. As stated there
and in Ref.[22], the transfer matrix in theory, which
contains derivatives of gauge fields over more than
two time slices, is not positive. However, there is no
chromo-electric field in the Hamiltonian in the quan-
tum version; instead, and we have the conjugate oper-
ators, II;s. After the path quantization and integrat-
ing out the conjugate operators, we meet covariant
forward difference operators along the time direction,
D;f As, which are the lattice definitions of chromo-
electric fields. Therefore, here we have got rid of the
trouble we met in Ref.[16].

4.3. The structure of modified fermion
and vacuum

Although current fermions and associated modi-
fied fermions in quarkonia are both fermion operators
and their many quantum quantities, such as charge,
spin and so on, are the same, there exist differences
between them.

Firstly, if the free quark is point-like as we con-
sider, the modified quark will spread over a finite
region, of which the size is about Compton wave-
length.'l As D ~ ip stands in superscript and it
plays a role of phase factor, the larger the momentum
of fermion, the smaller the region that the modified

fermion occupies.
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Secondly, the modified quark has not only the
component of the associated current quark, but also
components of gauge degree, multi-quark degree,
and even more, the degrees of other types of free
quarks. For instance, a modified quark should have
degree of multi-quark through the transformations

0 - ()

In bound states, one can calculate these components,

in Section 3.

such as exp{

such as two couples of current quarks in meson by
using the notation of modified quark.

To exemplify it, we consider how a modified quark
also includes the degree of other types of current
quarks. We suppose that there exist two types of
fermions, then the Hamiltonian of fermion can be writ-

ten as

HY = mlzz: ) (6(1+£)) 7,
+my 0 (6 (1+ m£>) Wy, (37)

2

After  performing transformations

1 1
exp {2—1 ! D!Fl} and exp { GTN vl pw, }, we have

unitary

m
four-fermion interaction

2
-9 k g ti j k g ti j
Hy = 8m2 ( !plTp lp]:‘-u !pfk !pfy + !pgp !pgu lpé)\ lpéju)
1
92
4m1m2

<Y YA T T + Wi T Wl 7 T,

(38)

Both the two types of fermion number conservations
are broken by the last term in the above expres-
sion. To eliminate this term we should perform a
unitary transformation that takes the admixture be-
tween these two fermions. This means that a modi-
fied fermion, such as a modified charm, has a small
component of other types of fermion pairs, such as
bottom quarks. This phenomenon will contaminate
our measurements of Cabibbo—Kobayashi—-Maskawa
(CKM) matrix, although this contamination is vanish-
ing when V(CKM) = 1. Unfortunately, this contami-
nation is just a unitary transformation and therefore
it is unmeasurable.

The particle numbers of MFA are conservational
quantities in mesons, such as in quarkonia. This im-
plies that the modified fermion is a physical notation
while the current fermion is not, at least in quarko-
nium. A quarkonium is therefore made up of two con-
stituents with a finite size. In contrast, if the current
fermion were physical notation, there would be non-

vanishing possibility to measure four point-like con-
stituents in a quarkonium.

There exist such Feynman diagrams in perturba-
tion QCD that one fermion and its associated an-
tifermion are annihilated into one or more gluons,
which, successively, decay into other type of FA pair or
multi-pairs of fermion/antifermion. For instance, in c¢é
quarkonium, one couple of ¢¢ produces one couple of
bb in ¥ bound states. Because of time inverse invari-
ant, the inverse process is also able to occur. If there
is no wavefunctional collapse, the relative phases of c¢
and bb are correlative and one can therefore define a
modified charm operator, to make the number of the
corresponding fermion conservational. But when we
have measured a decay or collision event, for exam-
ple, a decay by weak interaction, this statement will
be invalid in meaning by the wavefunctional collapse.
Therefore, the conservation of modified quark number
is valid only in bound states.

In the following, we discuss the structure of QCD
vacuum, especially the content of heavy quark free-
dom. The conservation property shows that there
is no MFA in vacuum. However, in many high en-
ergy processes, such as collision process or decay pro-
cess, it is more convenient to use the notation of FA.
The number of current fermion is not a conservational
quantity in QCD bound states, there exist zero, one,
two, ..., pairs of FA at any position in QCD vacuum.
The QCD vacuum is therefore a complex superposi-
tion state of the perturbation vacuum, one pair of FAs,
two pairs of FAs and so on.

To clarify this we consider a toy model. Suppose
that the ultimate of FWT transformation is a very
simple unitary transformation

1 1
u_exp{Q_/dmwlzm} x1+2—/dmw1)¢,
m m

in other words, the difference between MFA and FA
is a known unitary transformation ¢/. Under such a
transformation, if a state, particularly vacuum state,
can be written as @y in the basis of MFA, or 6 in
the basis of FA, we have the relation 8 = U t @y, from
Eq.(13). We know that the number of MFA in vac-
uum is vanishing, that is @y(e, ¢, x, x7) = 1 in the
basis of MFA. Therefore, in the basis of FA, we have
Oyt 0. x,xT) =UT 6y = 1—% /dwTT-Der- "
which is a superposition state of trivial vacuum (or
perturbation vacuum, in which there are no FA or FA

pairs.) states, one pair of FA, etc.
This superposition stems from the quantum
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mechanism, especially from the conservational prop-
erty of MFA. Since there are pairs of FA in the vac-
uum, we should obtain the non-vanishing quark con-
densates in QCD vacuum, although the vacuum en-
ergy related to the fermion part is vanishing.

Here we show how to compute it in the first order.
To do it we turn it into the Fourier space. We write

1 . ) .
U=— (aZ SUD o + bl UL )e‘p'r,
/QZ p7 p p p

ti ) e iPT

\/—Z (aﬁ “ps pvlp,s
(39)

where a (a') and b (b') annihilate (produce) fermion
and antifermion respectively, and

i 1 (m + E;D)‘Pé
Up s = e . ) )
2E,(m + Ep) —iT - pYy
3 1 —ir 'pXi
Vip s = —Fmm—m———
2E,(m+ Ep) \ (m+ Ep)x}

(40)

In the above equations, {2 is vacuum volume, subscript
s denotes helicity, superscript ¢ is colour while ¢ and
X are spinors of rest fermion and rest antifermion re-
spectively.

Also in the toy model, suppose that we can write
= U)o

Since |)g, the vacuum wavefunctional in the basis of

6y and Of as |)o and |) respectively, then |)

MFA is known, this relation reveals how to write |),
the vacuum functional in the basis of FA. To study the
condensate we do not work in the basis of MFA but
in the basis of FA. Then for a condensate of current
Uit (here ¥ and ¥ are both in the basis of FA), we
have

(| 0w |) = (U - TT - UT|),. (41)
Let U = €Y, then

V:

—i
pp’éw 2m/2E,(m + Ep)\/2Ep (m + Ep/)

x{ap)sab, ol (p, '),
+0p B X C (D)X,
+apy b el BY (p,p)xL

+0p sapy XV BY (p, ')l ). (42)

Here,

0% = i(pq" (m + Ep) — 4" pm + E,).
BY = (m+ E,)(m+ Ey)q"7 +pq7y,  (43)

where ¥ = 7p;, energy E, = +/m?+p? and
a7 (p,p') = prdijopp + Az(p — P') T

One also has

Z =y i (}; A+ p. b )

D;s
- Z (ap st—lp s’ (pslst’
P,S, s’
bl—p, p,s/XZiy‘Pi/)
=G+T. (44)

Then from Eq.(44), in the first order, the conden-
sate for G is

1
G)=2
(G) =2x am?
3 mb' p by X1 B (p,p,) B (p,, )X,
pPISiil Epl 2Ep(m + EP)2EP1 (m + Epl) .
(45)
Similarly,
b p b X1 B (p, p)X!
—P,s"—P,sAs ’ s
T = -2 . (46
T <; 2m2E2(m + Ey) (46)
St 0

When going to infinite volume {2 — oo, one

dp
should replace Y by / 3
D 8T

above two equations are divergent and we take a cutoff
p <A
Concerning the factor 6 from colour space and

The integration of the

spinor space in the above two expressions and noticing

BY(p,p') =~ (m+ E,)(m + Ep )H;;0p p/, we obtain
et pt (:c—i— p2+w2)
T+G)= — d
(T+G) 2w2m J, p? + 22
SR
S B i (47)
4./ x2 + p?

When z > 1, that is, in the case of
heavy quarks such as bottom quarks and top quarks,

m
where x = —.

the condensate will decrease as m ™2 for in this case the
3
integration in Eq.(47) can be written as / dp 4&
0 X
If we naively extract this result in the region z < 1,
this condensate will decreases like 1/m for in the case

of z < 1 the integration in Eq.(47) can be written as

1

3

dp 3

Unhke Ref.[21], where the condensates originate
from topological nontrivial and/or vacuum fluctua-
tion, the condensate introduced here is a pure quan-
tum effect. This is an interesting result that we here
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have a non-vanishing condensate of fermion fields and
a vanishing vacuum energy related to fermion part si-
multaneously.

5. Summary

To construct the Hamiltonian or Lagrangian of
HQET, one may follow two approaches: one is Har-
vard theory and the other is (classical) FWT theory.
The normalization of fields in the former is not correct
while the latter cannot produce multi-quark interac-
tions, for instance four-quark interactions. These two
disadvantages possessed by the two theories have been
remedied in the quantum FWT theory as shown in this
paper.

There exist higher order time-derivative terms in
Harvard theory. This is another flaw of the Harvard
theory. When one goes into the lattice theory, the
situation becomes worse for one should consider in-
teractions beyond two neighbouring time slices. This
flaw does not occur in quantum and classical FWT
theories. But if the accuracy of the discretization is
to be improved, there appear such bad interactions
in theory.'”) There is no such embarrassment here.
Furthermore, when the gauge fields are included, one
suffers a similar trouble in the classical FWT theory.
To construct the chromo-electric fields one should al-
ways perform interactions beyond two neighbouring
time slices in the classical FWT theory. Here we over-
come this by defining the chromo-electric fields in the
two-leaf-clover form. This amounts to the statement
that it is not necessary to improve the discrete form
of chromo-electric fields and covariant time difference
on lattice.

Just like the classic version, there exist some con-
servational quantities, the numbers of modified quarks
and antiquarks, in bound states, although a more com-
plicated situation appears in the quantum version.
One can use such conservational quantities to distin-
guish between quarkonia and glueball states unam-
biguously. Furthermore, we have studied the contents
of modified quarks in bound states, and by utilizing
the technique of modified quark, we have also stud-
ied the structure of the vacuum, for instance, we have
obtained a non-vanishing condensate of fermion fields
and a vanishing vacuum energy related to the fermion
part simultaneously.

Appendix: The Berezin integral

We first consider a system of fermion operators
{analy (i =1,2,...):

ducing and annihilating operators for fermion or an-

(Here @ and a' denote pro-

tifermion respectively.)

{a;,a1} = 03 {as,a;} ={al,al} =0. (A1)
The corresponding Grassmann variables satisfy
{ai,al} = {ai,a;} = {a],al} = 0. (A2)

One defines the right eigenstate of operator a; as

(A3)

(AlTa»;
|a) = e%%]0),

where |0) is the vacuum state. Similarly, the left eigen-

state of operator d;r may be defined as
(a] = (Ol (A1)
One obtains
(ala) = e,
/ [datda] a)e= (a| = 1. (A5)

The representation in terms of Grassmann variables

for an arbitrary A in Fock space is
A(at,a) = (alA@aT, d)a), (A6)

where A is the associated Grassmann quantity of op-
erator A. Here are some examples:

1(a’,a) = exp(a;aj),
dl(aT, a) = az exp(a;aj),
exp(af Apai(a’,a) = exp(af (e®)uar);
exp(dLAklal (a',a)) exp(dLFkldl (a',a))
= GXP(GL(GAGF)MCM)- (A7)

Simply, we assume here that there is only one
spinor component on each lattice grid af (a).
We set the Hamiltonian of fermion as Hp =

/dmdy&T(w)Am_,yd(y). Suppose the vacuum state

of fermion is Oy(a',a) = exp /dwdyaT(w)B@ya(y),

then one obtains
/ d.’l)(ﬁl’deCLT (:E)AwyyBy_’za(Z) Qo(CLT, a)

= EQ 90 (CLT, a). (Ag)

Therefore, the vacuum state for fermion can be writ-
ten as Op(af,a) = 1 and the vacuum energy Ej is
zero. Define a number operator on position x as
N(z) = a(x)a(x), then we will have N ()6, = 0 for
an arbitrary . Thus, the vacuum state corresponds
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to the zero eigenvector of the modified fermion num-

ber operator, which is, in fact, naturally inferred from

the modified fermion number conservation. This can

be confirmed further by the fact that a(xg)©y = 0.
Incidentally, it is easy to see that the state with only

one fermion at position g can be written as af(xo).
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