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In this paper, we extend Zhang and Zhao’s recent work to the black hole with a mass-quadruple moment. The

behaviour of the tunnelling massive particles is investigated, and the emission rate at which massive particles tunnel

across the event horizon of the black hole is calculated. The result is consistent with an underlying unitary theory, and

takes the same functional form as that of a massless particle.
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1. Introduction

In 2000, a method describing the Hawking radi-
ation as a tunnelling process, where a particle moves
in dynamic geometry, was developed by Parikh and
Wilczek.! =3 They found that the barrier is created
by the outgoing particle itself, and their key insight
is to find a well-behaved coordinate system to calcu-
late the emission rate. Their result is consistent with
an underlying unitary theory. Recently, Zhang and
Zhaol*~9 attempt to extend Parikh’s method to in-
vestigate the behaviour of a charged massive particle’s
emission rate. In 2005, following Parikh’s method, the
emission rate of the massless outgoing particle from
the black hole was calculated,”=9! only investigating
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the tunnelling of the massless particle. This paper,
applies Zhang’s method to the spacetime with a mass-
quadruple moment to calculate the massive particle’s
emission rate. In this case, a massive particle trav-
els on the geodesics in the spacetime, and the black
hole’s energy will change. Throughout the paper, the
geometrized units (G =c¢= h = 1) are used.

2. Painlevé—Gutsunaev—Manko

coordinates

The metric of the black hole with a mass-

quadruple moment can be written as!*%

} + (2% = 1)(y* — 1)dg02} —e?¥de?. (1)

Where m, Ay correspond to the source mass of the gravitational field and the mass-quadruple factor respectively.

Y(x,y) and vy(x,y) are metric functions. By the coordinate transformation x = r/m — 1,y = cosf, v = ¢, the

line element (1) can be rewritten as['!]

—1
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Eq.(2) is called the Gutsunaev—Manko metric.

In spacetime for a certain hyper-surface f(z) =0

the hyper-surface’s normal vector n,, = —— is a non-

oxH
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spacelike one, moreover, it is light-like, and the hyper-
surface which acts as the starting location of the space-
time one-way membrane is called the event horizon,
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which needs to meet the following conditions:(!?!

ntn, = g’ —— =0. (3)

In the spacetime depicted by Eq.(2), the location of
the horizon is decided by f(r,0) = 0, therefore

e (0F) ar\’ _
(o) () o @

from Eqgs.(2) and (4) we have

0—2(1°—v°) [<1 - QTm) (%)2 + %2 (%)2]
=0. N

Within the numeric area of r and 6 the exponential
factor —2(7% —4°) is not divergent at any other posi-
tions except for the divergence of two poles § = 0 and
m when 7 = 2m. Hence, at any other positions out of
the two poles, Eq.(5) serves as

=) (@2 o

From the separation of variables f(r,0) = R(r)©(6),

we obtain

r(r —2m) [(i—f) /R}2 =— K%) /9]2, (7)

When the polar angle transforms § — 7 — 6, the
invariance of Gutsunaev—Manko metric (2) educes

O(r —0) = O(0), Eq.(7) elicits

r(r — 2m) Ki_f) /R]2 ~0. (8)

The exclusive rational solution is given by r(r—2m) =
0, namely » = 0 or » = 2m. Thereby, the hyper-
surface r = 2m determines the horizon in Gutsunaev—
Manko spacetime.

When r ~ 2m, via round the horizon surface there
exists the following approximation:

e2(v“—2w°) _ eg(_Az/g—aAg/s)_ (9)

Equation (9) is strictly tenable, and then there is
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To obtain the Painlevé spacetime coordinates, let
us do the following transformation:

ts =t+ f(r). (11)
This satisfies
1 _ 1_9(T) " 2 _
—g) oA (f'(r)* =1, (12)
where
1= g(r) = *5/5(1 = 2m/r). (13)

Equation (10) becomes

— Ay
1—g(r)
+e342/81:2 6in? 9162

+e_A2_3A§/8r2dgo2. (14)

ds? = dr?

—(1—g(r))dt? +

At the position r = 2m in the horizon surface,
metric (14) is no longer singular, but is still the inverse
invariable of inherent time. So, a spectator falling
plumb down will not see anything non-normal when
transiting the horizon surface.

From Eq.(11), we have
dty = dt + f'(r)dr. (15)

Substituting Egs.(12) and (15) into Eq. (14), we can
read off the Painlevé line element

ds? = —e343/8 (1 — 2_m> de? + 2e7A2/2+3A§/16\/ 2—mdtdr +e 2dr? + 342/8::2 gin? 9462 + e7’4273‘4§/87°2dg472
r

r

= goodt? + 2go1dtdr + e~ “42dr? + 342/8,:2 6in? 9462 + e_A2_3A3/8r2dg02. (16)
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3. Behaviour of the massive tun-

nelling particle

Now there is no singularity at the event horizon
r = 2m, and the true character of the spacetime, as
being stationary but not static, is manifest. Note that
we must choose the positive (negative) sign in Eq.(16)
when we study the tunnelling process taking place at
the event horizon. Moreover, another important fea-
ture is found which is rarely stressed in the relevant
literatures. We describe this as follows.

According to Landau’s theory of the coordinate
clock synchronization,'3! in a spacetime decomposed
in (3+1), the coordinate time difference of two events,
which take place simultaneously in different places, is

At = —/&dxi

. (i=1,2,3). (17)

If the simultaneity of coordinate clocks can be trans-
mitted from one place to another and has nothing to
do with the integration path, components of the met-

ric should satisfy!*4

O (_90i\ _ 0 (_Goi\ . _
Ox' <_900> Ol ( gOO) (i,5 = 1,2,3). (18)

Obviously, the line element (16) satisfies condition
(18), that is, the coordinate clock synchronization in
the Painlevé coordinate can be transmitted from one
to another though the line element is not diagonal. In
quantum mechanics, particle tunnelling a barrier is an
instantaneous process. Thus this feature is necessary
for us to discuss the tunnelling process.

The radial null geodesics are given by!!

— eA2/2+3A§/16 (Zl:l _ 2_m> , (19)
V r

where the upper (lower) sign in Eq.(19) corresponds

ﬁ
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to outgoing (ingoing) geodesics, under the implicit
assumption that ¢ increases towards the future.
These equations are modified when the particles self-
gravitation is taken into account.

In this picture, we investigate the tunnelling of
the massive particles. Since the world line of mas-
sive quanta is not light-like, it does not follow radial-
lightlike geodesics (19) when it tunnels across the hori-
zon. For the sake of simplicity, we consider the outgo-
ing massive particle as a massive shell (de Broglie s-
wave). Using the Wentzel-Kramers—Brillouin approx-

imation, we get the wave equation

i pTdr—wt)
1=

W(r,t) = oo (7 , (20)

where r; — ¢ indicates the initial location of the parti-
cle. If let

Vi
[ e —wt=an, (21)
Yi—€
then, we have
dr w
— =7 = — 22
T T (22)

where k is the de Broglie wave number. Comparing
Eq.(22) with the definition of the phase velocity, we
see that 7 is the phase velocity of the de Broglie wave.
Unlike the electromagnetic wave, the phase velocity
v, of the de Broglie wave is not equal to the group
velocity vg, the definitions and relationship between

them are
dr w
= — == — 2

P dt r k’ ( 3)
dry dw

T T Qs (24)
1

Vp =5l (25)

To obtain the formula of the phase velocity 7, now we
investigate the behaviour of a massive particle tun-
nelling across the horizon.

Since tunnelling across the barrier is an instanta-
neous process, there are two simultaneous events dur-
ing the process of emission. One event is particle tun-
nelling into the barrier; another is particle tunnelling
out of the barrier. In terms of Landau’s theory of
the coordinate clock synchronization, the difference of
coordinate times of these two simultaneous events is

dt = — gy = 90

rs (df =dp =0), 26
goo goo ( 4 ) ( )

where rg is the location of the particle. The group
velocity is

drg 900
Vg dt go ) ( )

and the phase velocity is therefore

o1 1 goo
Vp =7 = —Vg = —=—. 28
P 278 2 go1 (28)

Substituting goo and go1 into Eq.(20), we obtain

) 1 A 342\ r —2m
P =Fg, exp (72+1—62) — (29)

V2m/r

Here, the upper sign corresponds to the equation of
motion of the outgoing particle near the event hori-
zon, and the lower sign corresponds to that of the in-
going particle near the event horizon. Moreover, if the
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self-gravitation is included, Eqgs.(16), (27), (28) should
be replaced by m — m — w, where w is the particles
energy and the upper (lower) sign corresponds to out-

going (ingoing) motion of the massive particles. When
the massive particle tunnels out, the line element (16)
should be rewritten as

ds? = —e343/8 |1 — 2Am—w) %7«2 de? + 26A2/2+3A§/16\/M + %7‘2dtdr
r r
+e~A2dr? + e343/8:2 5in2 0dg + e_A2_3A3/8r2dg02. (30)

4. Tunnelling rate

Let us calculate the emission rate at which a mas-
sive particle tunnels across the event horizon of the
black hole with a mass-quadruple moment. Because
of the infinite blue shift near the horizon, the charac-
teristic wavelength of any wave packet is always ar-
bitrarily small there; in the semi-classical limit, the
radial wave-number approaches infinity and the point
particle or Wentzel-Kramers—Brillouin approximation
is justified®!

I' = exp(—2ImZ7). (31)

For a positive-energy s-wave, the imaginary part of
the action can be expressed as

T Tf Pr
ImZ :/ prdr = / / pLdr. (32)
Ty Ti 0

where p, is the canonical momentum conjugate to r-r;

is the initial radius of the black hole, and r is the final

radius of the hole. To proceed with an explicit calcu-

lation, it is useful to apply the Hamilton equation
podf _dB-w)  dw (33)

dpr dpr dpx

where F represents the total energy of the black hole

system, whereas ' — w can be regarded as the gravi-

tational energy stored in the black hole. Energy con-

servation will be enforced in a natural way by keeping

E fixed.

Substituting Eq.(33) into Eq.(32) we have

Tout w d !
ImZ = —Im / / = ar, (34)
Tin 0 r

Before evaluating the above integral, we must obtain
the expression of 7, which is a function of w’. If the
self-gravitation is taken into account, the form of this

expression becomes

1 A A2 —2(m —u'
i=—Lexp (_2 N 3_2) r_2m - g
2r 2 16 2(m — w’)/r
Substituting Eq.(35) into Eq.(34) we get
ImZ = Im / o / " L aas2raazie
. Joo 2T
—9(m — o
(IZ2m =) gy (36)

2(m —w)/r
Finishing the integral we obtain
ImZ = —87rmwe_A2/2_3A3/16(1 —w/2m). (37)

Substituting Eq.(37) into Eq.(31), we get the tun-
nelling rate

I' ~ exp(—2ImZ) = eA58-1 (38)

where ASp_p is the difference of the entropies of the
black hole with a mass-quadruple moment before and
after the emission. The spectrum is consistent with
an underlying unitary theory, and supports the infor-
mation conservation.

5. Conclusions

In summary, we have considered radiation of the
black hole with a mass-quadruple moment as a tun-
nelling process. Adopting the methodology of Wilczek
and Parikh! =3 and Zhang,[*~% we have calculated
the rate of massive particle tunnelling across a event
horizon. Equation (38) is consistent with an un-
derlying unitary theory. These frequency-dependent
corrections indicate that the emission spectrum of
Hawking-like radiation deviates from perfect thermal

spectrum, but supports Parikh’s conclusion.
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