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Exact solution to the one-dimensional Dirac
equation of linear potential∗
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In this paper the one-dimensional Dirac equation with linear potential has been solved by the method of canonical

transformation. The bound-state wavefunctions and the corresponding energy spectrum have been obtained for all

bound states.
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1. Introduction

It is well known that the problems which can

be exactly solved in quantum mechanics are very

rare. Therefore, it is very important to find

more potentials which can be fully determined.[1−26]

Recently, considerable interest has been devoted

to the one-dimensional Schrödinger equation[27−29]

and one-dimensional Dirac equation[30−32] for the

time-dependent linear potential and the correspond-

ing wavefunctions. The three-dimensional Dirac

equation[33] and Klein–Gordon equation[34] with time-

independent linear potential have been studied and

the bound-state exact solutions have been given. How-

ever, in the one-dimensional case, the exact solution of

Dirac equation with time-independent linear potential

is still absent. In the present work, we will extend the

method in Ref.[33] to the one-dimensional Dirac equa-

tion with the time-independent linear potential. The

results show that by introducing a canonical trans-

formation and operating the operator γ3
d

dz
on the

Dirac equation, the equations satisfied by each compo-

nent of the Dirac spinor wavefunction after the canon-

ical transformation becomes the Schrödinger equation

of harmonic-oscillator potential. For this reason, the

wavefunctions and corresponding energy spectrum can

be easily found by the standard method of solving the

Schrödinger equation with harmonic-oscillator poten-

tial.

2. The exact solution of Dirac

equation with linear potential

In the one-dimensional case, the Dirac

equation[35] with potential V (z) is (~ = c = 1)

{γ3∂z + γ4∂t +m+ V (z)}ψ(z, t) = 0, (1)

where γ3 and γ4 is a 4× 4 Dirac matrix and ψ(z, t) =

(ψ1, ψ2, ψ3, ψ4) is a Dirac spinor four component wave-

function.

Letting

ψ(z, t) = ϕ(z)e−iEt, ϕ(z) =















ϕ1

ϕ2

ϕ3

ϕ4















(2)

and Substituting Eq.(2) into Eq.(1), we can obtain

γ3
d

dz
ϕ(z) = {γ4E −m− V (z)}ϕ(z). (3)

Operating on the both sides of Eq.(3) with γ3
d

dz
we

get

d2

dz2
ϕ(z) =

{

− E2 + [m+ V (z)]2

−γ3
dV (Z)

dz

}

ϕ(z). (4)
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Introducing the following canonical transformation:

ϕ(z) = U















ϕ̄1(z)

ϕ̄2(z)

ϕ̄3(z)

ϕ̄4(z)















, U =
1√
2















1 1 0 0

0 0 1 1

i −i 0 0

0 0 i −i















, (5)

we can rewrite Eq.(4) in the form

d2

dz2
(ϕ̄1 + ϕ̄2) = {−E2 + [m+ V (z)]2}(ϕ̄1 + ϕ̄2)

−dV (z)

dz
(ϕ̄1 − ϕ̄2),

d2

dz2
(ϕ̄3 + ϕ̄4) = {−E2 + [m+ V (z)]2}(ϕ̄3 + ϕ̄4)

−dV (z)

dz
(ϕ̄4 − ϕ̄3),

d2

dz2
(ϕ̄1 − ϕ̄2) = {−E2 + [m+ V (z)]2}(ϕ̄1 − ϕ̄2)

−dV (z)

dz
(ϕ̄1 + ϕ̄2),

d2

dz2
(ϕ̄3 − ϕ̄4) = {−E2 + [m+ V (z)]2}(ϕ̄3 − ϕ̄4)

−dV (z)

dz
(ϕ̄4 + ϕ̄3). (6)

Evidently, Eq.(6) is a coupled differential equation for

the four component wavefunction ϕ̄1, ϕ̄2, ϕ̄3 and ϕ̄4.

Uncoupling Eq.(6), we obtain

d2ϕ̄1

dz2
=

{

−E2 + [m+ V (z)]2 − dV (z)

dz

}

ϕ̄1,

d2ϕ̄2

dz2
=

{

−E2 + [m+ V (z)]2 +
dV (z)

dz

}

ϕ̄2,

d2ϕ̄3

dz2
=

{

−E2 + [m+ V (z)]2 +
dV (z)

dz

}

ϕ̄3,

d2ϕ̄4

dz2
=

{

−E2 + [m+ V (z)]2 − dV (z)

dz

}

ϕ̄4. (7)

Now we consider a model where the potential is

the time-independent linear potential V (z) = kz (k is

a constant), and from Eq.(7) one can easily get
{

d2

dξ2
+ α1 − ξ2

}

f1 = 0,

{

d2

dξ2
+ α2 − ξ2

}

f2 = 0,(8)

where ξ =
√
k

(

z + m
k

)

, α1 =
E2 + k

k
, α2 =

E2 − k

k
,

f1 stands for ϕ̄1 or ϕ̄4, and f2 stands for ϕ̄2 or ϕ̄3.

It is very clear that Eq.(8) is just the same as the

Schrödinger equation of harmonic oscillator. Com-

paring with the well-known result of non-relativistic

harmonic oscillator, one immediately obtain the en-

ergy spectrum

En = ±
√

2(n+ 1)k , n = 0, 1, 2, . . . (9)

and the two functions (f1 and f2) expressed in the

form

f1(ξ) = Hn+1(ξ) exp

(

−1

2
ξ2

)

,

f2(ξ) = Hn(ξ) exp

(

−1

2
ξ2

)

. (10)

Where Hn(ξ) is the Hermite polynomial. With the

help of Eq.(4) and Eq.(10), we can write ϕ(ξ) in the

following form:

ϕ(ξ) =
1√
2















c1Hn+1(ξ) + c2Hn(ξ)

c3Hn(ξ) + c4Hn+1(ξ)

ic1Hn+1(ξ) − ic2Hn(ξ)

ic3Hn(ξ) − ic4Hn+1(ξ)















× exp

(

−1

2
ξ2

)

, (11)

where c1, c2, c3 and c4 are four parameters.

However, it must be pointed out that the ϕ(ξ) in

Eq.(11) is the solution of Eq.(4), but not of Eq.(3),

because the two sides of Eq.(3) have been operated by

the operator γ3
d

dz
. In order to obtain the solutions of

Eq.(3), let us substitute Eq.(11) into Eq.(3) and make

use of the property of Hermite polynomial, then we

can obtain the following equations:

2c1(n+ 1)Hn(ξ) + c2Hn+1(ξ) =
E√
k
c1Hn+1(ξ) +

E√
k
c2Hn(ξ),

2c4(n+ 1)Hn(ξ) + c3Hn+1(ξ) =
E√
k
c4Hn+1(ξ) +

E√
k
c3Hn(ξ),

2c1(n+ 1)Hn(ξ) − c2Hn+1(ξ) = − E√
k
c1Hn+1(ξ) +

E√
k
c2Hn(ξ),

2c4(n+ 1)Hn(ξ) − c3Hn+1(ξ) = − E√
k
c4Hn+1(ξ) +

E√
k
c3Hn(ξ), (12)
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Inserting E of Eq.(9) into Eq.(12) we get

c2 =
2
√

2(n+ 1)

E
c1 =

√

2(n+ 1)c1,

c3 =
2
√

2(n+ 1)

E
c4 =

√

2(n+ 1)c4, if E > 0,

c2 =
2
√

2(n+ 1)

E
c1 = −

√

2(n+ 1)c1, if E < 0.

c3 =
2
√

2(n+ 1)

E
c4 = −

√

2(n+ 1)c4, (13)

In other words, when the coefficients c1, c2, c3 and

c4 satisfy Eq.(13), Eq.(11) must be the solution of

Eq.(3). According to above analysis, the solutions of

Eq.(3) can be written in the following forms.

When c2 =
√

2(n+ 1)c1 and c3 =
√

2(n+ 1)c4

(namely E > 0),

ϕ(ξ) =
1√
2















c1Hn+1(ξ) + c1
√

2(n+ 1)Hn(ξ)

c4
√

2(n+ 1)Hn(ξ) + c4Hn+1(ξ)

ic1Hn+1(ξ) − ic1
√

2(n+ 1)Hn(ξ)

ic4
√

2(n+ 1)Hn(ξ) − ic4Hn+1(ξ)















× exp

(

−1

2
ξ2

)

. (14)

When c2 = −
√

2(n+ 1)c1 and c3 = −
√

2(n+ 1)c4

(namely E < 0),

ϕ(ξ) =
1√
2















c1Hn+1(ξ) − c1
√

2(n+ 1)Hn(ξ)

−c4
√

2(n+ 1)Hn(ξ) + c4Hn+1(ξ)

ic1Hn+1(ξ) + ic1
√

2(n+ 1)Hn(ξ)

−ic4
√

2(n+ 1)Hn(ξ) − ic4Hn+1(ξ)















× exp

(

−1

2
ξ2

)

. (15)

In the Eqs.(14) and (15), there are two unknown coef-

ficients c1 and c4, but we only have the normalization

condition (
∫

ϕ+(ξ, t)ϕ(ξ, t)dξ = 1). Therefore one of

the two coefficients c1 and c4 can, in general, be ar-

bitrarily chosen. For an example, if we choose one of

the two coefficients c1 and c4 to be zero respectively,

finally we will get the exact solutions of Dirac equation

with time-independent linear potential as follows.

Case 1 When setting c4 = 0 and c2 =
√

2(n+ 1)c1,

ψ(ξ, t) =
1√
2
c1















Hn+1(ξ) +
√

2(n+ 1)Hn(ξ)

0

iHn+1(ξ) − i
√

2(n+ 1)Hn(ξ)

0















× exp

(

−1

2
ξ2

)

exp(−iEt). (16)

Case 2 When setting c1 = 0 and c3 =
√

2(n+ 1)c4,

ψ(ξ, t) =
1√
2
c4















0
√

2(n+ 1)Hn(ξ) +Hn+1(ξ)

0

i
√

2(n+ 1)Hn(ξ) − iHn+1(ξ)















× exp

(

−1

2
ξ2

)

exp(−iEt). (17)

Case 3 When setting c4 = 0 and c2 =

−
√

2(n+ 1)c1,

ψ(ξ, t) =
1√
2
c1















Hn+1(ξ) −
√

2(n+ 1)Hn(ξ)

0

iHn+1(ξ) + i
√

2(n+ 1)Hn(ξ)

0















× exp

(

−1

2
ξ2

)

exp(−iEt). (18)

Case 4 When setting c1 = 0 and c3 =

−
√

2(n+ 1)c4,

ψ(ξ, t) =
1√
2
c4















0

−
√

2(n+ 1)Hn(ξ) +Hn+1(ξ)

0

−i
√

2(n+ 1)Hn(ξ) − iHn+1(ξ)















× exp

(

−1

2
ξ2

)

exp(−iEt). (19)

The two constants (c1 and c4) in Eqs.(16)–(19) can be

determined by the normalization condition.

Finally, let us take the nonrelativistic limit of the

solution of Dirac equation with linear potential. In

the nonrelativistic limit (
ν

c
≪ 1), α1 = α2 can be

found from Eq.(8) if we do not use c = 1, in the pre-

vious part of this work. So we have f1(ξ) = f2(ξ) =

Hn(ξ) exp(−ξ2/2), and Eq.(11) becomes

ϕ(ξ) =
1√
2















c1 + c2

c3 + c4

i(c1 − c2)

i(c3 − c4)















Hn(ξ) exp(−ξ2/2). (20)

Substituting Eq.(20) into Eq.(3), we can obtain

c2 = c3 = 0. Finally, the solution of nonrelativistic

limit of Dirac equation with linear potential can be
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written as

ϕ(ξ) =
1√
2















c1

c4

ic1

−ic4















Hn(ξ) exp(−ξ2/2). (21)

It is well known that the solution of Schrödinger

Equation is the Airy function for one-dimensional lin-

ear potential model. It is noted that the Dirac equa-

tion differs from the Schrödinger equation in nature

though the nonrelativistic limit of the Dirac equa-

tion is the Schrödinger equation.[36,37] For example,

in the three-dimensional case, the Schrödinger equa-

tion of linear potential leads to the bound-state solu-

tion, while the Dirac equation with vectorlike linear

potential cannot give the bound-state solution due to

the Klein paradox. Thus, the solution of the Dirac

equation of linear potential, in the nonrelativistic limit

case, cannot be directly reduced to the Airy function.

Moreover, we have n→ ∞(α1 = α2 = 2n+1) because

of α1 = α2 → ∞, in the nonrelativistic limit case.

Hence from Eq.(9), we easily get

dEn

dn
= ± k

√

2(n+ 1)k

n→∞−−−−→ 0. (22)

Equation (22) means that the energy spectrum is con-

tinuous.

3. Conclusion

In summary, in this paper, by introducing a

canonical transformation and operating the operator

γ3
d

dz
on Eq.(3), we find that the equation satisfied

by each component of Dirac spinor wavefunction af-

ter the canonical transformation is identical with the

Schrödinger equation of harmonic-oscillator potential.

So the exact solution of the one-dimensional Dirac

equation with linear potential can be found by the

standard procedure of solving the Schrödinger equa-

tion of harmonic oscillator. Its bound-state wavefunc-

tions can be expressed by Hermite polynomial Hn(ξ)

and the corresponding energy spectrum has the form

En = ±
√

2(n+ 1)k (n=0, 1, 2, . . .).
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