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Stability and vibration of a helical rod with
circular cross section in a viscous medium®
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The stability and vibration of a thin elastic helical rod with circular cross section in a viscous medium are discussed.

The dynamical equations of the rod in the viscous medium are established in the Frenet coordinates of the centreline

with the Euler angles describing the attitudes of the cross section as variables. We have proved that the Lyapunov and

Euler conditions of stability of a helical rod in the space domain are the necessary conditions for the asymptotic stability

of the rod in the time domain. The free frequencies and damping coefficients of torsional and flexural vibrations of the

helical rod in the viscous medium are calculated.
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1. Introduction

The analysis of helical equilibrium and stability of
a thin elastic rod plays an important role in studying
DNA and other long polymer chains. The problems
of equilibrium of the rod have been fully discussed on
the basis of the Kirchhoff’s kinetic analogy.!*! More re-
cently, consideration has been given to the dynamics of
elastic rod, and it is necessary to treat the rod as a sys-
tem with dual arguments s and ¢. Klapper established
dynamical equations of the rod, and presented a nu-
merical algorithm to discuss the stability problem. !
Goriely and Shipman discussed the stability of helical
equilibrium of a rod numerically.[®l Liu et al discussed
the dynamical stability and vibration of a helical rod
with circular cross section.[*~7) In the investigation of
dynamics of elastic rod in the background of DNA the
environment of viscous medium should be taken into
consideration.®=1% The torsional vibration of an ar-
bitrary planar rod and the planar flexural vibrations
of a straight or annular rod in a viscous medium have
been discussed.'!! In the present paper we discuss the
dynamic stability and three-dimensional vibration of
a helical rod with circular cross section in a viscous
medium. The dynamical equations of the rod are
established in the Frenet coordinates of the centre-
line with the Euler angles describing the attitudes of
the cross section as variables. Even though the Lya-

punov stability of helical equilibrium has been proved
in static analysis, the rod is buckling when the ax-
ial load reaches an Euler’s critical value.[®7] This dis-
crepancy results from a different understanding of the
Lyapunov and Euler stabilities. It is shown that the
Euler critical load is a particular value of the external
force corresponding to the buckling and ensuring the
satisfaction of boundary conditions on both ends of
the rod. From the Lyapunov stability concepts for a
discrete system with two arguments s and ¢,l4 the dy-
namical stability of the rod depends on the eigenvalues
in time domain when the eigenvalues in space domain
have been known in static analysis. We prove that the
Lyapunov and Euler stability conditions of the rod in
statics are the necessary conditions for the asymptotic
stability in dynamics. When the asymptotic stability
conditions are satisfied the free frequencies and the
damping coefficients of torsional and flexural vibra-
tions of the helical rod in a viscous medium can be
determined by the eigenvalues of time domain.

2. Dynamical equations of elastic

rod in viscous medium

Consider the motion of a thin elastic rod with
circular cross section in a viscous medium. Under
the Kirchhoff conditions the rod is homogeneous and
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isotropic, and its cross section is rigid and perpendic-
ular to the centreline, which is not extensible and has
no intrinsic curvature and twisting. Assume that the
external forces acting on the end of the rod are simpli-
fied into a force screw composed of Fy and M along
the ¢ axis. Establish the inertial reference frame (O-
&n¢) with a fixed point O as origin. Move the origin
of (0-£n¢) to an arbitrary point P on the centreline,
and denote a rotation ¥ of (P-£n¢) about the (-axis
by (P-z1y121), and a rotation ¥ of (P-z1y121) about
the xi-axis by (P-z2y222), and a rotation ¢ of (P-
ZoY2z2) about the zo-axis by a body-fixed frame (P-
2yz). Both (P-zyz) and (P-x2y222) are the principal
axes of the circular cross section. 1,4, ¢ are Euler’s
angles of the cross section relative to (P-¢n¢) (Fig.1).
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Fig.1. Euler’s angles determining the attitude of cross sec-
tion of the rod.

Define the arc-coordinate s along the centreline of the
rod with the end point Py as origin. All the variables
of the motion are functions of are-coordinate s and
time ¢ as dual arguments. Introduce wr and 2, w
and §2 as the derivatives of infinitesimal angular dis-
placements of the frames (P-z2y222) and (P-zyz) with
respect to arc-coordinate s and time ¢, respectively,
where w is the curvature/twisting vector and {2 is the
angular velocity of the cross section. Letting r be the
position vector of point P relative to the fixed point
O, v = 0r/0t be the velocity of P, e = 0r/Js be

!
w1 =wy =1,

Q=0 =9,

wro = wo = 9’ sin ¥,
\QFQ = 92 = ¢sin19,

the basis-vector along the tangent of centreline, and
taking (P-z2y222) as a reference frame of derivation,
the kinematic relationship dv/ds = des/0t can be
written as

0
—v—i—wav:Qerg, (1)

Os

where the tilt denotes the local derivative with re-
spect to (P-z2y222). The dynamical equations of the
rod can be derived from the theorems of linear and

angular momenta as

%+waF+f—pSg—?:0, (2)
a—J\/I—H.‘;FXM—Fes><F—i-m

Os

—Q(J-Q)—QFX(J-Q)

ot

=0, (3)

where F' and M are the resultant vector and moment
of the internal force on the cross section at point P,
and p, S, J are the density, area of the cross section
and the inertia tensor of the rod with unit length, re-
spectively. Numbers 1, 2, 3 denote the components of
each vectors F', M,v,w, 2, wg, ¢, f,m and the di-
agonal elements of the tensor J in (P-z2y222), where
J1 = Joy = pl, J3 = ply, I and Iy = 2I are the in-
ertial moment and polar inertial moment of the cross
section, respectively. The components of M can be

written by a linear constitutive relation as

M1 = Awl, M2 = ALUQ, M3 = ng, (4)

where A = EI and C = Gl are, the bending and
twisting stiffnesses of the cross section about the z-
and z- axes; F and G are the Young’s and shear
moduli, respectively. Expressing w;, 2;,wr;, 2r;i(i =
1,2,3) by the Euler angles, denoting the partial
derivative with respect to variables s and ¢ by dash and
dot, respectively, and introducing a quasi-coordinate
¢ to describe the absolute torsional angle by the fol-
lowing definition:

¢ = cosV+ ¢, b=1)cost+ P, (5)
we obtain
WF3 = 1/)/ COS’l?, w3 = (b/a

. (6)

QFg = ’lLCOS 19, 93 = (]5
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When the rod moves slowly in the medium the viscous
force and torque can be expressed by the following

formulae:[10—12]
fl = —C1V1, f2 = —(C1V2, f3 = —C3V3, (7)
mp =mo =0, mg= —colls,

where c¢; and c3 are the tangential and radial resis-
tance coefficients of viscous force, respectively, and ¢
is the coefficient of viscous torque. For an extremely

AY" + (C¢' — AY' cos9) sind) — Fy — J1i) — J1(2¢ — 1h cos 9)hsind = 0, (9a)
A" sind) + (24 cos 9 — C¢' )Y + Fy — Jipsined — 2J,9(¢p cos ¥ — @) = 0, (9b)
C¢" —2J1d — cod = 0, (9¢)
F] + ¢/ (F3sind — Fycosd) — pSiy — civg = 0, (9d)
F} + ' Fy cos9 — ' F3 — pSta — cive = 0, (9e)
Fi —'Fy sind + 9’ Fy — pSts — c3v3 =0, (9f)
v} 4 1/ (v3 sin 9 — vy cos¥) — psin® = 0, (9g)
vl + vy cos ) — 9'vg + 19 = 0, (9h)

)

vl +9'vg — 9 vy sind = 0.

3. Helical equilibrium

In dynamical equations (9), the variable ¢(s,t)
can be determined by Eq.(9c¢) independently. We will
prove later that the torsional motion described by
@(s,t) is an attenuating vibration under the action of
viscous dissipative force. When the torsional motion
attenuates to zero, Eqs.(9) possess particular solutions

as follows:
19:190, ’Q/JIZWOZSHM?()/R,
=0, i =0(i=1,2,3),
6=0, v=00=123 o
F1:0, FQZF()Sin’ﬂo,
F3 = Fycostly, Fpy= —Aw?) cos g,

which correspond to a helical equilibrium with radius
R and pitch angle o = m/2 — ¥ in the absence of tor-
sion. Fj is the modulus of the resultant internal force
F along the (-axis, acting on each cross section. The
negative value of Fy means that the external forces
acting on both ends are compressive. The resultant
moment of external force screw on each cross section

can be calculated as

My =0, My = Mysintdg+ FyRcosvyg,

M3 = MO COSl90 - FoRSiIlﬁo. (11)

thin rod, when the length of the rod L is much larger
than the radius of cross section a, the following ap-
proximate formulae may be applied in calculation:'?

c1 ~ 2c3 ~ 4np/In(L/a), co =~ dmpa®. (8)

Substituting Eqs.(6) and (7) into the projections of
vector equations (1) to (3) in (P-x2y222), we obtain
the dynamical equations of the rod with circular cross

section in a viscous medium as follows:

In the helical equilibrium (P-zoy222) is coincident
with the Frenet frame of the centreline. The compo-
nents of the curvature/twisting vector w in (P-zay222)
can be written as

w1 =0, wy=wpsinty, ws=wpcosty. (12)

Substituting Eq.(12) into Eq.(4), and considering the
balance of internal torque (4) with external torque
(11), we obtain the torsional moment My as

My = wo[A — (A — C) cos® Yg)]. (13)

4. Stability and torsional vibra-

tion

Define the dimensionless arc-coordinate 5 and

5 t A 2
S = wos, =/ —=wpt,
0 pS 0

let the dash and dot denote the partial derivatives with

time ¢ as

(14)

respect to dimensionless variables 5§ and ¢ respectively,
and introduce the following dimensionless parameters:

Bif_wg Co V*A_C
B VpSA’ - Cc

Co —

= (15)
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where v is the Poisson ratio of the rod with circular
cross section, then the dimensionless equation of tor-
sional vibration of the rod will be derived as

(1+v)'¢" =286 — oo = 0. (16)
Substituting the following particular solution:
@(5,t) = do exp(As + wt) (17)

into Eq.(16), we obtain the characteristic equation
26w? + cow — A\2(1+v)~1 = 0. (18)

The asymptotic stability of the quasi-coordinate
¢(s,t) in the time domain requires A2 < 0, which can
be regarded as the necessary condition for the asymp-
totic stability of torsional motion of the rod in time
domain. Let A = 4ik, where k is the angular fre-
quency of the perturbed configuration ¢(s,t) with re-
spect to the dimensionless arc-coordinate 5. The wave
length of variation of the torsional angle after pertur-
bation is | = 27 /kwy, and the length of the helical
rod with N cycles is L = 27 N/wy. Therefore the to-
tal wave number is L/l = kN, and the dimensionless
parameter k is equal to the wave number per cycle of
the perturbed elastica. In the case of weak damping,
where ¢p? < 80k?/(1 + v), the eigenvalue of Eq.(18)
can be solved as

w:—éT—l—iuT, 6T:Z_%7

1 | 80k? _
/LT—E m—coz- (19)

The perturbed torsional motion is an attenuating vi-
bration with a frequency pur and damping coefficient
St. In the strong damping medium, where ¢o? >
83k?/(1 + v), eliminating the terms with the orders
more than the second order of 8k?/(1+v)éy?, Eq.(18)
has two negative real roots:

w= —60ri(i =1,2), where o1 = 26_%
k2
d Gppe )
and 072 0+ 005 (20)

Then the perturbed torsional angle brings about an
attenuating non-reciprocate motion with damping co-
efficients 11 and dr2.

5. Static stability of flexural de-

formation

In a static equilibrium state since there are no dis-
tributed forces the resultant force on each cross section

is constant, and its components may be expressed as

Fl = O, F2 = FQ sinﬁ, F3 = FO cos V. (21)

Introducing the perturbation variables z;(i = 1,2) as

ry =19 —1vy, x2=1)—35, (22)

substituting (22) into Egs.(9a) and (9b), and neglect-
ing the terms with the orders higher than the second
order of perturbation variables lead to linearized per-
turbation equations as follows:

(23a)
(23b)

zy + sin? 9gz1 — sin 200z = 0,
2 cos oz} + sin gzl = 0.

zi(5) =
xi0exp(A5)(i = 1,2), we obtain the characteristic

Applying the particular solution

equation of Egs.(23)
A sin g (A% 4+ 1 + 3cos® ¥g) = 0. (24)

Besides the zero root, the eigenvalues of Eq.(24) are
purely imaginary, A = =£ik, thus the Lyapunov stabil-
ity in space domain is satisfied. The parameter k is the
angular frequency of the perturbed elastica relative to
the dimensionless arc-coordinate 5, and expressed as

k* =1+ 3 cos® . (25)

The Lyapunov stability is a concept of stability with
respect to the initial perturbation, occurring at one
end of the rod.
mentary condition to the perturbed elastica to sat-

It is necessary to add a comple-

isfy the boundary condition at another end. When
both ends have the same constraint, the condition
x;(L) = 2;(0)(i = 1,...,6) leads to a restriction of
the parameter k as

kL =2n7t (n=1,2,...), (26)

where n is an arbitrary integer, and L = woL with
L = 2rRN/sindy being the length of a helical rod
with N cycles. It follows from the above that the di-
mensionless parameter k is equal to the wave number

per cycle of the perturbed elastica, and expressed as

2nm n
= ool =N (27)
Substitute Eq.(27) into Eq.(25) to determine ¢g, then
we will obtain the particular values of external force
screw satisfying the boundary conditions at both ends
from Eqgs.(10) and (13).
ler’s stability the particular values can be regarded as

From the viewpoint of Eu-
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pression and torsion:

Euler’s critical loads of a helical rod under axial com-
|FO |cr
Awo

MO,cr_ n
Aoy 1+V[N 1] (28)

6. Dynamic stability and flexural

vibration

In the discussion of dynamic stability and flexu-
ral vibration we introduce dimensionless viscous resis-
tance coefficients ¢ (i = 1,3) and perturbation vari-

ables z;(i = 3,...,8) as follows:

_ c (i=1,3) Fy
CG=—Fr—= u=L4L9), I3=-—"F73,
wiv/pSA ’ Aw%
I
T4 = T 2 + cos Vg sind, x5 = A 2 + cos g cos v,
S
P2 (i=1,2,3). (29)

Ts4; = —A —
+ wWo A

Substituting Eqgs.(29) into Eqs.(9) and neglecting the
terms with the orders higher than the second order of
perturbation variables lead to linearized perturbation
equations as follows:

x| —eiy + sin? Ypz1 — sin 200z — x4 =0,  (30a)
2 cos Vo + sindgzhy — eigsindg +x3 =0, (30b)
xly — cosVoxy + sindows — i — c1ae = 0, (30c)
cosVozs + o) — &7 — crx7 =0, (30d)
—sindozs + x5 — &g — c3xs = 0, (30e)
— sindode + x5 — cosdowr + sindozs =0,  (30f)
@1 + cos Yoz + 25 = 0, (30g)
— sindoxg + 25 = 0. (30h)

The fol-
lowing particular solution can be used to analyse the

All the variables are functions of 5 and ¢.

dynamic stability of helical equilibrium:

Ii(gvﬂ :Iioexp(ik§+wav (Z: 17'-'a8)7 (31)

where the parameter k is known as k = n/N, since the
static stability of helical equilibrium in spatial domain
is satisfied, and the boundary conditions at both ends
of the rod are the same in static or dynamic analysis.
As a special case of helical rod, we discuss a pla-
/2, N =1, k =
and no deformation occurring along the normal of the
Let the perturbations z;o(i = 1,4,7) of

nar annular rod when ¥ =

ring plane.

¥, F5, v be all equal to zero, then we will obtain the
characteristic equation in time domain as
w? + ajw + ag = 0, (32)

where coefficients a1 and as are determined by

éain® + é3
n? +1+pB(n? —1)2’

2(n2 — 1)2
as = n”(n ) (n=

n?+ 1+ B(n2 —1)2’

As a1 and ay are positive, which means that the an-

ay =

1,2,...).(33)

nular equilibrium of the rod is asymptotically stable.
The perturbed motion is an attenuating flexural vi-
bration, of which the parameters can be obtained from
the characteristic equation (32) as follows:

w=—4§ +ipu, 5:%,

p=/pug— 0% po=+/az, (34)

where p and po are the free frequencies with or with-
out damping, respectively, and ¢ is the damping coef-
ficient. These results are identical with those obtained
from the analysis in Ref.[11].

When the helical rod is thin enough, and the ra-
dius of helix is much larger than that of cross sec-
tion, i.e. R > a, considering wy = sinvy/R, I ~ a*,
S ~a? and B ~
glecting 0 and letting ¢; = 2c¢3 yield the characteristic

(a/R)? being sufficiently small, ne-

equation as follows:
aow? + a1w? + asw® + asw + as = 0, (35)

where coefficients a;(i = 0,...,4) are determined by

ap = k2 + sin? 9y,

ay = c3(4k* + 3sin? 0),

2[k*(k* — 1+ 6 cos® ¥p)

+¢3(2k2 + sin® 9], (36)

az = c3k*{1 + k*[4k* — 5(1 — 5cos® ¥p)]
+sin? 9 (1 — 6 cos? ¥g)},

ag = k*(k? — 1)%(k* — 1 — 3 cos® 0).

as =

When the following condition is satisfied:
k* > 1+ 3 cos® Yo, (37)

all the conditions a; > 0(i =0, ...
witz’s criteria can be satisfied. Thus the inequality

,4) as part of Hur-

(37) serves as a necessary condition for the asymp-
totic stability of helical rod in the time domain. The
condition (37) is similar to Eq.(25) in form, except
for the greater-than sign replacing the equality sign
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in Eq.(25). Consequently the inequality (37) leads to
a conclusion that the external force screw should be
smaller than the Euler’s critical loads:

|F0| < |F0|cr7 Moy < My,cr- (38)

This means that Lyapunov’s and Euler’s stability con-
ditions of the helical rod in space domain are the nec-
essary conditions for the Lyapunov’s asymptotic sta-
bility in time domain. Analogous results have been

6] and a

obtained for a helical rod without damping
straight or annular rod in a viscous medium!'! as spe-

cial cases.

When the stability conditions are satisfied the pa-
rameters of flexural vibration of the helical rod can be
calculated from the eigenvalues of Eq.(35) numerically.
For a given ¢3 = 2, the free frequency p and damping
coefficient § of flexural vibration versus pitching an-
gle & = w/2 — Y9 of helix for different values of wave
number k are shown in Fig.2 and Fig.3, respectively.

Fig.2. Free frequency p of flexural vibration versus « for
different values of k.

2.01-
2.00f
1.99F X\
19sf
1.97
196F -
195} ¢
1.94f
1.93f
1.92}
1.91}
1.90L - : ;
0 /6 /3 /2

«

Fig.3. Damping coefficient § of flexural vibration versus
a for different values of k.

7. Conclusions

1. The different concepts of Lyapunov stability
and Euler buckling in static analysis of equilibrium of
elastic rod are closely related. A stable helical equi-
librium from Lyapunov’s concept in the space domain
can be unstable from Euler’s concept and the buckling
occurs when the load reaches an Fuler critical value.
The Euler critical load of the helical rod is a special
value of the external force when Lyapunov’s stability
conditions and the boundary conditions at both ends
are satisfied.

2. The torsional deformation of the helical rod in
a viscous medium is always asymptotically stable, and
the rod suffers an attenuating torsional vibration.

3. In the stability analysis of flexural deformation
of a helical rod in a viscous medium, the Lyapunov
and Euler stability conditions in space domain are the
necessary conditions for the Lyapunov asymptotic sta-
bility in time domain.

4. When the stability conditions are satisfied the
free frequency and damping coefficient of flexural vi-
bration of the helical rod in a viscous medium can be
calculated from the eigenvalues of time domain.
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