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This paper obtains the energy-spectrum and eigenstate corrections of two-mode Bose–Einstein condensates (BECs)

coupled by quantum tunnelling by perturbation method in both strong and weak tunnelling regions. The population

imbalance between two BECs are then studied in terms of the low-lying eigenstates which also characterize the intrinsic

entanglement between the two-mode BECs. The strong parity effect in the weak tunnelling region is also investigated.
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1. Introduction

Quantum tunnelling of macroscopically coherent

systems is one of the most intriguing phenomena well

known in condensed matter physics for long,[1,2] whose

most fascinating feature is that a macroscopic object

with many degrees of freedom manifests nonclassical

behaviour calculable only by using quantum mechan-

ics. Quantum tunnelling has been observed to play

an important role in a great deal of physical pro-

cesses, e.g. in superfluids and in superconductors as

well as in magnetic systems. The experimental real-

ization of Bose–Einstein condensation (BEC) in dilute

alkali atomic gases opened up the exploration of quan-

tum phenomena in a fire-new domain. Indeed, recent

experiments have successfully demonstrated quantum

tunnelling for condensates confined in an array of

optical potentials[3] and observed the phase transi-

tion between superfluid and Mott-insulator.[4] The

essential underlying physics can be understood with

the study of a simple pair of tunnel-coupled BECs

(single-component BECs trapped in a double-well po-

tential with an adjustable barrier height[5] or atoms

consisting of two internal hyperfine levels |F = 1,

mF = −1〉 and |F = 2, mF = 1〉 in a single trap

which are coupled by a radiation field.[6,7]) Conden-

sates in such a tunable environment exhibit rich phe-

nomena related to the macroscopic quantum coher-

ence such as the atomic Josephson effect[8] and matter-

wave interference,[6] which all arise from quantum tun-

nelling.

As an idealization the two linked BECs can be

considered as a two-mode bosonic system, which has

been studied extensively by using a variety of meth-

ods, such as the Gross-Pitaevskii approximation,[9]

mean-field theory,[10,11] the Bethe ansatz method[12,13]

and numerical diagonalization,[14] etc. Most of the in-

vestigations have been concentrated on the dynamics

and little works have been done toward the energy

spectrum and corresponding eigenstates of the BECs

consisting of two coupled subsystems. In the present

paper we study the eigen problem with perturbation

method for both weak and strong tunnel couplings,

from which some new features of the tunnel-coupled

BECs are explored.

In the formalism of second quantization, the sys-

tem can be described by the bimodal Hamiltonian

(natural unit ~ = 1 is used throughout)[15]

Ĥ =
∑

l=1,2

Ĥl + Ĥi + Ĥt,

with

Ĥl = ωlâ
+
l âl +

ηl

2
â+

l â
+
l âlâl,

Ĥi = χâ+
1 â1â

+
2 â2,

Ĥt = G
(
â+
1 â2 + â+

2 â1

)
,

where â1, â2 denote the single-particle annihilation op-
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erators of each mode obeying the usual boson com-

mutation relations [âi, â
+
j ] = δij . The parameters

ηl, χ and G describe the nonlinear atom-interaction

strength in each mode, the atom-interaction and

tunnel-coupling strengths between two modes respec-

tively. By introducing the pseudo-angular-momentum

operators in terms of Schwinger relation the above

model Hamiltonian reduces to

Ĥ = ωĴz + qĴ 2
z +G(Ĵ+ + Ĵ−), (1)

where the pseudo-angular-momentum operators take

the form

Ĵx =
1

2

(
â+
1 â2 + â+

2 â1

)
,

Ĵy =
1

2i

(
â+
1 â2 − â+

2 â1

)
,

Ĵz =
1

2

(
â+
1 â1 − â+

2 â2

)
, (2)

and Ĵ± = Ĵx ± iĴy. The Casimir invariant is

Ĵ 2 =
N̂

2

(N̂
2

+ 1
)
,

where N̂ = N̂1 + N̂2 = â+
1 â1 + â+

2 â2 is the total num-

ber operator, which is conserved and set to the total

number of atoms N = 2j with j being the quantum

number of angular momentum. The physical meaning

of the coupling parameters of Eq.(1) for different re-

alizable systems may be found in Ref.[9]. To be brief,

ω = ω1 − ω2 + (N − 1)(η1 − η2)/2

is the difference between chemical potentials of the two

modes. The parameter q = (η1−η2)/2−χ provides the

strength of the scattering interaction between bosons

and G still denotes the tunnel-coupling. Note that dif-

ferent coupling regimes of the model are characterized

by the ratio q/G. It is useful to consider the following

three regimes:[9] Rabi regime → q/G≪ 1/N , Joseph-

son regime → 1/N ≪ q/G ≪ N and Fock regime

→ q/G ≫ N. Note that the crossover between Rabi

and Josephson regimes is in the strong tunnel-coupling

region while the weak tunnel-coupling corresponds to

the crossover between Josephson and Fock regimes.

And it is well known that an analogy can be drawn

between the dynamics of Eq.(1) and the motion of a

pendulum.[8]

Previous studies for the general properties of two-

mode BECs have been focused on the quantum dy-

namics of the system as well as the effects of the

nonlinear interactions between atoms. Meanwhile we

emphasize how the atom-interaction, particularly the

strength of the tunnel-coupling, affects the quantum

tunnelling behaviour and the quantum correlation. In

this paper we investigate the energy spectra and the

wavefunction of the ground-state in the limit of strong

and weak tunnel-couplings by means of perturbation

method. These results are used to extract the pop-

ulation imbalance between two modes and to charac-

terize the intrinsic entanglement for the ground state

in the different coupling regions of the system. More-

over, our approach also provides a useful tool in study-

ing the behaviour of the crossover regions between

the Rabi, Josephson and Fock regimes, which is an

important problem in quantum tunnelling. We will

mostly discuss the case ω = 0 (corresponding to the

case of symmetric trap potential ω1 = ω2) as achieved

in Refs.[12,13,15].

2. The case of strong tunnel cou-

pling

2.1. The energy gap

We start our analysis with strong tunnel-coupling

region. Firstly, we determine the energy spectrum an-

alytically by using second-order perturbation theory

with the Hamiltonian rewritten as perturbable form

Ĥ = Ĥ(0) + Ŵ , where

Ĥ(0) = G(Ĵ+ + Ĵ−), W = qĴ 2
z . (3)

Here we take advantage of unitary transformation ob-

tained by means of the generator of SU(2) coherent

states to solve exactly the first part of the Hamil-

tonian Ĥ(0) and to derive analytic formulas of both

unperturbed energy and wavefunction. The gener-

alized gauge transformation in terms of the unitary

operator[16] is defined by

Û = exp
[λ
2

(Ĵ− − Ĵ+)
]
, (4)

where auxiliary parameter is seen to be λ = −π/2
when ω = 0. The stationary-state Schrödinger equa-

tion is invariable under the gauge transformation such

that

Ĥ ′(0)|ψ′〉(0) = E(0)|ψ′〉(0),
where

Ĥ ′(0) = ÛĤÛ+, |ψ′〉(0) = Û |ψ〉(0),

and the state |ψ〉(0) is assumed to be the solution of

original Schrödinger equation

Ĥ(0)|ψ〉(0) = E(0)|ψ〉(0).
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In terms of the generalized gauge transformation,

Ĥ ′(0) is diagonal in the Ĵz representation

Ĥ ′(0) = −2GĴz.

It is easy to obtain the exact general solution of the

original stationary-state Schrödinger equation

|ψ〉(0) = Û+|ψ′〉(0) = Û+|j,m〉,

and the zero-order energy of the state with exact mag-

netic quantum number m (m = −j, ...j) is

E(0)
m = −2Gm.

So the zero-order ground-state energy and wavefunc-

tion are given respectively by

E(0)
g = −2Gj = −GN,

|ψ〉(0)g = Û+|ψ′〉(0)g = Û+|j, j〉 = |nx〉, (5)

where |nx〉 is also known as SU(2) coherent state

which is the eigenstate of the operator Ĵ · nx such

that Ĵ ·nx|nx〉 = |nx〉 and nx is the unit vector along

x-axis. The first- and second-order corrections to the

ground-state energy are given respectively by the well-

known expression

E(1)
g = (0)

g 〈ψ|W |ψ〉(0)g

= q(0)g 〈ψ′|Û Ĵ 2
z Û

+|ψ′〉(0)g ,

E(2)
g =

∑

m 6=g

|Wgm|2

E
(0)
g − E

(0)
m

=
∑

m 6=g

q2|(0)g 〈ψ′|Û Ĵ 2
z Û

+|ψ′〉(0)m |2

E
(0)
g − E

(0)
m

,

where |ψ′〉(0)m denotes the zero-order wavefunction with

magnetic quantum numberm. We finally find that the

ground-state energy including the first- and second-

order corrections is

Eg(q,G) = −GN +
q

4
N +

q2

32G
(N −N2). (6)

In the same way we obtain the corrections to the en-

ergy of the first-excited state with magnetic quantum

number (j − 1)

Ee(q,G) = −GN + 2G+
q

4
(3N − 2)

+
3q2

32G
(−N2 + 3N − 2). (7)

So the energy gap between the ground and the first-

excited states is

∆ = Ee(q,G) − Eg(q,G)

= 2G+
q

2
(N − 1) +

3q2

16G
(N − 1), (8)

which is consistent with the result obtained by the

algebraic Bethe ansatz method.[13]

2.2. Entanglement associated with the

ground state and expectation value

of the correlation operators

The first-order correction wavefunction of the

ground-state is given by

|ψ〉g = |nx〉 + |ψ〉(1)g

=

j∑

m=−j

(Cj+m
2j )

1

2

1

2j
|j,m〉

+
q

4

[
−π

2
√

6j(j − 1)(2j − 1)(2j − 3)

32G
|j, j − 4〉

+
π
√

6j(j − 1)(2j − 1)

8G
|j, j − 3〉

−
√
j(2j − 1)

2G
|j, j − 2〉

+
π(2j − 1)

√
2j

8G
|j, j − 1〉

− π2j(2j − 1)

32G
|j, j〉

]
, (9)

where Cj+m
2j is a binomial coefficient. For the pair of

tunnel-coupled BECs described by Eq.(1), a general

state |ψ〉 can be written in terms of the Fock states as

|ψ〉 =

N∑

n=0

cn|n〉1|N − n〉2,

where cn are complex coefficients with n bosons in

mode ‘1’ it means N −n bosons in mode ‘2’. There is

an obvious relation that |j,m〉 ≡ |N +2m〉1|N −2m〉2
and we then have

|ψ〉 =

N∑

n=0

cn

∣∣∣j, n− N

2

〉
.

So the entropy of entanglement between two modes

can be evaluated as

E(ρ) = −
N∑

n=0

|cn|2 ln |cn|2

= −
j∑

m=−j

|Cm|2 ln |Cm|2, (10)

which has been proved in Ref.[11]. So the entropy of

entanglement associated with the ground state is
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E(ρ) = −
N/2−5∑

m=−N/2

∣∣∣∣
(
C

N/2+m
N

)1/2(√
2

2

)N
∣∣∣∣
2

ln

∣∣∣∣
(
C

N/2+m
N )1/2

(√
2

2

)N
∣∣∣∣
2

−
∣∣∣∣(C

N−4
N )1/2

(√
2

2

)N

− qπ2
√

3N(N − 1)(N − 2)(N − 3)

128
√

2G

∣∣∣∣
2

× ln

∣∣∣∣(C
N−4
N )1/2

(√
2

2

)N

− qπ2
√

3N(N − 1)(N − 2)(N − 3)

128
√

2G

∣∣∣∣
2

−
∣∣∣∣(C

N−3
N )1/2

(√
2

2

)N

+
qπ

√
3N(N − 1)(N − 2)

32
√

2G

∣∣∣∣
2

× ln

∣∣∣∣(C
N−3
N )1/2

(√
2

2

)N

+
qπ

√
3N(N − 1)(N − 2)

32
√

2G

∣∣∣∣
2

−
∣∣∣∣(C

N−2
N )1/2

(√
2

2

)N

− q
√
N(N − 1)

8
√

2G

∣∣∣∣
2

× ln

∣∣∣∣(C
N−2
N )1/2

(√
2

2

)N

− q
√
N(N − 1)

8
√

2G

∣∣∣∣
2

−
∣∣∣∣(C

N−1
N )1/2

(√
2

2

)N

+
qπ(N − 1)

√
N

32G

∣∣∣∣
2

× ln

∣∣∣∣(C
N−1
N )1/2

(√
2

2

)N

+
qπ(N − 1)

√
N

32G

∣∣∣∣
2

−
∣∣∣∣
(√

2

2

)N

− qπ2N(N − 1)

256G

∣∣∣∣
2

× ln

∣∣∣∣
(√

2

2

)N

− qπ2N(N − 1)

256G

∣∣∣∣
2

. (11)

Figure 1 shows the entanglement as a function of

q/G. In the case of q = 0, it is easy to show that

the ground state is the two-site analogue of the su-

perfluid phase of Bose–Hubbard model. Even if q is

small the occupation number fluctuations are large

due to the strong tunnel-coupling , which results in

phase coherence between two modes characterized by

the high entanglement. As the ratio q/G continues to

increase, the entanglement asymptotically approaches

a maximum value which is still less than the maxi-

mal entanglement of the system, ln(N + 1). Then the

entanglement gradually decreases with the increase of

q/G.

Fig.1. The entropy of entanglement via the ratio q/G for

N = 100.

The expectation value of the correlation operators

Ĵz characterizes the population imbalance between the

coupled two-mode BECs. It is well known that the rel-

ative phase is conjugate to the population imbalance

∆N = N1 − N2, which are useful in understanding

the dynamics and quantum tunnelling effect of the bi-

modal model. For the ground state in the limit of

strong tunnelling, we have

∆N = 2〈ψ|Ĵz|ψ〉g

= − (CN−4
N )1/2

(√
2

2

)N

× qπ2
√

3N(N − 1)(N − 2)(N − 3)

32
√

2G

+ (CN−3
N )1/2

(√
2

2

)N

× qπ
√

3N(N − 1)(N − 2)

8
√

2G

− (CN−2
N )1/2

(√
2

2

)N

× q
√
N(N − 1)

2
√

2G

+ (CN−1
N )1/2

(√
2

2

)N

× qπ(N − 1)
√
N

8G

−
(√

2

2

)N

× qπ2N(N − 1)

64G
, (12)

where we retain only terms up to and including those
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of O(q).

Fig.2. The population imbalance via the ratio q/G for

N = 100.

In Fig.2 we plot the population imbalance of

Eq.(12) as a function of the ratio q/G and indicate

that the population imbalance between the coupled

two modes increases with q/G.

3. The case of weak tunnel-

coupling

3.1. The energy gap

In the weak tunnel-coupling region, we treat the

tunnel part of the Hamiltonian (1) with coupling con-

stant G as perturbation. Similarly, we obtain the cor-

rections to the energy spectrum (for the case that N is

even number) in terms of the degenerate perturbation

theory:

Eg(q,G) = − G2(N2 + 2N)

2q
,

Ee(q,G) = q +
2G2(j2 + j + 1)

3q

= q +
G2(N2 + 2N + 4)

6q
,

So the energy gap between the ground and the first

excited states is

∆ = Ee(q,G) − Eg(q,G) = q +
2G2(N + 1)2

3q
, (13)

which is also consistent with the result obtained by

the algebraic Bethe ansatz method.[13]

3.2. Entanglement and expectation

value of the correlation operators

The first-order correction wavefunction of the

ground state is obtained as

|ψ〉g = |j, 0〉 − G
√
j(j + 1)

q
(|j,−1〉 + |j, 1〉).

Thus the entropy of entanglement, the population im-

balance between the two modes in weak tunnelling are

respectively given by

E(ρ) = −
j∑

m=−j

|cn|2 ln |cn|2

= −1

2

(G
q

)2

×N(N + 2)

× ln
[1

4

(G
q

)2

×N(N + 2)
]
, (14)

∆N = 2〈ψ|Ĵz|ψ〉g = 0 . (15)

3.3. Parity effect

Now we perform a similar analysis for oddN . The

energy gap between the ground and the first excited

states is

∆ = 2q − G

2
(N + 1) +

3G2(N + 1)2

16q
. (16)

The entropy of entanglement and the population im-

balance between the two modes are respectively

E(ρ) = −
(
ln

1

2
+

1

16

(G
q

)2

× (N − 1)(N + 3)

× ln
[ 1

32

(G
q

)2

× (N − 1)(N + 3)
])
, (17)

∆N = 2〈ψ|Ĵz|ψ〉g = 0. (18)

Fig.3. The entropy of entanglement via the ratio G/q

(solid line for N = 100 and dashed line for N = 101).
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In Fig.3 we show in detail the entropy of entan-

glement via the ratio G/q in two different cases (even

and odd N) : N = 100 (solid line) and N = 101

(dashed line). Since G is the tunnelling parameter,

the larger its value the stronger the coupling between

two modes of the system. So for the case G = 0 with

even N the bimodal system has zero entanglement.

But the situation is greatly different when N is odd

where the entanglement does not vanish even if G = 0.

This indicates a novel parity effect in the weak tun-

nelling region similar to the spin parity effect in the

macroscopic quantum coherence of spin systems.

Furthermore, comparing Fig.3 with Fig.1, we can

see that the entropy of entanglement in weak tunnel-

coupling region is much smaller than that of the strong

tunnel-coupling region. That is to say, the crossover

region between Rabi and Josephson regimes indicates

stronger coherence in the ground state. In the op-

posite crossover region between Josephson and Fock

regimes, the system indicates weaker coherence.

4. Conclusion

To summarize, we have investigated the energy

spectra of a tunnel-coupled pair of BECs in both

strong and weak tunnelling regions by using pertur-

bation method and obtained the explicit formula of

population imbalance between two modes as well as

the entropy of entanglement. Our approach makes it

feasible to undertake an analysis of the crossover re-

gions between the Rabi, Josephson and Fock regimes.

In the weak tunnelling region quantum tunnelling dis-

plays a novel parity effect, whose possible physical im-

plications are worth exploring.
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[5] Albiez M, Gati R, Főlling J, Hunsmann S, Cristiani M

and Oberthaler M K 2004 cond-mat/0411757

[6] Andrews M R, Townsend C G, Miesner H J, Durfee D S,

Kurn D M and Ketterle W 1997 Science 275 637

[7] Hall D S, Matthews M R, Ensher J R, Wieman C E and

Cornell E A 1998 Phys. Rev. Lett. 81 1543

[8] Smerzi A, Fantoni S, Giovanazzi S and Shenoy S R 1997

Phys. Rev. Lett. 79 4950

[9] Leggett A J 2001 Rev. Mod. Phys. 73 307

[10] Milburn G J, Corney J, Wright E M and Walls D F 1997

Phys. Rev. A 55 4318

[11] Hines A P, McKenzie R H and Milburn G J 2003 Phys.

Rev. A 67 013609

[12] Links J and Zhou H Q 2002 Lett. Math. Phys. 60 275

[13] Zhou H Q, Links J, McKenzie R H and Guan X W 2003

J. Phys. A: Math. Gen. 36 L113

[14] Tonel A P, Links J and Foerster A 2004 quant-ph/0408161

[15] Chen Z D, Liang J Q, Shen S Q and Xie W F 2004 Phys.

Rev. A 69 023611

[16] Lai Y Z, Liang J Q, Müller-Kirsten H J W and Zhou J G

1996 Phys. Rev. A 53 3691


