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The upper critical field of clean MgB, is investigated using the two-band layered Ginzburg-Landau (GL) theory.

The calculated results are fitted to the experimental data of clean MgB, crystal very well in a broad temperature range.

Based on the GL theory for clean superconductors, a phenomenological theory for dirty superconductor is proposed.

Selecting appropriate parameters, two-band layered GL theory is successfully applied to the crystal of Mg(B1—4Cgz)2

and the neutron irradiation samples of MgB,.
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1. Introduction

Since the discovery of superconductivity in MgB,
at about 39K in 2001, MgB, has been studied
widely. A large number of experimentall?=¢ and
theoreticall™®! works indicate that MgB, has two gaps.
The two gaps correspond to two distinct groups of
bands. One is derived from ¢ antibonding p,, B or-
bitals which form two hole-type two-dimensional (2D)
deformed cylindrical Fermi surface (FS) sheets; the
other from 7 bonding and antibonding p, B orbitals
which form two 3D near isotropic FS sheets. The
coupling between the holes in the o- band and the
phonons is very strong and results in a larger energy
gap.

The influence of doping or introducing defects on
the superconductivity of MgB, has attracted a lot of
interest. Doping or introducing defects can enhance
the upper critical field (Hcz), reduce the anisotropy
ratio of the upper critical field vy, form pinning cen-
tres and increase the critical current density J,.[9~14
The impurities coming from doping or introducing de-
fects have two effects. On the one hand, they change
the band filling, the density of states (DOS) at the
Fermi level Ex and the anisotropy of F'S, resulting in
the changes of the critical temperature (7;) and the
parameters in GL theory. On the other hand, they
induce the charge carrier scattering. In two-band su-
perconductors, there are two types of carriers scat-

tering: intraband scattering and interband scattering.
The intraband nonmagnetic impurity scattering does
not affect the critical temperature, but it decreases
the mean free path of the charge carriers. When the
mean free path of the charge carriers becomes shorter
than or comparable to the coherence length, the ef-
fective coherence length becomes shorter, leading to
an increase of the upper critical field. The interband
impurity scattering has a pair-breaking effect, caus-
ing a decrease of T, and the merging of the two gaps.
However, the interband impurity scattering in MgB,
is weak due to the different parity of o- and - band

[15] 50 the intraband scattering dom-

wave functions,
inates the superconductivity of MgB,. As is known,
the wavefunction of the carriers in the o-band concen-
trates mainly in the B-layers, while the wavefunction
of the carriers in the 7- band mainly in both sides of
the B-layers and is closer to the Mg-layers. Therefore,
the different substitutional impurities have different
effects on the intraband scattering within the o- and
m- bands. In previous works, the effects of C and Al
doping on the superconductivity of MgB, have been
studied in detail [9—11,16-20]

The purpose of this paper is to study the effect of
doping or introducing defects on the superconductiv-
ity of MgB, based on the two-band layer GL theory.
There have been many papers about the GL theory
for describing MgB,.[21=25] Some indicate that the ap-
plicability of the GL approach to MgB, is limited to
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an extremely narrow temperature range near T, be-
cause the c-axis coherence length in the o- band is
much smaller than that in the m- band.[?6:2"] Based
on Refs.[26] and [27], we adopt a different treatment
for the two-band GL theory, which broadens the tem-
perature range of the applicability of the GL theory
to MgB,.

This article mainly concentrates on calculating
H.o and discussing the relations between H.o and the
parameters based on the two-band layered GL theory.
The paper is organized as follows. In Section 2, the
two-band layered GL equations are derived. In Sec-
tion 3, these equations are used to derive the upper
critical field and its anisotropy in clean limit. In Sec-
tion 4, the two-band layered GL theory are applied to
the upper critical field in dirty limit by changing the
parameters.

2. Two-band layered GL theory

Considering the layered structure of MgB, and
the characteristic of the wavefunction of carriers in the
o- and 7- bands, we introduce the two-band layered
GL theory. The GL free-energy function for two-band
layered superconductors!?!! can be written as:

F= Y5 [ (Bt Fa + Fran)dady

H2
+/8—7TdV, (1)

where z axis lies along the c¢ crystallographic axis and
n is the layer index. s denotes the distance between
adjacent B-layers. Indices 1 and 2 correspond to the
o- and 7- bands respectively. Index 12 corresponds to
the interband interaction. H is the external magnetic
field and H = curlA, where A = (A,, Ay, A.) is the
vector potential. Here
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where z, is the z axial coordinate of the nth B layer
and 241 — 2n = S; a4, Bi, My, Mz, Ri2, myo and 119
are the introduced parameters in GL theory.

In Eq.(1), F1,, and F», denote the GL free energy
density of the carriers in the o- and 7- bands with-
out interband interaction, Fjo denotes the free energy
density coming from the interband interaction. Com-
paring with the single-band GL free energy function,
it is known that the first three terms in Fi,, (Fb,)
describe the free energy of o- (m-) band in the nth
layer and the fourth term is inter-layer interaction of
o- (m-) band. In Fi3 ., the first and second terms de-
scribe the interband interaction in the nth layer and
the third term is the inter-layer interband interaction.

In this work, we neglect the second and third terms in
Fi2 5, and retain only the first term, i.e., the interband
interaction in the same layer. These omissions can be
justified by the microscopic theory.[2?l

Supposing the magnetic field inclines by an an-
gle 6 with respect to the z axis in the yz plane, the
magnetic field can be written as H = (0, Hy, H,) =
(0, H sin 0, H cos#). We can choose the vector poten-
tial A = (0, Hyx, —Hyx).
as for single-band layered superconductor,?3 i.e., as-
suming ¥, (z,y) = exp[i(Qy + i.0))fi(), the GL
equations for two-band layered superconductors can

Using the same method

be reduced to the following form:
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mZ 92 1 K2 21
Diifi = “ o 5 T {Emiwfz(:v —20)* + o {1 — cos (%Hys(a@ - :cg))} - ai} fi, (6)

D13 = Doy = Ry, (7)

with xg = (e®Q/27H|e|), wiz = 2|e|H,/m;c; and
Dy = (ch/2e) is the magnetic flux quantum.

D;; f; is similar to the Hamiltonian for a particle
of effective mass m; bound in a potential field;

1
Vi = sk o — ag)?
h? 2T
+miz82 {1 — cos <50Hys(x - xQ))} —a;. (8)

V; is schematically plotted in Fig.1.

Fig.1. The schematic plot of the potential field V;.

Obviously, its energy spectrum has a minimum. The
solvability condition of Eq.(5) requires that the mini-
mum eigenvalue of the following equation

D11 Dqo
D31 Do

h
f2

h
f2

—E 9)

is less than zero. Equation (8) indicates that the en-
ergy levels will move upward with the increase of H.
As a result, the upper critical field corresponds to the
magnetic field when the minimum eigenvalue of Eq.(9)
is equal to zero.

3. The upper critical field of two-

band superconductors

3.1. The upper critical field in the c-
direction

In this case H, = H and Hy = 0, thus we have

R 9> 1
_%W —+ Emiwi2I2 - Oéz'> f’iv (10)

D fi = <

Disfa = Riafa, Doifi = Riafi, (11)

with w; = 2|e|H/m;c. Equation (9) describes a system
of two coupled oscillators. When the coupled term is
neglected, the energy eigenvalues for each oscillator
are given by

€ = <j—|— %) hw; —a;, (j=0,1,2, ...). (12)
The coupled term is R;2, so only the energy levels with
the same j can be coupled. The lowest coupled energy
level comes from the coupling between two j = 0 lev-
els of two oscillators. When j = 0, the energy levels
of each oscillator are €; 9 = fuw;/2 — a; and their cor-
responding wavefunctions are

h

_ (@)% o-a03?/2
f2

™

’ (13)

where ag = 2nH/®y and ¢, d are the variational pa-
rameters. The lowest coupled energy level is the solu-
tion of the following equation

€1,0 Ri2 c

(14)
Ri2 €2 d d

and can be described as

1
em:§ {(61,0 + 62,0) - \/(51,0 - E2,0)2 + 4R%2 : (15)
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When ¢, = 0, we can obtain the upper critical field

Dy

Hep=—2 16
2 27r§c2f_f (16)
where
1 1 (651 042)
_ - = — 4+ =
a2 K’fl k2
2
a1 (65 4R%2
— = 17
+\/(k1 k2) Fika |7 (a7)

with kl = h2/2m1, kz = h2/2m2.

When the interband interaction is neglected,
Eq.(5) is reduced to two independent single-band
GL equations, corresponding to the critical temper-
atures T.; and Tyo respectively. Then the parame-
ters a; and as can be approximately expressed as
a; = aio(l = T/T;), where Ter > Teo, 10 > agg
for MgB,.[" Now we can introduce the intrinsic co-
herence lengths £2 = k;/«; for each band, so Eq.(17)

is rewritten as
1 1{(1 N 1)
2 21\ &
1 1\? 42
= -] +=—1, 18
V (-g) rag| ™

where T2 = (R%2/04100[20). 5120 = kl/alo and 530 =

ka/ang denote the intrinsic coherence lengths of the
o- and m- bands in the zy plane as T — 0 respec-
tively. Equation (18) indicates that &g is determined
by the smaller coherence length if the interband inter-
action is neglected. When H.o = 0 in Eq.(16), we can
obtain the critical temperature of the superconductor

1
T.= T+ |5(V/(Ta = TP +4TaTar

(T~ Ta))]. (19)

This result is well known and indicates that the criti-
cal temperature T is higher than T¢;.

Equations (16) and (18) suggest that the value
of Heo(T) depends on the parameters T1, Tea, &10,
&0 and r2. The theoretical result is shown in Fig.2
by the dashed line and the experimental data are
taken from Ref.[29].
of Lyard et al,?”! we select the following parameters:
T = 305K, Teo = 17.3K, &2, = 8.66 x 107" m?,
€2, =1.5x1071%m? 72 =0.2.

To fit the experimental data

14

12

10

Heo/T

12 15 18 21 24 27 30 33 36
Temperature/K

Fig.2. Magnetic phase diagram of the MgB, single crys-
tals. The solid line and dashed line show the theoretical
results ngb and H¢,, respectively. The experimental data
are taken from Lyard et al[?] (symbols). The inset shows
the anisotropy ratio v .

3.2. The upper critical field for 6 # 0

In this case, H, = Hcosf, H, = Hsinf. If we
regard Eq.(9) as the eigen equation of two coupled os-
cillators, the potential energy of each oscillator is the
superposition of a simple harmonic potential energy
and a periodic potential energy,

1
Vi = gmiwf cos? fz?
K2 Hsin6
+mi282 sin? (ﬂ- ;;n sx> . (20)

Expanding V; at the point of x = 0, we obtain

1 el Hog i \ 2
Vizimi (M> z? (21)

m;c

where

ms 1/2
Heg, = H (cos2 0 + — sin? 9) . (22)

Miz
For MgB,, the calculated results of energy band[30-31]
are: my,/my ~ 40 and ma/ma, ~ (1 ~ 4). Since
s ~ 3.52A, the expansion of Eq.(21) is valid when
H < 100T. If the coupled term is neglected, the en-
ergy eigenvalues of each oscillator are equal to €; ; ~

(j + l)hwZ — o, where w; = 2|e|Hem,i/mic. Since
Hog1 # Heg2, the variational lengths of the wave
functions of the oscillators are different. Therefore,
not only should we consider the coupling between the
energy levels with the same j, but also the coupling

between the energy levels with different j. To obtain
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the minimum eigenvalue of the coupled oscillator, we € = 1 [(511 + Day)
follow a variational approach. We look for a solution 2
in the form —\/(511 — D33)2 +4D13Doy (25)
a\1/4 a o
hiz) =eg(z) =c (;) eXPp (_ix ) ’ By minimizing €,
b\ b
fo(x) = dga(x) =d (;) exp <—§x2> , (23) O€m o, O€m o, (26)
da ob

where a, b, ¢, d are variational parameters. Intro-
ducing Dy = (g:|Dalgi), (i,1 = 1,2), the minimum
eigenvalue of the system is the solution of the follow-

ing equation

we can obtain a.,, by, as functions of H. Substituting
Qm, by, into the following equation

61n(‘E[(:27 Qs bm) = 07 (27)
Dy, D
onoe “l=e (24)  we can obtain the upper critical field Hes.
D21 D ]\ d d Introducing L% = &,/2rH, F;(0) = cos®0 +
The solution of Eq.(24) is 7:1 sin? @, Eqs.(26) and (27) are transformed to
|
_1 520 2 F2 510 2 Fl bH—aH bH
— (= by ) -1 —nt = - | =22 2 ——\ | = 28
(5) (o) 0w () (-2) ol
1 &0\ (P €20\’ Iy o by —apm ag
S(2e) (2 ——t)| (&) (1-22) =92 2H 00 JIH 29
2 (LH) am Fam ) = ) Ly b% " (ba +am)?\ bu’ (29)
1 £0\? (B 1/&0\ (P 22vbmapy
— | = —~ +byg | —(1-nt — | = — —(1-t)| =r*——— 30
2<LH) bH+ " ( 771) 2 H GH+CLH ( 1) TbH—l—aH’ ( )
|
where t1 = T/Tc1, to = T/Teo, 1 = Te1/Te2, ag = formal solution for Ho
al?, by = bL?%. From these equations, we can ob- 11 1 1
tain ag, by and H.s as functions of T and 6. Tf 9 ﬂ + @
2 2
In the following discussion, we select the same +\/(2i _ QL) + 47‘1262V . (31)
§A B (&70A) (€20 B)

parameters as those in the preceding section and let
my/mi, = 0.034 and mso/ms, = 1.33 to fit the exper-
imental data of Lyard et al.?) In Fig.2, the Heo(T)
at & = 0 (calculated in the preceding section) and
0 = /2 are plotted. It can be seen that the the-
oretical results are fitted to the experimental data
measured on MgB, very well in a wide temperature
range. In Fig.3, the calculated values of ag (6), b (6),
VFi(0), VF2(0) at T = 30K are plotted. At 6 = 0,
ag =bg = VFi =VF, =1. At 0 #0, ag > VI,
bg < +F5 and ag # bg. Therefore, it is clear that a
proper treatment for the two-band GL theory can take
into account the difference of coherence lengths for two
1

3 (5 em)

bands in ¢ axis. If we introduce A = —

1 [ F: 2vagb
B: — _2+bH andC: ﬂ,Eq(30) hasa
2 \ by ag +bu

which is similar to Eq.(18).

1.2

=
=)

e
o0

<
o

(=)

Variational parameter
=~

e
o

0/(°)

Fig.3. Angle dependence of variational parameters at
T = 30K and the same set of GL parameters as those
in Fig.2.
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4. The upper critical field of dirty

two-band superconductors

As has been discussed in the introduction, there
are two effects of impurities or defects on superconduc-
tivity. Firstly, they shift the Fermi level, modify DOS
at Fr and the band averaged Fermi velocities; sec-
ondly, they can increase carrier scattering. For MgB,,
the interband scattering is weak, so the superconduc-
tivity is dominated by the intraband scattering.

We also know that the more impurities the su-
perconductor contains, the stronger the carrier scat-
tering. The carrier scattering decreases the carrier
mean free path /. When the carrier mean free path
is shorter than the corresponding coherence length
in the clean superconductor, the superconductor be-
comes dirty and the coherence length becomes directly
proportional to (hvp!/kgT.)'/? instead of (hvp/kpTe).
Here, vrp denotes the average Fermi velocity. For
MgB,, the intrinsic coherence lengths of each band
become directly proportional to (£;¢;)'/2. Here, £; de-
notes the mean free path of the carriers in the ¢ band.
The intrinsic coherence lengths of each band decrease
with the increase of the impurity concentration p. But
this effect is different in the different band and differ-

ent direction.

For the two-band superconductor MgB,, the ef-
fects of intrinsic coherence lengths of each band on
the upper critical field are different. Shown in Fig.4
are H.o curves for different £19 and other parameters
are the same as those in Fig.2. The set of parame-
ters indicates that the impurities only affect the o-
band and reduce the anisotropy of the o- band. From
Fig.4, it can be seen that the two directional upper
critical fields both increase considerably and the posi-
tive curvature of H%(t1) becomes more obvious with
the decrease of £19, accompanied by a reduction in the
anisotropy ratio yg. But ~yg still decreases with the
increase of temperature. Figure 5 is another case, £y
and &0 are changed, but £39/&2.0 and the other pa-
rameters are the same as those in Fig.2. This means
that the impurities only enhance the scattering in the
m-band, without affecting the anisotropy of the =-
band. From Fig.5, it can be seen that with the de-
crease of the coherence length of the m-band, the two
directional upper critical fields both increase lightly,
the positive curvature of H%(t;) in the vicinity of 7,
gradually disappears and the curve of HS,(t1) appears

with an upward curvature at low temperature. When

the impurity concentration is high, vz may increase
with the increase of temperature in contrast to the
clean superconductor MgB,.

HCQ/T

Fig.4. The curve of Hco vs t1 for §fo = 8.66 x 10~1"m?
(solid lines), €2, = 0.4 x 8.66 x 10717m? (dashed lines),
€2, =0.25 x 8.66 x 10~ 17m? (dot-dashed lines). The thin
lines and thick lines show the theoretical results HS, and
H gzb respectively.

HCQ/T

Fig.5. The curve of Hco vs t1 for 5%0 = 1.5 x 107162
(dashed lines), €2, = 0.4 x 1.5 x 10716m? (solid lines),
€2, =0.25 x 1.5 x 10~ 1m? (dot-dashed lines). The thin
lines and thick lines show the theoretical results HS, and
H gzb respectively.

From Figs.4 and 5, we know that the o-bands af-
fect the upper critical field more strongly than the
m-bands. As a result, we can enhance the upper criti-
cal field of MgB, by increasing the o scattering. This
possibility can be provided by the substitutions of B
site by C, which is confirmed by many experimen-
tal works.["~11 Reference [32] suggests that HZ(0)
of Mg(B;-,C;)2 thin film may approach ~70T. The
substitution of Mg site by Al mostly disturb the
out-of-plane p, orbitals of B, thus increases the =

scattering. 33!

From Fig.5, we know that the increase
of the scattering in the m-band only enhances the up-

per critical field lightly. In Fig.5, we do not take into
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account the first effect of impurities which reduces the
upper critical field and destroys the superconductivity.
In fact, the superconductivity of MgB, is determined
by both of the two effects of impurities. Therefore,
Al doping may decrease lightly or strongly change the
upper critical field, which has been supported by a
large number of experiments.!'6~19]

In Figs.4 and 5, we neglect the change of the crit-
ical temperature. Actually, the impurities not only
change the coherence length, but also suppress the
critical temperature of the superconductor. Figure 6
plots the magnetic phase diagram of the Mg(B;_,C, )2
single crystals with = 0.05 (thin lines) and « = 0.095
(thick lines), and the experimental data are taken from
the Ref.[10]. GL theory agrees well with the experi-
mental result. Here, we use the following parame-
ters: for x = 0.05: T. = 34.3K; &2,,/¢2, = 0.048;
£2.0/8, = 1.286; £3,/€2, = 3.112; for x = 0.095:
T. = 30.1K; &f.o/&l = 0.059; &0/ = 1.28;
&30/&3 = 3.62. Because &3,/&%, increase with p, C
doping influences the o-band more strongly than the
m-band. It is consistent with the first principles elec-
tronic structure study on C-substituted MgBQ.[M} At
the same time, due to the decrease of £%,,/£%,, C dop-
ing reduces the anisotropy of o-band leading to the
decrease of vg.

12

10

HCQ/T
y

Temperature/ K

Fig.6. Magnetic phase diagram of the Mg(B1—,Cgz)2 sin-
gle crystals with = 0.05 (thin lines) and = 0.095 (thick
lines). The solid lines and dashed lines show the theoret-
ical results H, ga and HS,, respectively. The experimental
data are taken from Ref.[10].

In Fig.7, we show the upper critical field of the neutron
irradiation samples of the MgB, crystal. Here, the fol-

lowing parameters are used: for F,, = 2 x 107 2'm~2:

T. = 373K; &0/ = 0.038 3.0/ = 1.17;
£,/&, = 2.4; for F,, = 4x 1072'm~% T, = 36.5K;
€.0/&00 = 0.032; €3,0/&30 = 1; €3,/&fy = 2.56. From
the above parameters, we can see that the effect of
neutron irradiation on o-band is almost of the same
order as that on m-band, which is consistent with the

experimental result.[3%!

sl * F =2 x 10?1 m?
o F, =2 x 1021 m?
v Fp, =4 x 1021 m?
6 s F, =4 %1021 m?
B
S~
S gt
T
eE£~~ L
oL ~
0 B

20 22 24 26 28 30 32 34 36‘ 38
Temperature/K

Fig.7. Magnetic phase diagram of the MgB, crystal after
neutron irradiation. The solid lines and dashed lines show
the theoretical results of ngb and H¢,, respectively. The
experimental data are taken from Ref.[14].

5. Conclusions

In this paper, a method based on GL theory has
been developed to study the upper critical field of two-
band superconductors, particularly the MgB,. In this
method, the remarkable difference between the c-axis
coherence length in o-band and that in 7-band can
be taken into account. By selecting the appropriate
values of parameters, the calculated results are fit-
ted to the experimental data of clean MgB, crystal
very well in a wide temperature range. For dirty two-
band superconductors, a phenomenological model can
consider the effect of impurities (defects) on the pa-
rameters, particularly the coherence lengths of the two
bands. It is also shown, corresponding to the appropri-
ate values of parameters, that the theoretical results
are in good agreement with the data of Mg(B;_,C;)2,
Mg, _,Al;Bs and the neutron irradiation samples of
MgB, crystal well.
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