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With the multiphase field method, the stability of lamellar basic state is investigated during the directional

solidification of eutectic alloy CBry—C2Clg. A great number of lamellar patterns observed in experiments are simulated,

and a stability diagram for lamellar pattern selections is presented. The simulated growth behaviours of these patterns

are found to be qualitatively consistent with Karma et al’s numerical calculations and experimental results. The

formation of the primary instability is attributed to the destabilization of solute boundary layer.
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1. Introduction

The steady-state growth of lamellar eutectics is
well described by the JacksonHunt theory,!*) which
indicates that a lamellar structure, called basic state,
can exist in a limited continuous range of spacing, and
the stability of the basic state beyond this range is also
heuristically discussed. In 1981, Datye and Langer(?!
predicted the period-doubling oscillatory (2A0) mode
of basic state analytically, and their prediction was
numerically confirmed by Karmal®! in 1987, who dis-
covered a tilt (T") mode moreover. Thereafter, the
problem about the stability of lamellar basic state was
well studied both experimentally and theoretically. By
using the boundary integral approach, Karma and
Sakissian! explored this problem in details in a qua-
sistationary approximation of diffusion equation, and
summarized their results of eutectic alloy CBr4-CsClg
growth into a microstructure selection map (stability
diagram). In 1996, these results were demonstrated
experimentally by Ginibre et al® and more other
kinds of instability modes were discovered.

During the destabilization of lamellar basic state,
catastrophic dynamic events often take place, such as
the merging of two lamella and nucleation, and they
can hardly be handled by the boundary integral ap-

proach, but easily and efficiently treated by using mul-
tiphase field method, which is mainly because the in-
terfaces involved during eutectic growth are implic-
itly described. Consequently, both the advantage of
multiphase field method over the numerical boundary
integral approach, and the situation in which most
of the multiphase field models of eutectic growth are
only for eutectic composition/6=9 or several isolated
compositions,!'% motivate us to systemically investi-
gate the stability of basic state of eutectic alloy CBry-
C2Clg in the whole composition range. In this paper,
the multiphase field model in Ref.[10] is adopted. In
order to compare simulations with the stability dia-
gram by the boundary integral calculation!*) and the
experiments,®! the results by Kim et al[!% for eutec-
tic compositions (dimensionless composition 7 = 0.2)
and hypereutectic composition (n = 0.5) are repeated.

2. Model

During binary eutectic solidification, two solid
phases (« and () grow from liquid phase (L), lead-
ing to several bulk phases and interfaces involved.
To distinguish them, three order parameters named
phase fields are introduced, which are casually iden-
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tified with the fraction of phases. Each bulk phase is
represented by phase field ¢; = 1 in a distinct phase
region of the phase space, and ¢; = 0 otherwise. As a
result, each interface is represented implicitly by the
gradual variation of corresponding phase field, and
at any point of phase space, the following constraint

holds: .
> ¢i=1. (1)
i=1

The multiphase field model in Ref.[10] has an ad-
vantage over other multiphase models!®~9 that the
chemical potential is continuous and equal inside in-
terfaces. The phase field equation of this model could
be expressed by using the interface field method' as
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where

fi(ci): free energy density of the ith phase with
composition ¢;;

€45: gradient energy coefficient;

wij;: height of the double-well potential;

s;5: variable correlated with the number of inter-
faces in a given domain;

M;;: kinetic coefficient of phase field;

cg: eutectic composition;

Tg: eutectic temperature;

K;: equilibrium partition coefficient;

m;: equilibrium liquidus slope.

The compositions of any coexisting phase are con-
strained by equal chemical potential condition

fcll(cl) = f¢:22(02) = fc33(03) = fe. (5)

By a mixture rule, the average composition could
be expressed as

3
oz, t) = Z bi(x,t)ei(c,t). (6)

The mass conversation equation follows

9 3
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with
D(¢3) = Ds(¢3 < 0.1), Dr(¢3 > 0.1), (8)

where Dg and Dy, are the solute diffusivities in solid
and liquid phases respectively.

The multiphase field model is composed of phase
field equation (2) and mass conversation equation (7).
By mapping this model into a two-phase system, we
can obtain the following relationships between mate-

rial parameters and phase field parameters:[10
€3
26 = , 9
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where £ is the interface width, (;3 is the constant re-

- Mj3RT1—k; e

lated to the form of free energy density function f¢(c;),
and [;3 is the kinetic coefficient which has a vanishing
value in our simulation.

3. Computational method and

parameters

To numerically study this multiphase model, the
uniform square grid at a rectangle calculation domain
ly X 1, is introduced. [, is evaluated by 4lp where
Ip is the characteristic solute diffusion length given
by Ip = 2Dy, /V; I, is related to the initial lamellar
spacing and the number of lamellae. On each side of
the domain in the z-direction, which is parallel to the
thermal gradient direction, periodic boundary condi-
tion is imposed, while the no-flux boundary condition
on the other two sides in the z-direction. Two couples
of lamellae are fixed artificially at the bottom of the
domain (z-direction). The noise to composition field
is introduced in the solid/liquid interface, serving as
a perturbation which is expressed as

c=c"(1+9xes), (12)

where ¢ and ¢? are the compositions with and without
a perturbation, respectively. ¢ represents the strength
of the noise, and x is the random number ranging from
0to 1.

Jackson and Hunt have concluded[! that the ba-
sic patterns are stable over a limited range of lamellar
spacing \. It is well documented in Ref.[5] that the
lower bound of this range is determined by a local,
lamella-termination instability and the upper bound is
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marked by the bifurcation toward an oscillatory state.
In this paper, the growth behaviours of directionally
solidified CBrs—C5Clg lamellar eutectic are simulated
as a function of initial lamellar spacing A, the com-
position ¢ at a given velocity V (2.0 x 107% m/s)

and thermal gradient G' (0.8 x 10* K/m). The ma-
terial parameters of CBry—C2Clg measured in Ref.[12]
are used and listed in Table 1. In all computations,
£=0.7x107% m is taken.

Table 1. Parameters of CBry—C2Clg used in the simulation.[12]

Parameter Value Parameter Value

CE 0.118 mol% Tg 357.6 K

Ko 0.75 Kg 1.5

Me —82 K/mol mg 164 K/mol

Dy, 0.5x107° m? /s Dg 0.5x10713 m?/s

o013 6.6x1073 J/m?2 023 5.8x1073 J/m?

o012 11.5x1073 J/m?2

For convenience, one uses the dimensionless com-
position defined as

C— Cq

n= (13)

Cp — Ca7
where ¢, and cg are the compositions at the ends of
eutectic plateau of phase diagram. And the dimen-
sionless initial lamellar spacing is expressed as

A=\ A, (14)

where Ajg is the Jackson—Hunt minimum-under-

cooling lamellar spacing.

4. Results and discussion

The simulations under different conditions are
briefly discussed and the transition between differ-
ent instabilities is pointed out; meanwhile, some pat-
terns are compared with those observed in experi-
ments which we can find from literature, and then
special attention is paid to the stability diagram and
the primary modes. In all of our simulations, the com-
position field is shown, and in each figure the white
region is 3 phase, the black one « phase, and the grey
one the liquid phase, in which the shade of grey shows
the variation of composition.

4.1. Hypoeutectic composition (7 = 0.2)

When the initial spacing is small, lower than Ay,
the overstability occurs. As it becomes lower (A4 =
0.79), the perturbation of the solute field causes the
difference between the velocities of lamellae, which re-
sults in the lamellar termination as shown in Fig.1(a).
For a rather broad range of A that is above 1, the
lamellae grow in the form of basic state. Figure 1(b)

shows this state for A = 1.5. When A reaches 2.6, the
period-doubling oscillatory mode (2AO mode) of the
instability is formed as shown in Fig.1(c), in which
one type of lamella follows a wavy trajectory, while
the other keeps the reflection symmetric. This mor-
phology is closely similar to the 2A0 mode observed

in experiments!® as shown in Fig.2.

Fig.1. Simulated typical patterns of the hypoeutectic al-
loy with a composition of n = 0.2 at different initial spac-
ings. (a) A = 0.79, lamellar termination; (b) A = 1.5,
basic state; (¢) 4 = 2.6, 2A0 mode.

|

Fig.2. 2X0 mode of the hypoeutectic alloy observed in

experiments. (5]
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4.2. Eutectic composition (7 = 0.29)

The typical patterns for the eutectic composition
of n = 0.29 are shown in Fig.3 at different values of A:
(a) A4 =0.75 for lamellar termination, (b) A = 2.3 for
basic state, (¢) A = 2.5 for 1AO mode and (d) 4 = 2.7
for 20O mode. In our simulations of nearing eutec-
tic composition, besides the preceding 2A0 mode, the
period-preserving oscillatory 1AO mode also appears.
In this 1AO mode, half of the a (or 3) lamellae with
one lamellar spacing apart, oscillates in phase. When
A is sufficiently higher than the value at which 1AO

mode occurs, the influence of volume fraction adjust-
ment on two lamellar phases stands out further, and
the 1AO mode transforms rapidly into 2AO mode.
The mixture of these two modes could be observed
in Fig.3(d).
neous and can exist only in a transition area. Note
that the 1\O mode and 2A0O mode in our simulations
are \- and c-dependent. It could be found that the

morphologies obtained by simulation are analogous to
[5,13]

However, this state cannot be homoge-

the typical patterns observed in experiments as

shown in Fig.4.

Fig.3. Simulated typical patterns of eutectic alloy with a composition of n = 0.29 at different initial spacings.
(a) A =0.75, lamellar termination; (b) A = 2.3, basic state; (¢) 4 = 2.5, 12O mode; (d) A = 2.7, 200 mode.

S (a) (©

I

Fig.4. Typical patterns of eutectics observed in exper-
(a) basic state;3] (b) 1AO mode;l! (c) 200
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iments.

mode.[13]

4.3. Hypereutectic compositions (n =
0.4, n=0.5 and 1 = 0.6)

Three hypereutectic compositions (n = 0.4,0.5,
0.6) are purposefully chosen because composition
range of hypereutectic is wider than that of hypoeu-
tectic. Because of their similarity, only the results of

1n = 0.5 are shown in Fig.5 and some of the results can
also be found in Ref.[10]. The typical patterns are (b)
basic state at A = 1.4; (c) 220 mode at A = 1.5; (d)
T-2X0 mode at 4 = 1.8; (e) T mode at A = 1.9; ()
T-1X0 mode at A = 2.3. Lamellar termination arises
when A = 0.8 as shown in Fig.5(a). From Figs.1, 3
and 5, it could be found that the primary 2)\O in-
stead of the primary 1AO occurs at an off-eutectic
composition. At the composition of n = 0.5, a new
instability named ‘tilt instability’ (T" mode), in which
symmetric states disappear and lamellae grow at a
tilt angle against the z-direction, occurs in the sim-
ulations. This tilt instability is the consequence of
the long-wavelength modulations. Below the range of
A in which T mode arises, the mixed instability T-
200 mode (A = 1.8) is simulated, which results from
the instability of the basic states and T' mode with re-
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spect to the long-wavelength modulations; while above
this range, the T mode transforms into the mixed
instability T-1A0. The typical patterns observed in

experimentsl® for hypereutectic alloy are shown in
Fig.6, indicating the morphologies similar to simula-

tion results.

Fig.5. Simulated typical patterns of hypereutectic alloy with a composition of n = 0.5 at different initial spacings.
(a) A = 0.8, lamellar termination; (b) A = 1.4, basic state; (c) 4 = 1.5, 200 mode; (d) A = 1.8, T-2X0 mode; (e)

A =1.9, T mode; (f) A =2.3, T-1\O mode.

(C) (d) (. O R(l(e) ??
1 r\\\ "f"-\.,ﬂr/ ‘ S ‘/r/ (/

Fig.6. Typical patterns of hypereutectic alloys in experiments, 5] showing (a) basic state; (b) 2A0 mode; (c) T-2A0

mode; (d) T mode; (e) T-1AO mode.

4.4. Stability diagram

The simulations above can be summarized into
a stability diagram as shown in Fig.7, in which
the numerical calculations presented by Karma and
4 The

solid line represents the stability boundary, and the

Sakissian[* are schematically plotted by lines.
dash dot line is for the lamellar termination thresh-
old. Qualitatively, this diagram is in good agree-
ment with the boundary integral calculations!*) and
measurements!® as shown in Fig.8, where the sequence

of the onset of various instability modes of the basic
state is considered. Moreover, it can be commonly
found that the overstability occurs when A is less than
1, and its range decreases when 7 deviates from eu-
tectic composition; At the exact or nearing eutectic
composition, the 1A\O mode arises and overtakes the
preceding 2AO mode; On the side of hypereutectic
composition, the value of A which is corresponding
to instability mode, decreases rapidly as 7 increases.
However, the corresponding value of A in our simula-
tions is generally higher than those of boundary inte-
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gral calculation!* and experiments,®! especially on the
side of hypoeutectic composition as shown in Fig.7.
As can be seen, this stability diagram is unsymmetri-
cal, which results from the dissymmetry of the phase
diagram. The remarkable difference in volume per-
centage between « phase and 3 phase causes a new
lamella to nucleate readily in liquid in the front of the
« phase during the solidification of hypoeutectic alloy,
and after occurrence of 2AO instability. That is why
no T-zAO mode and T mode can be found except 2AO
mode. In other words, the formation of 7' mode could
be partly ascribed to the dissymmetry of the phase

diagram.[*
® Lam. Term © basic state
30 1 A 10O v 2)\O0
* T-1\O " T-20\0
v * o T
v v
25 + A
AA

20 |

1.5

1.0

Fig.7. Stability diagram of directionally solidified CBr4-
C2Clg by multiphase field simulation. Lam. Term: lamel-
lar termination. Curve: numerical calculation diagram by
Karma and Sarkissian.[4]
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Fig.8. Stability diagram of directionally solidified CBrq—
CyClg by experiments.[5] Curve: numerical calculation di-
agram by Karma and Sarkissian.[4]

Generally, the various instability modes of basic
state result from the adjustment of volume faction
and the solute redistribution.! However, through
the whole range of composition, whichever instability
mode is selected as the primary one cannot be deter-
mined according to this explanation. In our present
study, the growth of lamella is diffusion-controlled,
and it is supposed® that destabilization against
the basic state originates from the Mullins—Sekerka
instability['?! rooting in solute boundary layer. The
solute distribution is!!

2 (15)

which indicates that the diffusion field is composed of two parts: the lateral periodic diffusion field adjacent
to the solid/liquid interface and the one-dimensional (1D) diffusion field which is dominated by the primary
phase of off-eutectic alloy. Consequently, the Mullins—Sekerka instability wavelengths in these two parts can be

obtained in a linear approximation respectively as

Amst ~ A4

sz ~ Agul(c? — cr)/(cs — ca)| 7% /A (in the 1D diffusion field part).

At an eutectic or near-eutectic composition, there is
a vanishing 1D diffusion field, and when Aygp first
reaches a value comparable with 1\ as A increases,

(in the lateral periodic diffusion field part)

the 1AO instability should first occur (primary 1)O)
according to the criterionl® pointed out by Karma.
While at an off-eutectic composition, Apgs first ar-
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rives at a value comparable with 2\ as A increases and
it is the dominating instability wavelength, therefore
the 2)\0 instability should first arise (primary 2X0).

5. Conclusions

(i) A great number of instability modes observed
in experiments are simulated in the eutectic alloy

CBrs—C5Clg under different conditions. There is a

nice morphological similarity between the simulated
patterns and experimental ones.

(ii) The stability diagrams of directionally solid-
ified CBry—C>Clg by simulation are in good agree-
ment with the numerical calculations and measure-
ments. The formation of the primary instabilities is
attributed to the destabilization of the solute bound-
ary layer.
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