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Theoretical analysis of a relativistic travelling

wave tube filled with plasma∗
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A cold and uniform plasma-filled travelling wave tube with sinusoidally corrugated slow wave structure is driven

by a finite thick annular intense relativistic electron beam with the entire system immersed in a strong longitudinal

magnetic field. By means of the linear field theory, the dispersion relation for the relativistic travelling wave tube

(RTWT) is derived. By numerical computation, the dispersion characteristics of the RTWT are analysed in different

cases of various geometric parameters of the slow wave structure and plasma densities. Also the gain versus frequency

for three different plasma densities and the peak gain of the tube versus plasma density are analysed. Some useful

results are obtained on the basis of the discussion.
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1. Introduction

Relativistic travelling wave tube (RTWT) is

an important high-power microwave (HPM) appa-

ratus which has been developed in the past twenty

years.[1−12] An amplifier is driven by the interaction

of a slow space charge wave propagating on an elec-

tron beam with an electromagnetic wave supported

by the slow wave structure (SWS). It can amplify the

high-frequency signal and can be applied to the cy-

clotron resonance heating of fusion plasmas, drivers

for new-generation high-energy electron accelerators

and phased array radars due to the characteristics

of high power and broad bandwidth. Recently, it

has been found experimentally that injecting plasma

into the microwave apparatus can enhance the inter-

action efficiency and the output power much more

than the vacuum case. Plasma also can improve

the transmission quality of electron beam so much

as making beam transmit without a guiding mag-

netic field. Therefore, much attention has been at-

tracted to this area of plasma-filled high-power mi-

crowave devices. All-Russian Electrotechnical In-

stitute (VEI), Moscow, developed plasma-filled cou-

pled cavity TWTs.[13] Hughes Research Laborato-

ries developed the plasma-assisted slow wave oscil-

lator (PASOTRON).[12] It can be modified for op-

eration as a TWT. University of Maryland devel-

oped plasma generation and characterization tech-

niques. Their theoretical studies showed that plasma-

filled TWTs can have much higher gain than vac-

uum counterparts.[5] At first, their researches fo-

cused on the backward wave oscillator.[13−16] Then

researches of TWT filled with plasma have been re-

ported gradually.[3−5] At present, many researches in

this area have been carried out also in Institute of

High Energy Electronics, University of Electronic Sci-

ence and Technology of China.[6−11]

In this paper, a cold and uniform plasma-loaded

RTWT with sinusoidally corrugated SWS is stud-

ied. The dispersion relation of sinusoidally corrugated

SWS is derived from a rigorous solution of the field

equations. By numerical computation, the dispersion

characteristics of the RTWT are analysed in detail in

different cases of various geometric parameters of slow

wave structure and plasma densities. Some useful re-

sults are obtained on the basis of the analysis.

In Section 2, the physical model of the RTWT

filled with plasma is established in an infinite longitu-

dinal magnetic field. In Section 3, the dispersion rela-

tion of the sinusoidally corrugated slow wave structure

is derived. In Section 4, the dispersion characteristics
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of the RTWT are analysed by numerical computation.

2. Physical model

The analysis presented in this paper is based on

the SWS shown in Fig.1. The SWS consists of an

axially symmetric, cylindrical waveguide whose wall

radius, R(z), varies sinusoidally according to the rela-

tion

R(z) = R0 + h cos(k0z), (1)

where h is the corrugation amplitude, k0 = 2π/z0 is

the corrugation wave number, and z0 is the length of

the corrugation period.

Fig.1. Slow wave structure and beam model of a relativistic travelling wave tube.

A finite thick annular intense relativistic electron

beam with density nb, inner radius Rb and outer ra-

dius Rc goes through the waveguide, which is loaded

completely with a cold, uniform, collisionless plasma

of density np. The entire system is immersed in a

strong, longitudinal magnetic field, which magnetizes

both the beam and the plasma.

The plasma is an anisotropic dielectric in the mag-

netic field. In the beam-plasma case in a linearized

scheme of treatment, the dielectric tensor, in cylindri-

cal coordinates, may be given by[17−19]

[ε] = ε0





ε1 ε2 0

−ε2 ε1 0

0 0 ε3



 , (2)

where

ε1 = 1 − ω2
p/(ω2 − ω2

c ), (3)

ε2 = iω2
pωc/[ω(ω2 − ω2

c )], (4)

ε3 = 1 − ω2
p/[γ3(ω − knv)2]. (5)

Here, ωp = (e2np/ε0m)1/2 is the plasma frequency,

ωb = (e2nb/ε0m)1/2 is the beam plasma frequency,

ωc = eB0/m is the electron cyclotron frequency, ω is

the angular frequency of the electromagnetic wave, γ

is the relativistic factor, kn = kz + nk0, where kz is

the axial wave number, and v is the electron beam ve-

locity. To avoid the coupling of the TE and the TM

modes, we assume that B0 is so strong that |ε2| is

negligibly small and ε1 = 1.

3. Dispersion equation

In the above physical model, its Maxwell equa-

tions can be written as

∇× H =
∂D

∂t
, (6)

∇× E = −
∂B

∂t
, (7)

∇ · B = 0, (8)

∇ · D = 0. (9)

From Eqs.(6) and (7) we can obtain

∇(∇ · E) −∇2
E = −µ0

∂2D

∂t2
. (10)

Suppose that every variable can be regarded as

A = Aei(knz−ωt). (11)

Equation (10) may be written as

∇(∇ · E) −∇2
E =

ω2

c2
εr · E. (12)

Substituting Eq.(2) into Eq.(12) and taking into ac-

count the longitudinal electric field, we have

∇2
Ez − [∇(∇ · E)]z +

ω2

c2
ε3Ez = 0. (13)
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Substituting Eq.(2) into Eq.(9), we obtain

∇ · E =
∂

∂z
Ez

[ω2
p

ω2
+

ω2
b

γ3(ω − knv)2

]

. (14)

From Eqs.(13) and (14), we have

∇2
⊥Ez +

(ω2

c2
− k2

n

)

×
[

1 −
ω2

p

ω2
−

ω2
b

γ3(ω − knv)2

]

Ez = 0, (15)

where

∇2
⊥ = ∇2 −

∂2

∂z2
. (16)

For the periodical SWS, the field components should

be expanded into space harmonics according to Flo-

quet’s theorem:

Ez(r, z) =

∞
∑

n=−∞

Ezn(r)ei (knz−ωt), (17)

Er(r, z) =

∞
∑

n=−∞

ikn

ω2/c2 − k2
n

ei(knz−ωt) dEzn

dr
. (18)

Substituting Eq.(17) into Eq.(15) we can obtain

Ezn =











AnJ0(T1r), 0 ≤ r ≤ Rb;

BnJ0(T2r)+CnN0(T2r), Rb ≤ r ≤ Rc;

DnJ0(T1r)+FnN0(T1r), Rc ≤ r ≤ R(z);

(19)

where

T 2
1 =

(ω2

c2
− k2

n

)(

1 −
ω2

p

ω2

)

, (20)

T 2
2 =

(ω2

c2
− k2

n

)[

1 −
ω2

p

ω2
−

ω2
b

γ3(ω − knv)2

]

. (21)

The field components must satisfy the following

continuity equations:

Ez(r = R−
b ) = Ez(r = R+

b ), (22)

Ez(r = R−
c ) = Ez(r = R+

c ), (23)

Er(r = R−
b ) = Er(r = R+

b ), (24)

Er(r = R−
c ) = Er(r = R+

c ) . (25)

From Eqs.(18) through (25) we have

Bn = −
π

2
RbKnAn, (26)

Cn = −
π

2
RbLnAn, (27)

Dn =
π2

4
RbRcRnAn, (28)

Fn =
π2

4
RbRcTnAn, (29)

where

Kn = T2J0(T1Rb)N1(T2Rb)

− T1J1(T1Rb)N0(T2Rb), (30)

Ln = T1J1(T1Rb)J0(T2Rb)

− T2J0(T1Rb)J1(T2Rb), (31)

Rn = Kn[T1J0(T2Rc)N1(T1Rc)

− T2J1(T2Rc)N0(T1Rc)]

+ Ln[T1N0(T2Rc)N1(T1Rc)

− T2N1(T2Rc)N0(T1Rc) (32)

Tn = Kn[T2J1(T2Rc)J0(T1Rc)

− T1J1(T1Rc)J0(T2Rc)]

+ Ln[T2N1(T2Rc)J0(T1Rc)

− T1N0(T2Rc)J1(T1Rc)] . (33)

At the perfectly conducting corrugated waveguide sur-

face, the tangential electric field must be zero,

Ez(r = R(z)) + Er(r = R(z))
dR(z)

dz
= 0. (34)

Substituting the expressions for the axial and ra-

dial RF electric fields into Eq.(34), the dispersion rela-

tion is derived from the requirement for the existence

of a nontrivial set of solutions of amplitudes An.

Equation (34) is a dispersion relation between ω

and kz. To eliminate z and unknown coefficients An,

Eq.(34) is multiplied by e−imk0z and integrated from

z = −π/k0 to z = π/k0. The resulting dispersion

relation is

∞
∑

n=−∞

An

∫ π/k0

−π/k0

ei(n−m)k0z
(

1 +
ikn

ω2/c2 − k2
n

d

dz

)

×[RnJ0(T1R(z)) + TnN0(T1R(z))]dz = 0 . (35)

To solve Eq.(35), J0(T1R(z)) and N0(T1R(z)) are

expanded in Taylor series about R(z) = R0.

J0(T1R(z)) =
∞
∑

q=0

J
(q)
0 (T1R0)

q!
[T1h cos(k0z)]q, (36)

N0(T1R(z)) =

∞
∑

q=0

N
(q)
0 (T1R0)

q!
[T1h cos(k0z)]q. (37)

Substituting Eqs.(36) and (37) into Eq.(35), we

obtain

D · A =

∞
∑

n=−∞

DmnAn = 0,

m = 0,±1,±2, · · · ± n, (38)
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where A is a column vector with elements An, and

D is a matrix with elements Dmn obtained from the

integral in Eq.(35).

Dmn = [1 + (n − m)Qn](RnCJ
mn + TnCN

mn), (39)

where

Qn =
k0kn

(ω2/c2) − k2
n

, (40)

CJ
mn =

∞
∑

q=0

(T1h)2q+|n−m|J
(2q+|n−m|)
0 (T1R0)

22q+|n−m|q!(q + |n − m|)!
(41)

CN
mn =

∞
∑

q=0

(T1h)2q+|n−m|N
(2q+|n−m|)
0 (T1R0)

22q+|n−m|q!(q + |n − m|)!
. (42)

Equation (42) represents an infinite set of linear equa-

tions. The dispersion relation for the plasma-filled

RTWT is expressed as a determinant equation

|D| = 0. (43)

4. Numerical computation and

analysis

From the numerical computation for dispersion

equation (43), we can analyse the dispersion charac-

teristics of the slow wave structure. In the case of

infinitesimally small beam density (ωb = 0), the os-

cillation frequency ω/2π is real for a real-valued wave

number kz . Only TM01 mode is taken into account,

and the dispersion curves of a whole period calculated

using a 7 × 7 determinant are shown in Figs.2–5.

Fig.2. Cold dispersion relation for various corrugation

periods.

In Fig.2, the parameters are np = 2.0×1011 cm−3,

R0 = 1.60 cm, h = 0.55 cm. Figure 2 shows the cold

dispersion relation for various corrugation periods. As

the corrugation period increases, the period of the dis-

persion curve diminishes accordingly.

In Fig.3, the parameters are np = 2.0×1011 cm−3,

R0 = 1.60 cm, z0 = 0.80 cm. Figure 3 shows the cold

dispersion relation for various corrugation amplitudes.

It can be found that the dispersion curves get sharper

and the group velocities of the electromagnetic wave

increase due to the diminished corrugation amplitude.

Fig.3. Cold dispersion relation for various corrugation

amplitudes.

In Fig.4, the parameters are np = 2.0×1011 cm−3,

h = 0.55 cm, z0 = 0.80 cm. Figure 4 shows the cold

dispersion relation for various values of average radius.

It can be seen that the dispersion curves rise higher

and the group velocities of the electromagnetic wave

decrease due to the diminishing of average radius.

Fig.4. Cold dispersion relation for various average radius.

In Fig.5, the parameters are R0 = 1.60 cm,

h = 0.55 cm, z0 = 0.80 cm. Figure 5 shows the cold
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dispersion relation for various plasma densities. As

the plasma density increases, the dispersion curves rise

higher and the group velocities of the electromagnetic

wave decrease. The result shows that the operating

frequency of the tube increases, but the bandwidth

narrows.

Fig.5. Cold dispersion relation for various plasma densi-

ties.

As the presence of electron beam is taken into ac-

count, the wave number kz is complex and the gain of

the RTWT is given by

G = −9.54 + 10 log[e2Im(kz)z], (44)

where Im(kz) is the imaginary part of kz, and z is the

length of the interaction area. To obtain kz, D(ω, kz)

are expanded in Taylor series about kz = kz0,

D(ω, kz) ≈ D(ω, kz0) + (kz − kz0)
dD

dkz
= K. (45)

This is an equation of circle with radius |K| on

the complex plane. For a given ω, the solution can be

found at the centre of the contour circle lines of |D|.

In the following calculations, the parameters of

the SWS are the same as those in Fig.5; the electron

beam current is 1.5 kA, and the total length of the

interaction area is 9.6 cm, the inner radius of the elec-

tron beam Rb = 0.70 cm, and the outer radius of it

Rc = 0.90 cm.

Figure 6 shows the dispersion relations of the

SWS driven by an electron beam. Figure 7 shows

the relations between the gain of the SWS and the

frequency. For each plasma density in Figs.6 and 7

the electron beam voltage is chosen to maximize the

gain at a frequency of 8.05 GHz. Thus, the electron

beam voltage corresponding to the three plasma den-

sities np = 1.0 × 1011/cm3, np = 5.0 × 1010/cm3 and

np = 0 are 225, 168 and 144 kV, respectively. It is

found from Fig.6 that there is a visible difference be-

tween the dispersion relation of the SWS driven by an

electron beam and the cold dispersion relation. The

phase velocities of the electromagnetic waves become

slowing down after the electron beam is injected into

the system. From Fig.7 it can be seen that the pres-

ence of plasma enhances the peak gain of the tube.

As the plasma density increases, the peak gain and

the frequency of the peak gain also increase, but at

low frequencies (less than the frequency correspond-

ing to the peak gain of the tube in vacuum) the gain

of the tube decreases.

Fig.6. Dispersion curves of the SWS driven by an electron

beam for three different plasma densities.

Fig.7. Gain versus frequency for three different plasma

densities.

Figure 8 shows the gain versus plasma density

for a given frequency 8.05GHz. For each plasma den-
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sity the required beam voltage varies between 142 and

220kV in order to achieve a maximum gain. It can be

found that there is a best plasma filling density to

achieve a maximum gain.

Fig.8. Gain versus plasma density for a given frequency.

Fig.9. Peak gain versus plasma density.

Figure 9 shows the relation between plasma den-

sity and the peak gain of the tube driven by an elec-

tron beam of high voltage U = 400 kV. As the plasma

density increases, the peak gain of the tube is en-

hanced correspondingly, but the rising trend becomes

gradually slowing down.

5. Conclusions

According to the above theoretical analysis, some

useful results are obtained. 1) The parameters of the

slow wave structure will dramatically affect the dis-

persion relation of the tube. 2) There is a visible dif-

ference between the dispersion relation of the SWS

driven by an electron beam and the cold dispersion

relation. 3) The presence of plasma in the slow wave

structure will increase the operating frequency of the

TM01 mode and the peak gain of the tube. 4) As the

plasma density increases, at low frequencies (less than

the frequency corresponding to the peak gain of the

tube in vacuum) the gain of the tube decreases. 5) For

a given frequency, there is a best plasma filling density

to achieve a maximum gain. 6) For a given very high

voltage, as the plasma density increases, the peak gain

of the tube is enhanced, but the rising trend becomes

slow gradually.

Certainly, the above results are achieved on the

basis of the assumption that B0 is infinitely strong.

They are only preliminary studies in theoretical re-

search domain. They need to be approved in experi-

ment in the future.
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