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This paper investigates the control role of the relative phase between the probe and driving fields on the gain,

dispersion and populations in an open A system with spontaneously generated coherence (SGC). It shows that by

adjusting the value of the relative phase, a change from lasing with inversion to lasing without inversion can be realized;

the values and frequency spectrum regions of the inversionless gain and dispersion can be obviously varied; high refractive

index with zero absorption and electromagnetically induced transparency can be achieved. It is also found that when

the driving field is resonant, the shapes of the dispersion and the gain curves versus the probe detuning are very

similar if the relative phase of the dispersion lags /2 than that of the gain, however for the off-resonant driving field

the similarity will disappear; the gain, dispersion and populations are periodical functions of the relative phase, the

modulation period is always 27; the contribution of SGC to the inversionless gain and dispersion is much larger than

that of the dynamically induced coherence.
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1. Introduction

Recently, the study of spontaneously generated
coherence (SGC) created in the systems with near-
degenerate levels has been an interesting subject.! —1%]
The existence of the SGC effects depends on the
It has

been shown that atomic systems with SGC are sensi-

nonorthogonality of dipole matrix elements.

tive to the relative phase of the applied fields.['?—18]
The quantum coherence and atomic interference have
led to a lot of interesting optical phenomena, such as
lasing without inversion (LWT),['%2°] enhancement of
the refractive index[?"22 and electromagnetically in-

23] In the studies relative

duced transparency (EIT)
to SGC, the closed atomic systems are usually used.
In this paper, we will explore the effect of the rela-
tive phase between the probe and driving fields on the
gain, dispersion and populations in an open A type
atomic system with SGC. We find that LWI, EIT and
high refractive index with zero absorption can be real-

ized just by adjusting this relative phase. This paper

is organized as follows: in Section 2, we present the
density matrix equations of motion of an open A sys-
tem with SGC, and give the analytical solution of the
equations under the condition of the steady state; in
Section 3, we discuss the control role of the relative
phase on the gain and dispersion by using the numer-
ical results from the analytical solution obtained in
Section 2; finally in Section 4, we give a brief sum-

mary.

2. Model and analytical solution

Consider an open A three-level atomic system
with an upper state |1) and two lower closely states
[2) and |3), as illustrated in Fig.1. Transition between
[1) and |2) is driven by a strong coherent driving field
with the amplitude E., frequency w. and Rabi fre-
quency G¢. An incoherent pump field with a pumping
rate 24 and a weak coherent probe field with the am-
plitude E,, frequency w, and Rabi frequency G, are
applied between levels |1) and |3). 2v; and 2+, denote
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the spontaneous emission rates from level |1) to lev-
els |3) and |2) respectively. Jo and J3 are the atomic
injection rates for level |2) and |3) respectively, vo de-
notes the atomic exit rate from the cavity.

Fig.1. An open A-type three-level atomic system.

In the interaction representation, under the ro-
tating wave and the electric dipole approximations,
the semiclassical density matrix equations of motion
of this system can be written as

p11 = —2(m1 +v2)p11 +iGppz1 —iGpi3

+2Ap33 +1Gepa1 —iGEpi12 — Yop11, (1a)
P22 = 2v2p11 +1GLp1a —iGepar + J2 —Yop22,  (1b)
P33 = 2v1p11 — 2Ap3z +1G p13 — iGppa1

+ J3 — Yo0p33, (1c)

P12 = —(71 + 72 +14c)p12 + 1Gpps2

—1Ge(p11 — p22), (1d)
p3=—(m+r+A+iA,)pi13 +1iGcpas

—iGp(p11 — ps3), (le)
P23 = —(A+1Ap —1Ac)p2s + 2¢/71721p11 cos f

+iG2p1s — iGppar. (1f)

The above equations are constrained by p;; = pJ;.
Where p;;(i # j) is the atomic polarization between
states |¢) and |j), pi;(¢ = 1 — 3) is the population
of the state |i), Ac = w12 — we and A, = w1z — wp
are the detunings of the probe and driving fields from
their relevant atomic transitions respectively. G, =
di2- E./h = GYsinf and G, = dy3 - E./h = Gg sin 0
are the Rabi frequencies for the probe and driving
fields respectively. 2.,/71727p11 cosf represents the
quantum interference effect, i.e., the SGC effect, re-
sulting from the cross coupling between the sponta-
neous emission |1) < |2) and |1) < |3). The dipole
moments di2 and dy3 are not orthogonal, which is nec-
essary for the existence of the SGC effect, 6 represents
the angle between the two dipole moments. If levels
|2) and |3) lie so closely that the SGC effect has to be
taken into account, then n = 1, otherwise n = 0.

Because of the existence of the SGC effect, i.e.,
the existence of 2,/71727p11 cosf, the properties of
the open system do not only depend on the ampli-
tudes and detunings of the applied fields but also on
their phases, so Rabi frequencies can not be treated
as real parameters. If we define ¢, and ¢. as phases
of the probe and driving fields respectively, then G},
and G. can be written as G, = gpexp(—i¢p) and
G = gcexp(—ig.) respectively, g, and g. are real. Re-
defining system variables in Eqs.(1) as py; = pii, p12 =
pr2exp(ide), p1s = pizexp(igp), and poz = page'?,
where @ = ¢, — ¢, we get the equations of motion for
the redefined density matrix elements p;;, which are
found to be identical to Egs.(1) except that 7, G, and
G. are replaced by e = ne'?, g, and g. respectively.
In the following, we define p = 2, /417214 cos 0.

For the steady state and in the limit of a weak
probe field, we obtain the analytical representatives
of the populations p;(i = 1 — 3) and polarizations
pij (i # j) to the zero order of g, and all orders of g
as follows:

50— 202(71 4+ 72)[(24 + 70) J2 + 24J5] + 24T370[(71 + 72)? + A2
11 —

S

(2a)

)

p~(0) 2¢2(m4+72)[(24 +70) Jo+2AJ3] + [AAy2 J5 + 442 T2+ 270 (71 +72) J2+ 2AJay0+73 Jo][(v1 +72)? + A2
29 =

~(0) _ 2v1py) + Js

37 244

)

S (2b)

(2¢)
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50) _ 19c (0) _ (0 24
P12 71+ +iA, (P11 P22 ) (2d)

(0) ipgep Y
P13 = . (2e)
(M +72+ 4)(A—1Ac) + g2
~(0) _ P +12+ A)pll 2f
P2s (71 +72 +A)(A—i4c) + (20
where
S =4g2(m +72) 24 + 70 + 1) + [4472 + 2v0(n +72) + 2470 + ] [(n +72) + A2 (2g)

Using Egs.(2), we have the population difference 53

gp, while to all orders of g.:

~(1)

202 (1 +72)[(24 + Y0) Q2 + 24Q3] + 24Q370[(71 +72)% + A2

(1

— P33 ) and the polarization ﬁéll) to the first order of

o = S : (3a)
291p\) + Js + B
~(1) _ V1Pl + I3+ (3b)
33 24 4+ 7o
~(1)
(1) ) _ 24=2v1+)p, —J3— B
P11’ — P33 = 24 + 0 ) (3¢)
S0 _ igpl(4 =14y + 1A — py) — igepiy)) — ingeiy (30)
o (vl+w+A—1Ap)(A+1Ac—iAp>+g§ ’
where S is shown by Eq.(2g), and
Qr=J2+A, Qs=J3-A- ﬂ(A"'B)
; ~(0) ~(0)  ~(0)
. i(y1 +72) (P39 + p + APy — P . ~
A =igyge (71 +72) (D3 ) o(P3 23)7 legp(pgg) Pgi))

(71 +172)? + A2
|

The probe gain (absorption) and dispersion cor-

respond to the imaginary and real parts of ﬁgll)

spectively. If Imp31)
the probe field; if Imﬁgll) < 0, the probe field is at-
> 0 and p(l) Ll < 0, the

gl) 11~ P33
lasing without inversion (LWT) can be realized; if both
Imﬁ(l) and 5V — 5

31 P11 — P33

lasing with inversion occurs.

re-

> 0, the system exhibits gain for
tenuated. When Imp

are simultaneously positive, the

(1)
31

by three terms: the population difference term (pro-

0
0 -

herence term (proportional to p( )), and SGC term

~(1)
11

with the first two terms which are usual in conven-

From Eq.(3d), we can see that py;’ is contributed

portional to g ), the dynamically induced co-

(proportional to p;7’), an additional term compared
tional systems for LWI.

In the following section, we will investigate the
effects of the relative phase @ on the gain, dispersion
and populations by using the numerical results from
the analytical solution, Egs.(3), and the parameters,

Jes Ips Ac, Ap, Yo, J2, J3, A and 2, which are scaled
by 1.

3. Phase control of gain and dis-
persion

Choosing the values of system parameters as n =
1, A =166, 0 =7/4, A. =0, A, = =8, v = 0.8,
Jo = 0.1, J3 = 0.7, go = 10sinf, and g, = 0.1sinb,

according to the numerical results from Egs.(3), we

1) (1
W =75

as functions of the relative

plot the population difference p and the probe
(1)
31

phase @, as shown in Fig.2.

gain (absorption) Imp

We can see from Fig.2 that, the curves of ﬁg 1)

(1)
31
respectively, the period is 2. With the increase of the

value of @, the value of Imﬁgll)

P§3)

and Imps;’ are similar to the cosine and sine curves

is periodically the pos-
itive and negative, i.e., the probe field is periodically
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amplified and attenuated; while the value of ﬁgll) - ﬁg?

is also periodically the positive and negative, i.e., the
inversion and inversionless of the populations of the
levels |1) and |3) occur periodically; hence a change
from lasing with inversion to LWI takes place period-
ically. So by adjusting the value of the relative phase
@, the transformation between LWI and lasing with
inversion can be realized, the largest gain without in-
version can be obtained. It should be pointed out that

from Fig.3 on we do not give the curves of ﬁgll) — ﬁg?,

(1)

but all the values of ﬁgll) — ﬁ313 are negative, so in these

figures all the gains are inversionless gains.

0.10

0.05

Fig.2. [3511) — f)g? and Imﬁgll) versus ¢ with n = 1,

A=166,0=m/4, Ac =0, Ap = —8, 70 = 0.8, Jo = 0.1,
J3 = 0.7, v2 =1, gc = 10sinf, and gp = 0.1sind. The
parameters gc, gp, Ac, Ap, Y0, J2, J3, A and y2 are scaled
by Y1-

3

Figure 3 illustrates the gain (absorption) Imﬁéll)
dispersion Reﬁéll) versus the probe detuning A, for
both cases n = 0 and 1 = 1 with the same parameter
values as those in Fig.2 except 4 = 1.0. In Figs.3(a)
and 3(b), the mark n = 1 meansn = 1 and ¢ = 0. For
clearness, Fig.3(e) gives an amplification of the region
-3 < A, < 3in Fig.3(a) for n = 0. It is shows that
when 1 = 0, the probe field is amplified only when
the values of A, are small (|Ap| < 1.8), and the gain
values are very small. However when 1 = 1, the probe
field can be amplified with a much larger gain, and the
gain spectrum region is also much larger than that for
n = 0. The values of the dispersion for n = 1 also
are much larger than that for = 0. This shows that
the contribution of SGC to the inversionless gain and
dispersion is much larger than that of the dynamically
induced coherence. In addition, when the SGC effect
is considered (n = 1), the probe gain and the disper-

sion are quite sensitive to the relative phase. The gain

maxima corresponding to ¢ = /2 and @ = 37/2 are
much larger than that corresponding to ¢ = 0 and
& = 7; however the gain spectrum region for ¢ = 0
and @ = 7 are obviously wider than that for @ = 7 /2
and @ = 37/2; for the dispersion the situation is just
the opposite.

Comparing the curves of the gain (absorption)
and the dispersion, we find that the shape of the dis-
persion curve with ¢ = « + 7/2 is very similar to
the gain (absorption) curve with ¢ = «. It should be
pointed out that here we consider the dispersion curve
of @ =0 as the dispersion curve of ¢ = 27 and com-
pare with the gain (absorption) curve of ¢ = 37/2.
In order to check the generality of this similarity con-
clusion, we have used another several sets of parame-
ter values corresponding to A, = 0 (i.e., the resonant
driving field) to give corresponding gain (absorption)
and dispersion curves for different values of &, the
conclusion is the same.

From Figs.3(a) and 3(b) we can see that when
n=1and @& = 0,7 the value of the dispersion Reﬁéll)
at a(b?ut A, = £10 is very large while the value of

(1) . . .
Imps," is zero: i.e., we can get a large refractive index

with zero absorption. Also Figs.3(a) and 3(b) show
that when 7 = 0, both Imﬁéll) and Reﬁéll)
simultaneously at A, = 0: i.e., EIT occurs; however,

when n = 1, both Imﬁgll) and Reﬁgll)

equal zero

cannot simulta-
neously equal zero for any value of @ including ¢ = 0:
i.e., EIT cannot arise. Hence, we can say that the
presence of SGC destroys the original condition for
the production of EIT. However, when SGC exists,
we can still get EIT in the new condition as shown in
Fig.4.

The parameter values in Fig.4 are the same as
those in Fig.3 but A, = 80, i.e., the off-resonant driv-
ing field. We can see that when ¢ = 7/2 (Fig.4(a))
both Imﬁéll) and Reﬁéll) equal simultaneously to zero
at A, =~ —23.1, i.e., EIT occurs; when & = 3m/2
(Fig.4(b)) we can get more larger inversionless gain
than those in Fig.3. For simplicity, here we do not
give the figures for @ = 0, & = w, these figures show
that we can also get high refractive index with zero
absorption but for the off-resonant driving field the
similarity between the curves of the gain (absorption)
and the dispersion, which arises for the resonant driv-
ing field, is not preserved.

In order to get a deeper insight into the modu-
lation effect of the relative phase, in Fig.5 we display
the probe gain Imﬁgll) and dispersion Reﬁgll) as func-
tions of the relative phase @ for A, = 0,£5,7, the
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other parameter values are the same as those in Fig.3.
Figure 5 shows that both the inversionless gain (ab-
sorption) and dispersion are periodical functions of &,
the modulation period is always 27 regardless of the
value of Ay, but the value variation of A, will affect

size of inversionless gain (absorption) and dispersion,
different values of A, correspond to different maxima
of the inversionless gain (absorption) and dispersion
with different values of &.

0.04 1 0.10 -
Im ;)
0.05
) e ———
) 0
1 10Tm 53}
—0.04 - —0.05 7
(a) —0.10 A
—0.08 . . . . . .
—40 —20 0 20 40 —40 —20 0 20 40
Ap 4p
0.10 ¢ =3m/2
0.08 - d=n l n=1
] 0.05 1 AT
2g S I 2 e
Q. 0 e Y ==
g0 & e
. ~0.05 - a
—0.08 010
010 & =7/2 (@)
—40 —20 0 20 40 —40 —20 0 20 40
Ap Ap
6.0 x 10~%
n=0 TN (e)
3.0x 1074 1
O ’l’ ‘\‘
—30x10% 1 )
/ m gy
—6.0x 1074 L : : . —
-3 -2 -1 0 1 2 3

Fig.3. Imﬁgll) and Reﬁgll) vs Ap for two cases 7 = 0 and 7 = 1 with the same parameters values as those in Fig.2 except

A=1.0.
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b =m/2
1x 1073 1
0 t———
—1x 103 1 (@)
—60 —40 —20 0 2 20

~(1)

0.02

0.01 1

—-0.01

—40 0 40 80 120

Fig.4. Imﬁéll) and Repg,” vs Ap with n =1, Ac = 80. The other parameters values are the same as those in Fig.3.

0.08

(1
Impl(il)
S)

—-0.08

Re 55}
o

0.08

—-0.08

Fig.5. Imﬁgll) and the dispersion Reﬁgll) vs @ with n =1 and Ap = 0,+£5,7. The values of other parameters are the same

as those in Fig.3.

3 ssasssmmsssssmssa=

5P3 o
/ 1)
1
0 nnen FTEEEEEEEEpEEN
G. ik
A& G,
2 2)
5S1/2
1 3)

Fig.6. Energy-level diagram of atom 87Rb. Double and
single lines stand for the driving and probe laser fields re-
spectively. Dashed lines depict uncoupled states in the
energy diagram.

In order to examine the above theoretical result,

one can perform experiment with the 87Rb atomic
The energy-level
The ex-
tended cavity diode lasers are tuned to the D line

vapour contained in a pyrex cell.
diagram of 87Rb are illustrated in Fig.6.

and form a A-type system. The probe (with Rabi
frequency Gp) and driving (with Rabi frequency G.)
laser fields excite 55y /(F = 1) — 5P;,5(F' = 0,1,2)
and 551 ,(F = 2) — 5P3,(F = 1,2,3) transi-
The double
and single lines stand for the driving and probe laser

tions respectively, as shown in Fig.6.

fields respectively. The driving and probe fields can-
not couple the ground states via the hyperfine lev-
els F = 0 and 3 of 5P;), state due to the selec-
tion rules, and these states are marked by the dashed
The spontaneous emission rates of the both
The pa-
rameters g, gp, Ac, Ap, Y0, J2, J3, A and 7o are
scaled by 1 (= 19.055 MHz). The amplitudes of both

lines.
transitions are 2v; = 2v, = 38.11 MHz.
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the dipole moments di2 and dq3 are 4.227(5)eay, e
and ag are elementary charge and Bohr radius respec-
tively. The Rabi frequency amplitudes g,=0.17y; and
gc = 10v1 correspond to the probe and driving laser
fields E, = 0.2492V/cm and E. = 24.92V /cm respec-
tively. To be accurate, one can choose the driving fre-
quency around 58 /2(F = 2) — 5P3/5(F’" = 1) transi-
tion. The Rabi frequency g. of the driving laser can
be estimated from formula g, = 27T \/m, where [
is the drive intensity (mW/cm?), I'(~ 6MHz) is the
natural width of the P-state of Rb atom.[2*

4. Conclusions

In this paper, at first we present the density-
matrix equations of motion of an open A system with
SGC and give the analytical solution of the equations
under the condition of the steady state, then we dis-
cuss the control role of the relative phase between the
probe and driving fields on the gain and dispersion by
using the numerical results from the analytical solu-

tion. We find that by adjusting the value of the rela-
tive phase, a change from lasing with inversion to las-
ing without inversion can be realized; the value of the
inversionless gain and dispersion, and the gain spec-
trum region can be obviously varied; high refractive
index with zero absorption can be obtained; the gain
(absorption), dispersion and populations are period-
ical functions of @, the modulation period is always
2m. It is also found that when the driving field is res-
onant and taking the probe detuning as variable, the
shape of the dispersion curve versus with @ = o+ /2
is very similar to the gain (absorption) curve with
@ = a, however for the off-resonant driving field the
similarity will disappear; the contribution of SGC to
the inversionless gain and dispersion is much larger
than that of the dynamically induced coherence. Fi-
nally, we suggest to perform experiment with the 8"Rb
atomic vapour contained in a pyrex cell to examine our
theoretical results, and relative data of Rb atom are

given.
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