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Absorption spectra for Sn clusters (n = 2 . . . 8) are calculated using an adiabatic time-dependent density functional

formalism within the local density approximation (LDA). We compare the calculated spectra with those computed using

a simple LDA approach. The time-dependent LDA (TDLDA) spectra display a significant blue shift with respect to

the LDA spectra. The calculated spectra present a variety of features that can be used for comparison with future

experimental investigations. We also obtain a significant threshold absorption, which can distinguish between different

ground states of the sulfur clusters. In addition, the polarizabilities of the clusters are calculated by using the higher-

order finite-difference pseudopotential density functional method in real space. We find that the polarizabilities of the

clusters considered are higher than the value estimated from the ‘hard sphere’ model using the bulk static dielectric

constant. The computed polarizabilities per atom tend to decrease with increasing cluster size. The polarizabilities are

closely related to the HOMO–LUMO gaps and the geometrical configurations.
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1. Introduction

Owing to their unusual electronic and structural

properties, clusters have received considerable atten-

tion. There were many theoretical approaches to pre-

dict the most stable structure of small cluster, but

different theories favour different geometries even for

the same cluster.[1−3] Sulfur occurs in more allotropic

forms than any other elements in the periodic table.

It is known that the dimer S2 has a triplet ground

state. Though the small clusters S3−5 have been stud-

ied, their ground state geometric structures have not

been experimentally determined directly. Detailed x-

ray structures and vibrational spectroscopic informa-

tion are available only for sulfur rings (Sn, n = 6 . . . 8).

There have been many theoretical studies on sulfur

clusters, ranging from ab initio studies to Monte Carlo

approaches.[4−19]

Unfortunately, not all these results could be com-

pared with experimental data. One experiment that

can be performed with clusters is the measurement

of their absorption spectra. Such measurements have

been reported previously for alkali metal clusters, e.g.,

Li[20] and Na,[21] and for well-known semiconductors,

e.g., Si and GaAs.[22,23] Therefore, theoretical cal-

culations of the optical spectra for clusters are of

particular importance, because they can be directly

compared with experiments. However, this inher-

ently involves the calculation of excited-state proper-

ties, which is much more difficult. The configuration-

interaction method[24] should allow for calculating ab-

sorption spectra. However, it is computationally in-

tensive and usually limited to small molecules. Re-

cently, it has been shown that a solution of the Bethe–

Salpeter equation for the two-particle Green function

within the GW (Green function G and the screened

Coulomb interaction W) approximation yields good

results in agreement with the experimental.[25] While

not as computationally intensive as the configuration-

interaction method, it is still difficult to extend to

larger clusters.
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A different approach is based on time-dependent

density functional theory (TDDFT). Formally, this

is an exact approach, whereas in practice it is

approximate owing to the use of the local den-

sity approximation (LDA) instead of the exact spa-

tial dependence, and an adiabatic approximation in-

stead of the exact time dependence of the exchange-

correlation functional.[26] The ensuing time-dependent

LDA (TDLDA) technique requires a substantially

smaller computational effort and is able to handle

much larger clusters. This technique has been ap-

plied to Na, Si, and GaAs clusters and was found

to yield results in good agreement with experimen-

tal results.[27−39] Troparevskr et al [37] applied the

TDLDA to predicting absorption spectra for small

CdnSen clusters with n = 2 . . . 8.

The polarizability is another important quantity

of clusters, which can provide some information of ge-

ometrical features of the clusters. Thus, comprehen-

sively understanding the polarizabilities from theoret-

ical calculations is also important in cluster science.

2. Calculation methods

We apply the TDLDA technique to calculating

the optical absorption spectra of Sn clusters (n =

2 . . . 8), in an attempt to provide theoretical data that

can be tested directly with future experimental work.

A detailed analysis of TDLDA theory has been given

elsewhere.[26] We apply it to the frequency-space ap-

proach, in which the electronic transition energies Vn

are obtained from the solution of the following eigen-

value problem:[26]

[ω2
ijσδikδjlδστ + 2

√

fijσωijσKijσ,klτ

×
√

fklτωklσ]Fn = Ω
2
nFn, (1)

where

ωijσ = εjσ − εiσ

are the Kohn–Sham transition energies, and

fijσ = niσ − njσ

are the differences between the occupation numbers

in the ith and jth states. The eigenvectors Fn are

related to the oscillator strength, and Kijσ,klτ is a

coupling matrix given by

K =

∫∫

φ∗
iσ(r)φjσ(r)

[ 1

|r − r′|
+

δvxc
σ (r)

δρτ (r′)

]

× φkτ (r′)φ∗
lτ (r′)drdr

′, (2)

where φ(r) is a Kohn–Sham wave function; i, j, σ;

k, l, τ are the occupied states, unoccupied states, and

spin indices, respectively; ρ(r) is the Kohn–Sham

charge density, and vxc(r) is the LDA exchange–

correlation.

Our computational technique is based on the

higher-order finite difference pseudopotential me-

thod.[30] We use the local density approximation of

Ceperely and Alder[31] and Troullier–Martins ab ini-

tio pseudopotentials[32] with a partial core correction.

The solution proceeds in three parts: First, the Kohn–

Sham energies and wave functions are found by means

of a conventional ground state calculation. Second,

the wave functions are used to construct the coupling

matrix of Eq.(2). Third, the TDLDA eigenvalue equa-

tion, Eq.(1), is solved and the absorption spectrum

constructed. All the three steps are performed using

a real-space grid confined in a spherical domain.

In order to describe the polarizability in momen-

tum space, we employ the plane-wave perturbation

theory and evaluate the dielectric function on a spa-

tial grid,[33] which requires a large number of bands to

be included in the calculations and thus significantly

increases the computing time. On the other hand, our

calculations are performed in real space, where polar-

izability can be defined in a very straightforward way,

and the associated computational work requires min-

imal effort.

We use a finite-field method[34,35] to calculate the

polarizability. In real space, we can include an exter-

nal electric field in the Hamiltonian simply by adding

one extra term to the effective potential:

(

−
~

2∇2

2m
+ Veff(r) − eF · r

)

φi(r) = Eφi(r), (3)

where the effective potential Veff(r) includes ionic,

Hartree, and exchange–correlation terms, φi(r) is the

one-electron pseudowavefunction, and F is the applied

uniform electric field. From the solution of Eq.(1),

we can determine the dipole moment and the total

ground-state energy versus the applied electric field.

The polarizability is defined as

αij = −
( ∂2E

∂Fi∂Fj

)

,

(i, j = x, y, z). (4)

Using the finite difference expressions for the first

and second derivatives, we can find the diagonal ele-

ments of the polarizability tensor αii from the dipole

moment µ, or from the total energy E(F ) at F = 0,

and F = ±δFi applied along the ith axis. The value
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normally measured in the experiments is the average

polarizability given by

〈α〉 =
1

3
(αxx + αyy + αzz).

Because of rotational invariance of the trace of the po-

larizability tensor, this value does not depend on the

choice of the coordinate system.

3. Results and discussions

To determine the ground state structures, we use

a grid spacing h = 0.8 a.u., and require at least 10 a.u.

separation between the position of any atom and the

spherical boundary. The choice of these parameters is

justified by the fact that no significant changes in the

value of the total energy and the interatomic forces

are detected with further increase of the radius of the

boundary sphere or decrease of the grid spacing. The

ground state structures and geometrical parameters

are shown in our previous work.[17]

For the TDLDA calculations, we have carefully

tested for convergence of the computed excitation en-

ergies and associated absorption spectra with respect

to the size of the spherical domain, the grid spacing,

and the total number of electronic states included in

the calculations. Convergence was obtained with a do-

main radius of 33 a.u., a grid spacing of 0.6 a.u., and

the number of unoccupied Kohn–Sham orbitals, which

was at least three times greater than the number of oc-

cupied ones. The calculated TDLDA absorption spec-

tra (solid lines) are shown in Fig.1. Also given are the

absorption spectra of the same clusters obtained from

LDA (dashed lines). All spectra have been broadened

using a Gaussian, in order to simulate the effect of a

finite temperature, as well as finite resolution of an ex-

periment. We have used a Gaussian width of 0.1 eV,

which is a typical accuracy for optical absorption mea-

surements.

It is readily observed that in all cases shown in

Fig.1 the TDLDA spectra display a significant blue

shift with respect to the Kohn–Sham eigenvalue spec-

tra. The same trend was found for GanAsn
[28] and

Si2n clusters,[29] and it is consistent with the well-

known band gap underestimate of time-independent

density functional theory (DFT). This implies that

TDLDA works well for systems with a significant de-

gree of ionicity. There are other qualitative similar-

ities between the current results and those of GaAs

and Si clusters: One can observe a variety of spectral

shapes and peak positions for the different-size clus-

ters, which implies that clusters of different sizes can

often be distinguished based on their optical spectrum

‘fingerprint’. Another similarity of sulfur clusters to

III–V and IV–IV clusters is the long absorption tails

found in the spectra. These tails, which extend deeply

into the region of lower transition energies, are likely

due to the existence of free surfaces in the clusters.

Such a behaviour is absent in quantum dots that are

passivated at the boundaries,[36] unlike the clusters

studied in this work.

For computing the absorption edge versus clus-

ter size, we take the absorption edge (defined as in

Ref.[37]) as the energy threshold, below which the ab-

sorption is 2% of the total absorption. We note that

the photo absorption gap is different from the gap

between highest occupied molecular orbital (HOMO)

and lowest unoccupied molecular orbital (LUMO), be-

cause the first allowed excitation is often too weak to

be detected. For a meaningful comparison with exper-

iment, we use the same empirical criterion employed

in interpreting experimental data.

The absorption thresholds calculated from both

the TDLDA and the LDA spectra are given in Fig.2,

along with the HOMO–LUMO gap extracted from

the LDA eigenvalues. For n = 2 . . . 4, the figure il-

lustrates that the LDA absorption threshold calcu-

lated from the 2% rule is appreciably larger than

the HOMO–LUMO gap for all the clusters. This

is because the oscillator strength computed by us-

ing LDA at the HOMO–LUMO transition may be

quite small, pushing the effective (2%) threshold up-

wards in energy. For n = 4 . . . 8, the LDA absorption

threshold calculated from the 2% rule nearly equal the

HOMO–LUMO gap for all the clusters. Even so, the

time-independent LDA calculations consistently and

severely underestimate the TDLDA photo-absorption

thresholds. The latter is greater than the band gap

of the bulk phase, as expected from the quantum size

effect and observed for III–V and IV–IV clusters. In-

terestingly, even though the photo absorption thresh-

olds calculated using TDLDA for the Sn clusters are

larger than those found using LDA, they exhibit sim-

ilar trends to the variation of LDA thresholds with

increasing cluster size (see Fig.2).
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Fig.1. Calculated TDLDA (solid lines) and LDA (dashed lines) absorption of sulfur cluster. All spectra have been

convoluted with an 0.1 eV wide Gaussian to simulate a finite broadening of the calculated spectra.
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Fig.2. Calculated HOMO–LUMO gap and optical ab-

sorption thresholds. The solid lines, dashed lines and dot-

ted lines are for TDLDA, LDA, and HOMO–LUMO, re-

spectively.

We find that a larger spherical domain has to be

included in the polarizability calculations other than

that needed for the structural minimization. However,

the computed polarizabilities are relatively insensitive

to the size of the grid spacing. This behaviour agrees

with the fact that polarizabilities mainly depend on

the ‘outer’ part of the electron density of a cluster,

whereas the ‘inner’ part is responsible for the bonding

properties. Therefore, we use h = 0.8 a.u., and in-

crease the radius of the boundary sphere up to 16 a.u.

One of the most significant problems in the finite-field

method is the choice of an appropriate field strength.

In order to determine the stability of our calculations

with respect to the magnitude of the applied electric

field, we examine the influence of this parameter on

the computed polarizabilities for several clusters. We

find that the best region of linear response lies between

δF = 0.0001 and 0.01 a.u., and within this range the

values of polarizabilities are calculated from the to-

tal energy, and the dipole moment coincides with one

another within 5%.

In Fig.3, we illustrate the calculated polarizabili-

ties of S2 as a function of the finite electric field. Under

very low fields, the polarizabilities calculated by the

change in dipole moment are not reliable because of

numerical inaccuracies such as round off errors. In the

case of very strong fields, the cluster can be ionized

by the fields. However, for a wide range of values of

the electric field, the calculated values are stable.

Fig.3. The polarizability (Å3/atom) of S2 as a function

of the electric field.

Consequently, for all polarizability calculations

we have chosen the external field δF to be 0.001 a.u.

along x, y and z. We investigate the possible influence

of relaxing ionic positions on polarizability in the fi-

nite field calculations. We find that including ionic

relaxation does not affect the calculated polarizabili-

ties within 5%.

Table 1. Static dipole moments (Debyes) and average polarizabilities (Å3/atom) of sulfur clusters.

Cluster Static dipole moments/Debyes Average polarizabilities/(Å3/atom)

S 2.87a

S2 0 2.9661

S3 0.7923 3.3783

S4 0.0011 2.9906

S5 0.0276 2.7188

S6 1.1379 2.5878

S7 1.2660 2.0271

S8 0.0244 2.3237

aFrom Ref.[38].
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Our results are listed in Table 1. The static dipole

moments are computed by direct summation over all

grid points at zero electric field. The listed data for

polarizabilities are the average polarizabilities divided

by the total number of atoms in the cluster. The po-

larizability of the single atom is taken from Ref.[38].

It is impossible for us to compare our results with

experimental data because of the absence of any po-

larizability data on sulfur clusters. It is obvious that

the polarizabilities of the clusters roughly equal those

of single atoms. For S2, S3 and S4, the polarizabilities

of the clusters are higher than that of single atoms,

whereas the polarizabilities of the other clusters are

lower than those of single atoms.

The variation of the computed values for polariz-

abilities with the number of atoms in the cluster is

shown in Fig.4(a). As a reference, we include the

bulk limit for the polarizability, estimated from the

Clausius–Mossotti relation:

α =
3

4π

εb − 1

εb + 2
vat, (5)

where vat is an elementary volume per atom in the

crystalline state, and εb is the bulk dielectric constant.

Equation (5) yields α = 1.91 Å3/atom. Figure 2(a)

demonstrates that in all the cases our values are higher

than the corresponding bulk, and the polarizabilities

decrease with increasing size of the cluster.

We further discuss the relationship between the

polarizability and the electronic structures of clusters.

Figure 4(b) illustrates the polarizabilities as a func-

tion of the HOMO–LUMO energy gaps. As shown in

Fig.4(b), the large polarizability generally corresponds

to the small HOMO–LUMO gap. The clusters with

n = 2, 7 have relatively smaller polarizabilities in com-

parison with their neighbouring size. For example, the

HOMO–LUMO gap for S7 is 2.60 eV and the polar-

izability is just 2.027 Å3/atom. The polarizabilities

decrease with the increase of the HOMO–LUMO gap

as a whole. This can be easily rationalized using the

two-level model[39]

α ≈
µ2

t

∆t
, (6)

where µ2
t is the transition dipole moment from the

ground state to the first dipole-allowed excited state

and ∆t is the corresponding transition energy. Ap-

proximately, ∆t can be replaced with the HOMO–

LUMO energy gap ∆. From this model, α in-

creases with decreasing ∆, consistent with our cal-

culated trend for most Sn clusters. However, α is not

a simply inverse proportion relation to ∆, since the

two quantities are dependent on each other. Small ∆

tends to generate large µ2
t . In addition, µ2

t depends

on some other characters, such as the selection rule.

Fig.4. (a) Average polarizabilities (Å3/atom) per atom

of Sn clusters versus cluster size. The dashed lines cor-

respond to the bulk polarizabilities (Å3/atom) calculated

according to Eq.(3). (b) Polarizabilities (Å3/atom) of Sn

clusters plotted against the HOMO–LUMO gap (eV).

Moreover, the polarizabilities of the cluster are

also closely related to geometrical characteristics. For

example, the HOMO–LUMO gap of S6 is larger than

that of S7, while the polarizability of the former is

larger than that of the latter. This can be attributed

to their structural difference. For S5, the structure

is boat-shaped with C2V symmetry, while S7 is chair-

shaped with Cs symmetry. The compact structures

have relatively less and shorter bonds, which leads to

the valence-electron binding tighter. Thus, a smaller

volume is obtained in the compact structure, which

causes a smaller polarizability for S7.

4. Conclusion

In conclusion, we have performed the first prin-

ciples calculation of the absorption spectra of bare

Sn clusters, in their ground-state geometry, using the
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TDLDA formalism. It may allow for a comparison

with future experimental investigations. The TDLDA

spectra display a significant blue shift with respect to

the LDA spectra. The calculated spectra present a

variety of features that could be used for cluster iden-

tification. We have found that the TDLDA-computed

spectra differ significantly from those computed using

a simple LDA approach, in both absorption thresh-

old and spectral features. We also obtain a significant

threshold absorption, which can distinguish between

different ground states of the sulfur clusters.

Moreover, we have implemented a real-space ab

initio computational technique to calculate polariz-

abilities of small Sn clusters. Our calculations indi-

cate that in all the cases considered the polarizabilities

are higher than the values estimated from the ‘hard

sphere’ model with the bulk static dielectric constant.

This work represents the first systematic theoretical

study for the polarizabilities of semiconductor clus-

ters. The polarizabilities decrease with the increase of

the HOMO–LUMO gap as a whole. The polarizabili-

ties are closely related to the HOMO–LUMO gaps and

the geometrical configurations.
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