Vol 16 No 3, March 2007
1009-1963/2007/16(03) /0666-05

Chinese Physics

© 2007 Chin. Phys. Soc.
and IOP Publishing Ltd

Adaptive synchronization of hyperchaotic
Li system with uncertainty”

Gao Bing-Jian(FF#)»"T and Lu Jun-An(fiH %)
a) School of Mathematics & Statistics, Wuhan University, Wuhan 430072, China
) School of Science, Wuhan University of Technology, Wuhan 430070, China

(Received 23 June 2006; revised manuscript received 12 September 2006)

This paper presents a novel adaptive control scheme for synchronization of the latest hyperchaotic Lii system. Based

on the Lyapunov stability theory, a feedback controller and a parameter update law are designed for the synchronization

of hyperchaotic Lii systems with uncertainty. Numerical simulations are given to demonstrate the validity of the

synchronization technique.
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1. Introduction

Since synchronization of chaotic systems was first
introduced by Pecora and Carroll,[1:?! the chaos syn-
chronization has been an active research topic in non-
linear science, and studied extensively. Its possi-
ble applications have attracted a great deal of at-
tention e.g. in control theory, telecommunications,
and encoding message.[>~5 Recently, a wide variety
of approaches have been proposed to the synchroniza-
tion of chaotic systems, which include manifold-based
method,® feedback method,[”=? impulsive control
method,['% active control,''] adaptive control,*2—16]
and time-delay feedback approach,['” etc.

However, few synchronization methods are con-
cerned with the synchronization of hyperchaotic sys-
tem characterized by more than one positive Lya-
punov exponent, which has more complex dynami-
cal behaviours. Moreover, most researches are based
But in

many practical situations, the values of some sys-

on knowing exactly the system parameters.

tems’ parameters are unavailable and the synchro-
nization will be destroyed with the effects of those
uncertainties.[13:18:19]

Luckily, adaptive control scheme is an effective
method of synchronizing chaotic systems. We can uti-
lize adaptive controllers to compensate the effects of
uncertainty.

Very recently, in Ref.[20], Chen et al have devel-

oped the latest hyperchaotic Lii system via state feed-

back control, which has a more complicated topolog-
ical structure and richer dynamical behaviours. It is
believed that the adaptation of hyperchaotic system

can enhance the security of communication scheme.

In this paper, a novel adaptive control scheme is
proposed for the synchronization of the latest hyper-
chaotic Lii system with uncertainty. Based on the Lya-
punov stability theory,[?!) a feedback controller and a
parameter update law are designed for the synchro-
nization of two uncertain hyperchaotic Lii systems.

2. Hyperchaotic Lii system

The Lii system is a typical transition system,
which connects the well-known Lorenz and Chen at-
tractors and represents the transition from one to
another.[?>2% The Lii system is described by

&= a(y_'r)v
j =~z + ey,

z=uxay — bz.

When a = 36,b = 3, and ¢ = 20, Lii system has
a critical chaotic attractor with Lyapunov exponents
A1 = 1.5046, Ay = 0, and A3 = —22.5044 and Lya-
punov dimension A, = 2.0669. Lii chaotic attractor is
shown in Fig.1.
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Fig.1. Li chaotic attractor.

The hyperchaotic system has more than one posi-
tive Lyapunov exponent, that is, it is unstable in more
than one direction.

Very recently, Chen et al?°! have initiated the lat-
est hyperchaotic Lii system via state feedback control.

The nonlinear differential equations that describe

the hyperchaotic Lii system are

CC:CL(y—CC)—i-U,
j=—az+cy,
z=uxy — bz,

U = xz + du.

When a = 36,b=3,c =20, and —0.35 < d < 1.3
the system has two positive Lyapunov exponents. So
it is hyperchaotic. The hyperchaotic Lii system has a
more complicated topological structure and richer dy-
namical behaviours. The hyperchaotic Lii system’s at-
tractor and circuit implementation are shown in Fig.2.
It is believed that the adaptation of hyperchaotic Lii
system can enhance the security of communication
scheme.
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Fig.2. Hyperchaotic Lii attractor’s (a) phase portrait in z—u projective plane and (b) experimental obser-

vation in xz—u projective plane.

3. Adaptive

uncertain hyperchaotic Lii sys-

synchronization of

tems

In order to observe the synchronization be-
haviours of hyperchaotic Lii system, we define the
master and slave systems as follows:

T = a(ym - xm) + Um,
Ym = —TmYm + CYm,
Zm = TmYm — bZm,

Unm = TmZm + dunm

and
:ts = al(ys - xs) + us + uz,
ys = —Xs2s + C1Ys + ug,
. (3)
s = TglYs — blzs + us,
us = TsZs + dlus + U4,
where a = (a,b,c,d)T is a given parameter vector,
while the parameter vector oy = (al,bl,cl,dl)T is
uncertain.

In a practical situation, the output signals of the
master system (2) can be received by the slave system
(3), but the parameter vector of the master system
(2) may not be known, and is to be identified. There-
fore, the goal of control is to design and implement
an appropriate controller U = [u1, ug, u3, us)T for the
slave system and a parameter estimation update law
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of ay, such that the controlled slave system (3) could
be synchronous with the master system (2), and the
parameter «y approaches «, i.e.

lim || Xs— Xm||=0and lim (a3 —a) =0,
t——+oo t——+oo

(xm7 ym7 Zm7 um)T a:nd Xs =
(s, Ys, 2, Uus) L5 || - ||represents the Euclidean norm,

where X, =

and ()T denotes transposition of ().

Lemma Let ¢: R — R be a twice continu-
ously differentiable function in [0, +00). Suppose that
tligloo ¢(t) exists and ¢”(t) is bounded in [0, +00),

then,
¢'(t) — 0, as t — +oo0.

In many practical applications, the synchroniza-
tion technique based on a scalar output signal is easy
to implement. By virtue of the above uncertain prob-
lem, we have the following theorem.

Theorem With the controller

up = —aes — ey,
Uy = zs€1 — 2cea, )

U3 = —Ys€1 — Tmé€4,

Uy = —zge1 — 2dey,
and the parameter update law of a1 = (a1, b1, c1,dy)T

a1 = (s — ys)e1,

61 = Zs€3,

(5)
1= —Ys€2,
dl = —Us€y4,

the controlled uncertain hyperchaotic Lii system
(3) is synchronous with the master system (2),
and the parameter «; approaches a under any

initial condition (2, (0), Ym(0), 2m(0), um(0)) and
(25(0), 5(0), 25(0), us(0)), i.e.

Jim_[le(®)]] =0, and i (o1—a) = lim_(b:—
b) = tligloo(cl —c) = tli+moo(d1 —d) = 0, where e =

(617 €2, €3, 64)T = (:Es —ZTm, Ys — Ym> s — Zm;, Us _um)T'

Proof Subtracting Eq.(2) from Eq.(3) yields
the error dynamical system

é1=a1(ys — Ts) — a(Ym — Tm) + €4 + u1,
€2 = —25€1 — Tm€3 + C1Ys — CYm + U2, (6)

é3 = Ys€1 + Tmes — blzs + me + us,

€4 = 2s€1 + Tmes + dius — dugm + Ug.

Choose Lyapunov function as follows:

1
Ve, easen, ecsea) = 5 (€i+estesteiresej+eitey),

where parameter errors are e, = a1 — a,ep = by —
bec.=c1 —c,and eq = dy — d.

The time derivative of V' along the trajectory of
the error dynamical system (7) is given by

V = €161 + €2és + €363 + €464 + (ay — a)ay

+(b1 — b)by + (c1 — ¢)é1 + (di — d)ds

= (a1 — a)yse1 — (a1 — a)xse; + aeres — ae?
+ereq + e1ug — zge182 — Tmeaes + (¢1 — ¢)yses
+ced + eaus + ysere3 + rmeaes — (b1 — b)zses
—beg + esus + zse1eq + Tmeseq + (di — d)usey
+de? + equg + (a1 — a)ay + (by — b)by
+(c1 — ¢)éq + (dy — d)dy. (7)

Substituting Eq.(5) into Eq.(7) give

V = aeies — aef +e1eq +e1up + ceg — 2g€1€2
2
+equs + yseres — bes + ezug + zs€1€4

+xmeseq + ded + equy. (8)
Again, substituting Eq.(4) into Eq.(8), we have
V = —ae? — be3 — ce —ded < —ke'e,

where k = min{a,b,¢,d} > 0. Since V is negative
semidefinite, we cannot immediately conclude that
the origin of error system (6) is asymptotically sta-
ble. In fact, as V < 0, then e, ez, e3,e4 € Loo and
€a,€h,€cy€d € Loo. From the error system (6), we
have é1, é2, é3,¢é4 € L. Since Vv < —keTe, we have

t t 1 t .
/||e||2dt :/ eTedtg——/ Vdt
0 0 k 0

1 1
==-[V(0)—-V(t)] < =V(0).
V) =V < £V(0)

Thus e, e3,e3,e4 € La. According to the Barbalat’s

lemma, we have
e1(t), ea(t), es(t), eq(t) — 0 as t — oo, i.e.
im_le(t)]] = 0.

On the one hand, the state variables of hyperchaotic
Lii system are bounded. From error system (6), we
see that é(t) is bounded for all ¢ > 0. By the above
introduced Lemma, we have lim é = 0. On the other

t——+oo

hand, from Eq.(5), we obtain

lim dlz lim b1: lim élz lim d1:O,
t——+oo t——+oo t——+oo t——+oo

A e =)=k Qi =0 =k
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Jim (er —¢) = ka,and lim (dy —d) = ks, 4. Numerical simulations
— 400 —T 00

where k1, ko, k3, and k4 are constants.

Substituting it into system(6), we have

Jim e = ka(ys — ),

lim éy =k
Mot 2 3Ys;

lim ég = —kQZS,
t——+o0

lim é4 = k4us.

t——+oo

Therefore, k1 = ko = ks = k4 = 0. It follows from
the above that the slave system (3) is synchronous
with the master system (2) and the parameter a; ap-
The
proof has been completed now. Thus, we achieve the

proaches o under the feedback controller (4).

synchronization of hyperchaotic Lii systems and iden-
tify the uncertain parameters simultaneously.
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We choose hyperchaotic Lii system with parame-
ters a = 36,b = 3, ¢ = 20, and d = 1.3 as a master sys-
tem. The initial values of state variables are taken as
Xmo = (20,10,10, -15)" and Xy = (5,17,19, -19)7,
and the initial values of slave system’s parameters as
a10 = (34,5,25,1). The dynamic synchronization er-
rors for the master system (2) and the slave system (3)
tend to zero asymptotically as shown in Fig.3. The er-
rors of parameters evolving to zero asymptotically are
shown in Fig.4.

Numerical simulations demonstrate that adap-
tive synchronization and parameter identification are
achieved successfully.
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Fig.3. The errors signals between the two hyperchaotic Lii systems: e1(t), e2(t), e3(t), ea(t).
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Fig.4. Variation of parameters aj, b1, c1, d1 of slave system with time ¢.

5. Conclusions

This paper addresses a novel adaptive control

scheme for the synchronization of the latest hyper-

chaotic Li system. Based on the Lyapunov stabil-

ity theory, a feedback controller and a parameter up-

date

law are designed for the synchronization of hy-

perchaotic Lii systems with uncertainty. Numerical

simu

lations are shown to verify the synchronization

technique.
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