
Vol 16 No 3, March 2007 c© 2007 Chin. Phys. Soc.

1009-1963/2007/16(03)/0650-10 Chinese Physics and IOP Publishing Ltd
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The atomic population oscillations between two Bose–Einstein condensates with time-dependent nonlinear inter-

action in a double-well potential are studied. We first analyse the stabilities of the system’s steady-state solutions. And

then in the perturbative regime, the Melnikov chaotic oscillation of atomic population imbalance is investigated and

the Melnikov chaotic criterion is obtained. When the system is out of the perturbative regime, numerical calculations

reveal that regulating the nonlinear parameter can lead the system to step into chaos via period doubling bifurcations.

It is also numerically found that adjusting the nonlinear parameter and asymmetric trap potential can result in the

running-phase macroscopic quantum self-trapping (MQST). In the presence of a weak asymmetric trap potential, there

exists the parametric resonance in the system.
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quantum self-trapping
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1. Introduction

The observations of Bose–Einstein condensates

(BECs)[1−3] in various dilute trapped alkali-metal

atom gases have aroused the intense interest in the

properties of Bose–Einstein condensates. Much re-

search work has been done theoretically and exper-

imentally to explore and understand this newly ob-

served state of matter. In recent years considerable

attention has been paid to the systems of two coupled

Bose–Einstein condensates in a double-well trap.[4−22]

The coherent atomic tunnelling between the two wells

has been extensively studied.[9−22] It is found that

the atomic tunnelling results from macroscopic quan-

tum coherence of the two BECs[11, 14] and can sys-

tematically be manipulated by an appropriate time-

dependent variation of the double-well potential.[18]

When the double well potential is a periodical func-

tion of time, chaotic tunnelling can appear between

the two condensates.[13,15−17,21] The Melnikov func-

tion approach has been used to obtain the conditions

for the existence of chaotic macroscopic quantum-

tunnelling.[15,16] Recently, a detailed numerical study

of two coupled time-dependent Gross–Pitaevskii equa-

tion for BEC in three spatial dimensions has been pre-

sented and the effect of periodically varying the trap

frequency has been numerically investigated.[19] Be-

cause of it’s similarity to a two-level model, the two-

coupled BEC system is also used to study nonlinear

evolution of quantum states.[22]

In these theoretical researches, one of the most

interesting findings is the macroscopic quantum self-

trapping (MQST),[11−16,18] where the atoms show

asymmetric distribution as if most atoms are trapped

in one well, namely, the time-averaged population im-

balance is a nonzero value. Recently, Albiez et al [20]

reported the first experimental observation of macro-

scopic quantum self-trapping, which inhibits large

amplitude tunnelling oscillations. After quantitative

analysis of their experimental results Albiez et al also

pointed out that the corresponding relative phase as-

sociated with the observed MQST increases monoton-

ically (running phase modes[12]).

As narrated above, the influence of time-

dependent trap potentials has been deeply inves-

tigated. Nowadays, advanced experimental tech-

niques have made it possible to obtain time-dependent
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nonlinear interactions by adjusting the s-wave scat-

tering length with magnetic-field-induced Feshbach

resonances.[23−25] An important application of this

technique is to effectively control the collapse in Bose–

Einstein condensates.[23,25] Stable 85Rb condensates

with thousands of atoms, which would otherwise col-

lapse if consisting of more than about 80 atoms, have

been created.[23]

In this paper, we consider the role played by time-

dependent atom–atom interaction in the atomic popu-

lation oscillations between two coupled BECs. Firstly,

we investigate the stabilities of the system’s steady-

state solutions. And then through the direct pertur-

bation technique we obtain a general solution of the

perturbed equation. We find that the boundedness

condition of the general solution contains Melnikov

chaotic criterion. Hai’s group has paid much atten-

tion to the chaotic dynamics of BECs.[13,16,26−33] In

their work the direct perturbation and Melnikov func-

tion methods are extensively used,[13,16,26−29,33] The

two methods are also used to investigate the chaotic

population oscillations in the present work. In the un-

perturbed regime, numerical calculations reveal that

the nonlinear interatomic interaction has a crucial in-

fluence on the oscillations of the fractional population

imbalance while stepping into chaos via period dou-

bling bifurcations. Bifurcations have also been found

in two-component BECs coupled with laser or/and

radio-frequency pulses.[34] The macroscopic quantum

self-trapping is numerically explored and our result is

in agreement with the experimental result reported in

Ref.[20]. The parametric resonance is also numerically

demonstrated when the trapping potential is a weak

asymmetric one.

2. The system

The macroscopic quantum wave function Ψ(x, t)

characterizing a weakly interacting BEC in a trap-

ping potential Vtr(r) near-zero temperature satisfies

the mean-field Gross–Pitaevskii (GP) equation

i~
∂Ψ

∂t
= − ~

2

2m
▽2

Ψ + VtrΨ + g|Ψ |2Ψ , (1)

where ~ is Planck’s constant, g = 4πas~
2/m is the

nonlinearity parameter that takes into account the

mean field produced by the other bosons, and as is

the s-wave scattering length of atoms that can be ei-

ther positive or negative. as > 0 indicates a repul-

sive interaction and as < 0 corresponds to an attrac-

tive case. We consider the atomic population oscil-

lations between two coupled Bose–Einstein conden-

sates with time-dependent nonlinear interaction in a

double-well potential. To this end, we select the solu-

tion of Eq.(1) in the form of two-mode approximation

as follows:[11−13]

Ψ(r, t) = ψ1(t)Φ1(r) + ψ2(t)Φ2(r), (2)

with ψ1 and ψ2 being complex time-dependent ampli-

tudes and Φ1 and Φ2 ground-state solutions in the two

wells, respectively. Substituting Eq.(2) into Eq.(1)

and integrating over spatial coordinates, we obtain a

two-mode model for ψ1(t) and ψ2(t)

i~
∂

∂t





ψ1(t)

ψ2(t)



 = H(t)





ψ1(t)

ψ2(t)



 , (3)

where H(t) is the Hamiltonian

H(t) =





E1 + α1|ψ1|2 −K
−K E2 + α2|ψ2|2



 , (4)

with E1 and E2 being zero-point energies for each con-

densate, α1 and α2 nonlinear parameters of the two

modes, andK the amplitude of the tunnelling between

the two condensates. These parameters can be ex-

pressed in the form of several overlap integrals of the

time-independent Gross–Pitaevskii eigenfunctions as

follows:[11]

Ei =

∫

dr

[

~
2

2m
|∇Φi|2 + |Φi|2Vtr

]

, (5)

αi(t) = g

∫

dr|Φi|4, (6)

K = −
∫

dr

[

~
2

2m
(∇Φ1∇Φ2) + Φ1VtrΦ2

]

(7)

for i = 1, 2.

We write the time-dependent wave functions

ψ1(t) and ψ2(t) in the common form of ψ1(t) =
√

N1(t)exp[iθ1(t)] and ψ2(t) =
√

N2(t)exp[iθ2(t)]. As

is well known, N1(t) = |ψ1(t)|2 and N2(t) = |ψ2(t)|2
are the numbers of particles and θ1 and θ2 are the

phases of states in the two wells, respectively. So we

have the total number of particles N = N1 +N2. For

convenience, we introduce two new variables z(t) =

[N1(t) − N2(t)]/N and φ = θ2(t) − θ1(t). Here z(t)

and φ are the fractional population imbalance and the

relative phase. Then we can easily obtain three differ-

ential equations

Ṅ = 0, (8)

ż = −2
√

1 − z2 sinφ− ηz, (9)
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φ̇ = ∆E + Λz +
2z√

1 − z2
cosφ (10)

with ∆E = [E1 − E2 + (α1 − α2)/2]/K and Λ =

(α1 + α2)/(2K). In Eq.(9) we have considered the

damping force in the form of −ηz. It appears for two

interacting BECs with different hyperfine levels in a

single harmonic trap potential.[15,35−37] In this work

we consider only the damping force in this form. It

is clear from Eq.(8) that the total number of particles

in the two wells is conserved. In Eqs.(8)–(10) we have

rescaled the time t to a dimensionless variable Kt/~.

Accordingly, all parameters and variables in the fol-

lowing sections are dimensionless. It is not difficult to

find that when Λ is a constant and ∆E = η = 0 there

exist many groups of steady-state solutions for Eqs.(9)

and (10). For simplicity, we choose [z = 0, φ = 0] and

[z = 0, φ = π] as examples in our stability analysis.

Theoretical analysis reveals that, in the phase space

of (z, φ), [z = 0, φ = 0] is a centre if Λ > −2 and a

saddle point when Λ < −2; the point [z = 0, φ = π]

is a saddle point (centre) when Λ > 2 (Λ < 2). Ac-

cording to Lyapunov stability criteria,[38] all centres

are Lyapunov-stable but not asymptotically-stable be-

cause the space trajectories around them are close

curves that do not run to them. Here we take the

case of attractive interaction for example. By assum-

ing ∆E = η = 0 , Λ = −2.5, and selecting differ-

ent initial conditions, we plot the phase portraits of

z vs φ in Fig.1. Figure 1(a) shows that the point

[z = 0, φ = 0] is a saddle point and Fig.1(b) denotes

that [z = 0, φ = π] is a centre.

Fig.1. Phase portraits of z vs φ for ∆E = 0, Λ = −2.5 and different initial conditions. (a) Shows that [z = 0, φ = 0] is a

saddle point and (b) indicates that [z = 0, φ = π] is a centre.

3. Chaotic population oscillations

under perturbation

Given Eqs.(9) and (10), the Hamiltonian of the

system can be expressed as

H =
Λ

2
z2 + ∆Ez − 2

√

1 − z2 cosφ. (11)

From Eqs.(9)–(11) we can easily obtain the second-

order derivative of z(t) with respect to time as

z̈ = −4z−
(

+
Λ

2
z2+∆Ez−H

)

(∆E+Λz)−ηż(t).(12)

We consider the case with the parameters Λ and ∆E

bearing the following forms:

Λ = Λ0+Λ1 sin(ωt), ∆E = ∆E0+∆E1 sin(ωt) (13)

with | Λ0 |≫| Λ1 |∼| ∆E0,1 |. Here Λ0 and ∆E0 are

the amplitudes of the dc components; Λ1 and ∆E1

are the amplitudes of the ac components. Applying

Eq.(13) to Eq. (11) and performing the time deriva-

tive of H(z, φ, t), we reach

Ḣ(t) =
∂H

∂z
ż +

∂H

∂φ
φ̇+

∂H

∂t

=
∂H

∂t
=
z2

2

∂Λ

∂t
+
∂∆E

∂t
z

=
(z2Λ1ω

2
+ zω∆E1

)

cos(ωt) . (14)

Integration of Eq.(14) over the dimensionless time t

results in

H(t) = H0 +H1(t),

H1(t) =

∫

(z2Λ1ω

2
+ zω∆E1

)

cos(ωt)dt, (15)

where H0 is a constant and H1(t) is a first-order small

term proportional to ∆E.[13] Inserting Eqs.(13) and
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(15) into Eq.(12), we obtain

z̈ − (Λ0H0 − 4)z +
Λ2

0

2
z3 = Λ0H1z + Λ1Hz sin(ωt)

−
(

Λ0Λ1 sin(ωt) +
1

2
Λ

2
1
sin2(ωt)

)

z3

− 3∆EΛ

2
z2 − ∆E2z +H∆E − ηż. (16)

When the right-hand side of Eq.(16) equals zero, the

system is clearly integrable and possesses a separatrix

trajectory, which is an essential demand for the appli-

cation of the direct perturbation and Melnikov func-

tion methods to study the chaotic dynamics of the per-

turbed system.[13,16,26−29] The dynamical behaviours

close to the separatrix is extremely sensitive to the

initial conditions and the values of the system param-

eters, which is one of the leading features of strange

chaotic attractors. As has been known, the Melnikov-

function method is an effective tool of finding the re-

gions of chaotic dynamics in perturbed systems.[15,36]

In order to use the direct perturbation and

Melnikov-function methods to investigate the chaotic

population oscillations, we expand the general solu-

tion of Eq.(16) to the first order

z = z0 + z1, for | z0 |≫| z1 | . (17)

Substituting Eq.(17) into Eq.(16), we have the follow-

ing equations:

z̈0 − (H0Λ0 − 4)z0 +
1

2
Λ

2
0z

3
0 = 0, (18)

z̈1 − (H0Λ0 − 4)z1 +
3

2
Λ

2
0z

2
0z1 = ε1, (19)

ε1 = Λ0H1z0 −
3

2
Λ0∆Ez

2
0 +H0∆E +H0Λ1z0 sin(ωt)

− Λ0Λ1z
3
0 sin(ωt) − ηż0. (20)

Here we have assumed

| z1 |∼| Λ1 |∼| ∆E0,1 |∼| η |∼| H1 | . (21)

According to the equilibrium condition ż0 = z̈0 =

0, we can easily obtain three equilibrium solutions of

Eq.(18): z0 = 0,±
√

2(H0Λ0
− 4)/Λ0. In addition to

the equilibrium solutions, Eq.(18) possesses the well-

known periodical solution for (H0Λ0 − 4) < 0 and ho-

moclinic solution for (H0Λ0 − 4) > 0. In the present

work, we consider only the homoclinic solution usually

associated with chaos,

z0 =
2

Λ0

√

H0Λ0 − 4 sechξ, (22)

with ξ =
√
H0Λ0 − 4(t − t0) and t0 being the initial

time. This is a homoclinic solution associated with

chaos. Through Eq.(22) we can obtain two linear in-

dependent solutions of Eq.(19) when ε1 = 0

f1 =
dz0
dt

= − 2

Λ0
(H0Λ0 − 4) sechξ tanh ξ, (23)

f2 = f1

∫

(f1)
−2dt =

Λ0

4
√

(H0Λ0 − 4)3

sechξ (2 − 3ξ tanh ξ − sinh2 ξ). (24)

It is known that (z0, f1) is just the separatrix solu-

tion. In our perturbation analysis and using Melnikov

function method to study the Smale-horseshoe chaos,

we consider the oscillation of the population imbal-

ance close to the separatrix solution. Evidently, f2 is

unbounded and will exponentially increase with the

growth of t due to its inclusion of hyperbolic sine

function. Using Eqs.(23) and (24) and through varia-

tion of constants, we construct the general solution of

Eq.(19)[13,16,26−29]

z1 = f2

∫ t

C1

f1ε1dt− f1

∫ t

C2

f2ε1dt. (25)

Here C1 and C2 are two arbitrary constants deter-

mined by the initial conditions. Applying Eqs.(20),

(23) and (24) to Eq.(25) and carefully calculating the

limits for t→ ∞, we find

lim
t→±∞

z1 → ±∞, (26)

due to the inclusion of the unbounded function f2 in

Eq.(25). Equation (26) indicates that the general so-

lution (25) is Lyapunov unstable.[38] Fortunately, if

the conditions

G± = lim
t→±∞

∫ t

C1

f1ε1dt = 0 (27)

are satisfied, this kind of instability can be controlled,

namely, solutions (25) can be Lyapunov stable.[38] The

Refs.[13, 16, 26–29] have proved thatG+−G− = 0 can

eliminate the constant C1 and lead to the well-known

Melnikov function

∆M(t0) =

∫ +∞

−∞

f1ε1dt = 0, (28)

which predicts the onset of Smale-horseshoe chaos in

the oscillations of the population imbalance. Inserting

Eqs.(20) and (22) into Eq.(28) and performing the in-

tegration in it, we find the Melnikov chaotic criterion

∆M(t0) = ∆E1πω
[D2 + ω2

Λ0
−H0

]

× cos(ωt0)sech
(ωπ

2D

)
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+
Λ1πω

2

Λ0

[4D2 + ω2

3Λ0
−H0

]

cos(ωt0)

× csch
(ωπ

2D

)

− 4ηD3

3Λ0
= 0 (29)

with D =
√
H0Λ0 − 4. Melnikov function is propor-

tional to the distance between the stable and unstable

manifolds in the Poincaré section at t0. If the Mel-

nikov function has simple zeros, the transverse inter-

section of the stable and unstable manifolds will occur.

This is an indication of the existence of chaotic oscil-

lations of the population imbalance in the system.

Fig.2. The phase portrait in (z, ż) plane and time-

evolution of z with ∆E0 = 0.5, ∆E1 = 0.5, Λ0 = 28,

Λ1 = 0.7, η = 0, ω = 5, z(0) = 0.5, and φ(0) = 0.

In order to exhibit the chaos in the perturbed

system, with a set of fixed system parameters and ini-

tial conditions we plot the phase portrait in the (z, ż)

plane and the corresponding time-evolution of z(t) in

Figs.2(a) and 2(b), respectively. From Fig.2(a) we can

find that the phase orbit evolves in a finite region and

exhibits confusion, which is the chaotic feature. Fig-

ure 2(b) demonstrates the typical chaotic oscillation

of the population imbalance. The Fourier power spec-

trum of z is presented in Fig.3 with the same parame-

ters as those in Fig.2. From Fig.3 we see a continuous

power spectrum with a broadband feature. To the

best of our knowledge, such a power spectrum shows

the existence of chaos.

Fig.3. The Fourier power spectrum of the population im-

balance z(t) with the same parameters as those in Fig.2.

4. Unperturbed numerical simu-

lations

When the system does not satisfy the perturba-

tion conditions, e.g. the population oscillations are not

close to the separatrix solution, the trap potential is

large, Λ0 = 0, or Λ0 and Λ1 are of the same order,

the perturbation and Melnikov function methods will

be invalid. Hence, in this section we will perform only

numerical simulations of the population oscillations to

investigate the dynamical behaviours of the system.

Whether the double-well trap is symmetric or

asymmetric in the nondissipative regime (η = 0), we

can observe period doubling with the increase of the

value of parameter Λ1. It has been known that pe-

riod doubling is an important path leading to chaos in

some nonlinear systems. To illustrate period doubling

in our system, we consider the case of a symmetric

double-well potential (∆E = 0) in the nondissipative

regime (η = 0). According to Eqs.(9) and (10), by

fixing Λ0 = 0, ω = 1.5, z(0) = 0.5, and φ(0) = 0,

we plot Fig.4 with the increasing Λ1. The left col-

umn of Fig.4 is the phase portraits in the (z, ż) plane

formed from t = 0 to t = 40; the right column is the

corresponding time evolutions of z. When Λ1 = 0.02,

there is only one orbit in the (z, ż) plane, which in-

dicates that the oscillation is singly periodic. When

the value of Λ1 increases to 0.5, the period doubling

is clearly observed in the phase space. If Λ1 further

increases to 0.72, a period-4 attractor appears. And

while Λ1 = 3.1, chaotic oscillation occurs. From the

right column of Fig.4 we can see that the correspond-

ing time evolutions of the population imbalance z also
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illustrate the process from period doubling to chaos.

The chaotic oscillation of the population imbalance

indicates that the atomic tunnelling between the two

BECs is chaotic.

Fig.4. The left column is the phase portrait in the (z, ż) plane formed from t = 0 to t = 40; the right column is the

corresponding time evolution of z.
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Fig.5. The left is the phase portrait in the (z, ż) plain formed from t = 0 to t = 600; the right is the corresponding time

evolution of z.

Fig.6. Time evolutions of z and φ. The first row with Λ0 = 25 shows that both the population imbalance and the relative

phase oscillate periodically with a finite amplitude; the second row with Λ0 = 30 indicates that the population imbalance

oscillates with only a small amplitude and the relative phase increases monotonically, which correspond to the running-phase

macroscopic quantum self-trapping.

To the best of our knowledge, the phase space vol-

ume always tends to decrease due to the damping force

in a period of transient time; and when the damping is

strong enough, the phase space volume will decrease to

zero, which indicates that the oscillation of z arrives at

an equilibrium state with zero population imbalance.

This can be seen in Fig.5 for the symmetric potential

case (∆E = 0) with Λ0 = 8, Λ1 = 2, ω = 1, η = 0.025,

z(0) = 0.5, and φ(0) = 0. The left of Fig.5 is the

phase portrait in the (z, ż) plane formed from t = 0 to

t = 600; the right is the corresponding time evolution

of z showing that the oscillation reaches an equilib-

rium state with zero population imbalance. Now, we

consider the influence of Λ0 on the oscillations of the

population imbalance. We plot Fig.6 with ∆E = 0,

Λ1 = 0.5, η = 0, ω = 1.5, z(0) = 0.5, φ(0) = 0, and
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different values of Λ0. From the first row of Fig.6 one

can see that when Λ0 = 25 the population imbalance

and the relative phase oscillate periodically with finite

amplitudes; however, when the value of Λ0 increases

to 30, z exhibits only small amplitude oscillation that

never crosses z = 0, i.e. 〈z〉 6= 0, and the correspond-

ing relative phase is unbound and winds up over time.

The small amplitude oscillation and monotonically in-

creasing relative phase are two typical characteristics

of macroscopic quantum self-trapping related to the

running phase modes. This is in agreement with the

newly observed experimental results reported by Al-

biez et al.[20]

Fig.7. Time evolutions of z and φ. The first row with ∆E0 = 0.2 shows that both the population imbalance and the

relative phase oscillate with a finite amplitude; the second row with ∆E0 = 10 corresponds to the running-phase macroscopic

quantum self-trapping.

When the double-well potential is an asymmet-

ric one (∆E 6= 0), one can see the influence of the

asymmetric potential on the oscillations of the pop-

ulation imbalance clearly. In this case the increase

in the value of ∆E0 can also result in MQST. After

assuming ∆E1 = 0.5, Λ0 = 0.5, Λ1 = 0.1, η = 0,

ω = 1.5, z(0) = 0.5, φ(0) = 0, and different values of

∆E0, we plot Fig.7. From Fig.7 one can observe that

when ∆E0 = 0.2 both the population imbalance and

the relative phase oscillate with finite amplitudes; but

when ∆E0 increases to 10 the running-phase macro-

scopic quantum self-trapping appears. It is also found

that in the presence of a weak asymmetric trap po-

tential, there exist parametric resonances in the oscil-

lations of the population imbalance as shown in Fig.8

with ∆E0 = 0.02, ∆E1 = 0.02, Λ0 = 0, η = 0, ω = 4,

and φ(0) = 0. The first row of Fig.8 is for Λ1 = 0.4

and z(0) = 0.81; the second row is for Λ1 = 0.092

and z(0) = 0.2. Parametric resonance is a kind of

more complicated resonant behaviour, where a rele-

vant parameter of the system is modulated to achieve

resonance.[39] In Bose–Einstein condensates systemat-

ical studies on parametric resonance have been exten-

sively performed.[39−43]
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Fig.8. When the asymmetric trap potential is weak, the parametric resonance appears. The parameters are set as

∆E0 = 0.02, ∆E1 = 0.02, Λ0 = 0, η = 0, ω = 4, and φ(0) = 0. The first row is for Λ1 = 0.4 and z(0) = 0.81; the second

row is for Λ1 = 0.092 and z(0) = 0.2.

5. Discussion and conclusion

In summary, we have studied the atomic popula-

tion oscillations between two coupled Bose–Einstein

condensates with time-dependent nonlinear interac-

tion in a double-well potential. In experiments the

position of the laser sheet and the intensity and detun-

ing of the laser are modifiable. Consequently, the trap

asymmetry is changeable. Meanwhile, the magnetic

field resonantly coupled to the atoms is adjustable. So

one can reach the system parameters needed to sat-

isfy experimental conditions. For example, the values

of ∆E1, Λ0, Λ1, ω, and D can be successfully reg-

ulated to satisfy Melnikov function (29) through ad-

justing the configuration of the double-well trap and

the magnetic field.

With the linear stability theorem we first anal-

yse the stabilities of the steady-state solutions. And

then in the perturbative regime, we theoretically ob-

tain a general solution of the perturbed equation. It is

found that the boundedness condition of the general

solution contains Melnikov chaotic criterion applied

to predicting the onset of chaos in perturbed systems.

While the system is out of the perturbative regime, we

numerically find that the nonlinear interatomic inter-

action has a crucial influence on the oscillation of the

population imbalance while stepping into chaos via

period doubling. This shows that changing the non-

linear interatomic interaction through the Feshbach

resonances[23−25] can effectively suppress the chaotic

oscillations of the population imbalance. The running-

phase macroscopic quantum self-trapping and para-

metric resonances are also numerically investigated.
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Lett. 89 210406
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