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The trace identity is extended to the general loop algebra. The Hamiltonian structures of the integrable sys-

tems concerning vector spectral problems and the multi-component integrable hierarchy can be worked out by using

the extended trace identity. As its application, we have obtained the Hamiltonian structures of the Yang hierarchy,
the Korteweg-de—Vries (KdV) hierarchy, the multi-component Ablowitz—Kaup—Newell-Segur (M-AKNS) hierarchy, the
multi-component Ablowitz—Kaup-Newell-Segur Kaup-Newell (M-AKNS-KN) hierarchy and a new multi-component

integrable hierarchy separately.
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1. Introduction

The theory of integrable Hamiltonian systems
with infinite dimensions has rapidly developed since
the late 1960s. In 1989, Tul'! proposed an effi-
cient approach to searching for integrable Hamilto-
nian hierarchy, which was usually called Tu scheme.
Nowadays, by using the Tu scheme, a lot of inte-
grable systems with physical significance have been

1-7]

obtained. The multi-component integrable sys-

tems have been developed in Refs.[8,9]. Recently,
a new 3M-dimensional Lie algebra has been con-
structed and a simple method of producing the multi-
component integrable hierarchy of soliton equation
has been proposed in Ref.[10]. At present, many
multi-component integrable systems such as the multi-
component Korteweg-de—Vries (M-KdV) hierarchy,
Tu hierarchy, etc. have been proposed!!'=17 while
the Hamiltonian structures of the obtained multi-
component integrable systems have not been devel-
oped because the trace identity is not suitable for
them.

tity to the general loop algebra.

In this paper, we extend the trace iden-
As its applica-
tion, the Hamiltonian structures of the Yang hi-
erarchy, the KdV hierarchy, the multi-component
Ablowitz—Kaup-Newell-Segur (M-AKNS) hierarchy,
the multi-component Ablowitz—Kaup—Newell-Segur
Kaup-Newell (M-AKNS-KN) hierarchy and a new
multi-component integrable hierarchy which can be re-

duced to the well-known heat-conduction equation are
developed. The method proposed in this paper can be
used for general purposes.

2. The extended trace identity

Let G = {U|U = (wij)mxn}, where u;; are real
or complex; M and N are arbitrary positive integers.
Obviously, G is a linear space. For arbitrary elements
U,V of G, we can determine a kind of operation [U, V]
with the following properties:

(1°) antisymmetry: [U,V] = —[V,U],

(2°) bilinear: [aU + bV, W] = a[U, V] +b[V,W],U,V,
W € G, a,b = const,

(3°) Jacobi identity: [[U, V], W]+[[V, W], U]+ [[W, U],
V] =0,VU,V,W € G.

Thus, we refer to [U, V] as the commutation operation
of U and V, denoted by

[]:GxG—G.

Hence, G becomes a Lie algebra. Its corresponding

loop algebra is denoted by G
G=GoC\AY,

where C[\, A71] is the set of Laurent polynomials in
A
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Consider the following Lax pair:

{%—W&LM—Q i
Pt = [‘/7<P]7 %UaVGGa

whose compatibility @+ = ¢, gives rise to
[Ut, o] = Vi, o] + [U, [V, 0l] + [Vi [, U] = 0.

By employing property (3°), the above formula can be
written as

[Ut, o] —

Since ¢ is arbitrary, the following equation holds:

[V, 0l +[[U V], ¢] = 0.

U — Ve +[U,V] =0, (2)

i.e. the compatibility of the expression (1) leads to

the zero curvature equation.

Definition 1 For arbitrary elements U,V of G, we
can define a kind of so-called Killing form and make
it have the following properties:

(a) symmetry: < U,V >=<V,U >,
(b) bilinear: < aU + bV, W >=a < U, W > +b<
VW >, a,be C,

(¢) invariance: < [U,V],W >=<U,[V,W] >.

Setting U and V' to be two elements of G and
U =U(u, ), we consider the integral function

Feo ou
A= V,— >d 3
/_ N <V, B\ > dx (3)
with the following constraint condition:
V. =0, V]. (4)

The one-order variations of the expressions (3) and (4)
are expressed as

+oo oU oU
M_/_oo (<5V,5>+<V,5(5> >)dx,(5)

§V, = [6U, V] + [U,8V]. (6)

Making use of Lagrange method of multipliers in the
expression (6), we have

“+oo
/ < A, 8V, — [6U,V] = [U,6V] > dz =0. (7)

— 00

From the expressions (5) and (7), we obtain

Foo ouU oU
6A:/ <AV >+ < AV, 0U] >+ < AV, U >+ <0V, — >+ <V,§| — | >])dx. (8)

— 0o

oA oA

In terms of Definition 1, the expression (8) can be written as

+oo
0A = / (— <oV, Ay >+ < [AV],0U >+ <V, [U, Al > + < 6V, Uy > + < V,0\(6U) >)dz

— 00

“+oo
= / (< [A,V],0U >+ < V,0,(0U) > + < 6V, —A, + [U, A] + Uy >)dx. (9)

— 00

Choose an appropriate value of A such that
Ay + (U, A] +Ux =0, (10)

and use U = U(u, A) that depends only on u and A,
then we will obtain

oo ou
0A = / (< [A,V],%>5u

— 00

+ <V, 0\ ((Z_U) > 5u> dz, (11)

U
where u = (u1, ua, ..., un), and u; = (uj1, Uz,
.., uinr)T. On the other hand
U
too 0 <V, — >
6A:/ 675”5%13;. (12)
o u

Comparing the expression (11) with expression (12)

gives
ou
o<V, —
% = < [/LV], Z_Z >
+ <V, 0, (Z_Z) >.  (13)
From Egs.(4) and (10), we have
[Aa V]x = [Aza V] + [Aa Vz]
=[Ux+[U, A, V]+[A,[U, V]
[Ux, V]+[[U, A, V] + (A, [U, V]
= [U>\7 V] + [[Vv A]? U]]v (14)
Vx)\ = [U)\, V] + [U7 V)\] (15)
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Subtracting the expression (15) from the expression  Therefore, there exists a constant 7 satisfying
(14) leads to -
(A V]=Vi= <V (16)
([, V] =Wa)e = [U, [A, V] = V3. A

Thus, [A4,V] — V) satisfies the constraint condition.

5<V—U >
: oU U
NI W VT VA NP VN <—>

ou A Ou ou

ou

ou 5
Sh<Vigr iy <Vig,

Summing up the above result yields the following con-
clusions:

Theorem 1 Let U = U(u,\) (v = (u1, uz, ...,
un),u; = (ui1, Uiz, ..., uins)T) be an element of G
and suppose we have introduced the rank of wu;, 0, A
and = € G, and the solution V of Eq.(4), which is
given homogeneous rank, will be unique up to a con-
stant multiplier. Under Definition 1, the equation

5 oU
V_
<Y

oU
5u S= AT\ <V, B >

(18)
holds, which is called the extended trace identity.

If M = N, thus G is a matrix semi-simple Lie al-
gebra. It is well known that the Killing form < U,V >
is equal to the trace, tr(UV). Thus, Eq.(18) is just the
trace identity in Ref.[1].

Proposition 1 Let J and L be two linear operators
mapping SM(SM = S® S...® S, S is the Schwartz
space) into itself. Suppose that

(i) both J and JL are skew symmetric, i.e.

J*=—-J, JL=L"J, (19)
(ii) there exists a series of scalar functions {H,} sat-
isfying

0H,
ou

for some f(u) € SM, then {H,} will be a common

series of conserved densities for the whole hierarchy of

L") =

(20)

equation
up = JL" f(u),

and we have

{Hy, Hy} = 0.

oUu
>S=<hV,— >+ <

S= AN <V, — >
ou

Inserting Eq.(16) into Eq.(13) gives

¥
ou A
oUu

oU
V,— >+ < V,0\
ou

(%)

(17)

3. The Hamiltonian structure of
the integrable system concern-

ing vector spectral problem

In this section, we take the Yang hierarchy and
KdV hierarchy as examples to illustrate that the in-
tegrable systems also can be obtained by solving the
vector spectral problems and their Hamiltonian struc-
tures can be presented by the extended trace identity.

If M = 1, N is arbitrary positive integer, thus G
denotes a vector set as follows:

Gy ={a=(ai,as,...,an)},

where a denotes a row vector, a; € C(i =1,2,...,N).
For an arbitrary element of G, we can also define a
commutation operator that has the properties (1°)—
(3°) in Section 2. Hence G n becomes a Lie algebra,
and its corresponding loop algebra is denoted by Gw.
Next, we consider only the case of N = 3.

3.1. The Hamiltonian structure of Yang
hierarchy

Definition 2 Let ¢ =
(b1,b2,b3) be two elements of G5 and define a com-

(a1,a2,a3), and b =

mutation operator [a, b] as
[a, b] = (a2b3 — a3b2, a1b3 — agbl, CleQ — agbl). (21)

It is easy to verify that G35 along with the expression
(21) becomes a Lie algebra.

A corresponding loop algebra is given as
Gs ={a\",a € Gs,m =0,£1,£2 ... }, (22
with a commutation operation being

[aA™, bA"] = [a, D)™,

Ya,b € Gjs. (23)
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Consider the isospectral problem auxiliary equation
o =[U,p), M=0, U=(s,q+Ar) (24) V, = [U,V] (25)
and set V = mgo(am,bm,cm)/\_m, then solving the . give rise to
|
Ama = Cm+1 + qCm — ’f‘bm, bm;ﬂ = SCm — T'Qm, Cmz = —0m+1 + Sbm — qQm, (26)
apg=c=0, bp=a, a=as, bp=0, c=ar
By employing the Tu scheme, the Yang hierarchy is presented as
q —bnt1 0
ut_ r :J Cn+1 ::JL" ar y (27)
S Gnt1 as

-0 —-s r
where J = s 0 —1 | is Hamilton operator,
—-r 1 0
0 207 ¢gs — 0~ 'rd —071s0 — 20 1qr
L r q 0 i
= | - — = is a
2
s o _
5 q

recurrence operator.

Definition 3 Set U = (U;,U2,Us) and V =

ou ou

<V,mr>=-b, <V, >=-b,
oA

Inserting the expressions (29) into the extended trace
identity (18) and comparing the coefficient of A="~1
lead to

—b,
S i) == | e (30)

Setting n = 1 in Eq.(30) gives v = 0.
Thus, the Hamiltonian function is presented as

_bn
5Hn bn+1
- H, = 31
S e | - (31)
an

Hence, the Yang hierarchy has the following Hamilto-

<V,a_U

(V1,Va,V3) as two elements of é3, and their so-called

Killing form is defined as
< U,V >=UVh — UsVa + UsVs. (28)

It is easy to check that < U,V > has the properties
(a)—(c) in Section 2.

Note V.= (a, b, ¢), a = >, apA™™, b =
m>0
S bpAT™ and c= Y e AT
m>0 m>0

By using Definition 3, a direct calculation gives

and <V, ou >=aq. (29)

>=c, D5

or

nian structure:

0H,,
_ gointl

3.2. The Hamiltonian structure of KdV
hierarchy

Definition 4 Let a = (a1, a2, a3), and b =
(b1, b2, b3) be two elements of G3, a commutation
operator [a, b] is defined as

[CL, b] = (a2b3 — CLng, 2(0,1()2 — agbl), 2(0,3()1 — albg)).
(33)

It is easy to verify that G5 along with (33) also be-
comes a Lie algebra. Its corresponding loop algebra
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and commutation operation are respectively similar to
the expressions (22) and (23).
Consider the following isospectral problem:

o0

and set V. = > (am,bm, cm)A™™, then solving the

m=0
equation similar to Eq.(25) will yield

cpIZ[U,cp], /\t:07 U:(OaluA_q)u (34)
|
Amay = _bm+1 +cm + qu; bmz - _2am; Cmz = _berl,x - QQCLm,
(35)
apo=0byp=0, co=p, a1=0, by =p, & =-3¢
|
By utilizing the Tu scheme, the KAV hierarchy is pre- 4. The Hamiltonian structure

sented as

gt = _2bn+1,w = J(_bn-‘rl) == JLnﬁu (36)

where J = 20 is the Hamilton operator, and L =
1

1
482 — Eaflqz + ¢ is a recurrence operator.

Definition 5 Set U = (Uy, Uz, Us), and V =
(W1, Va, V3) as two elements of ég, and their so-called
Killing form is defined as
< U,V >=2U0,V1 + UxV5 + UsVs. (37)

It is easy to test that < U,V > also has the properties
(a)—(c) in Section 2.

By making use of Definition 5, a direct calculation
gives

ou
oA

and < V,a—U >= —b.

V.
<V, 94

>=1b, (38)
Inserting Eq.(38) into the extended trace identity (18)

and comparing the coefficients of A=~ yield

0
—(bng1) = (v —n)(=byp). 39
5 q( +1) = (v = n)(=bn) (39)
. . . 1
Setting n = 1 in Eq.(39) gives v = 3 Thus, the
Hamiltonian function is presented as
5Hn - _ 2bn-i—l
7 b, and H, = " (40)

Consequentially, the Hamiltonian structure of KdV hi-
erarchy is obtained as follows:

5Hn+1
ou

a=J : (41)

of the multi-component inte-

grable system

Let Gjs denote a matrix set as follows:

Gy = {a = (aij)mxn = (a1,a2,...,an)}, (42)

where a;; are real or complex functions; a;(i =
1,2,...,N) denote the ith column of the matrix a;
M and N are arbitrary positive integers.

Let a = (a1,09,...,aum)7,

,Bar)" be two column vectors. Their

Definition 608
6 = (617625' ..

vector product « * 3 is defined as

and

a*ﬁ:ﬁ*a:(alﬁl,azﬁz,.--,aMﬁM)T- (43)

Definition 7 Setting X = (X1, Xs,...XxN), and

Y = (Y1,Ys,...,YN) as two elements of Gy,
where Xl = (Xila Xig, ceey X“L{)T, and }/z =
(Yi1,Yio,...,Yiar)T, we can always define an opera-

tion [X,Y] and make it have the properties (1°)—(3°)
in Section 2. Thus, Gjs becomes a Lie algebra and
dim Gy = MN. A corresponding loop algebra and
commutation operation are respectively similar to the
expressions (22) and (23), and the loop algebra is de-
noted by Gas.

4.1. The bi-Hamiltonian structure of the
M-AKNS hierarchy

In this section, we consider only the case of N = 3,
thus the expression (42) can be written as
Gy ={a = (aij)muxs = (a1,a2,a3)}.  (44)

Definition 8[8 Set a =
(b1, ba, b3) to be two elements of Gjs; a commutation

(a1, a2, a3), and b =
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operation is defined as

[a,b] = (CLQ * bg — asg * b2,2(a1 * b2 — ag * bl),

2(az * by — a1 * b3)). (45)

It is easy to verify that the operation (45) has the
properties (1°) — (3°) in Section 2, hence, Gy is a Lie
algebra along with the commutation operation (45)
and dimGy; = 3M. Its corresponding loop algebra is
also denoted by G whose commutation operation is
similar to the operation (23).

Consider an isospectral problem

Vol. 16
where
Iy =(,1,..., D,
q= (qlqua "aqM)Ta
r=(ri,re,...,ra)t.
Set
oo
V: Z(amabmacm))\_mv
m=0
where am = (amh Am2; -+ amM)T; bm = (bmh
bm27 AR me)Tv and Cm = (th Cm2; -, C7nM)T-

v =[U, ], =0, U=(—Iy\gq,r), (46) Solving the equation similar to Eq.(25) yields
|
Qmz = q*Cm — T %bpy, bz = —2bmy1 — 20, * ¢,  Cma = 2Cm+41 + 27 * G, (47)
apg = «, bQZCQZO.
Making use of the Tu scheme, the multi-component AKNS hierarchy can be worked out as follows:

0 —2Ix* Cn, Cn —QkT
w= "] = M S I e : (48)

T 21 5% 0 b bn+1 —a % q

t

where J is a Hamiltonian operator,

1
58—7“*6*1(]* r* O lrx
L =
1
—q*07lgx  qxO07lrx —58

is a recurrence operator.

Definition 9 Let U = (U1,Us,Us), and V =
(V1,Va,V3) be two elements of Gy, where U; =
(Ui, Uiz, ... Uin)™, and V; = (Vit, Via, ... Vi) T i =
1,2, 3, their so-called Killing form is defined as

<UV >=2U1 % V1 + Uz x Vg + Us % V5. (49)

It is easy to verify that < U,V > has the properties
(a)—(c) in Section 2.

Note
V =(a,b,c), a= > apA\™™,
m>0
b= > bpA™™, and c¢= > cpA™.
m>0 m>0

By utilizing Definition 9, a direct computation gives

ou oU
_— :—2 _ =
<V,a)\> a, <V’6q> c,
ou

and <V,— >=b.

or (50)

Inserting the expressions (50) into the extended trace
identity (18) and comparing the coefficient of A\="~1
lead to

Cn

2 (~2ani1) = (7~ ) G1)

n

Setting n = 1 in the expression (51) gives v = 0.
Thus, we may present the Hamiltonian function as
follows:

2an+1
= B Hn = .

2
ou by, n (52)

Therefore, M-AKNS hierarchy has the following bi-
Hamiltonian structure:

GHyer OH,
= =K
ur=J Su u’ (53)
where
KoL g*x0 tgx —2¢x 0 'rx 40
O—2rx071qgx  2rx0 lrx

It is easy to verify that JL = L*J. Hence, the system
(48) is integrable in Liouville sense.
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4.2. The Hamiltonian structure of the M-AKNS—KN hierarchy
In Ref.[10], an isospectral problem is given as
o =[U, 0], A=0, and U = (NI, us + Aug,us + Aua), (54)
where
IM = (1717"'71)TXM7 and U; = (uil,uig,...7uiM)T, 1= 1,2,3,4.
Set
V=" (a(0,m) + Aa(1,m),b(0,m) + Ab(1,m),c(0,m) + Ac(1,m))A~>",
m=0
where
. . LNT . . O\ T . . O\ T
a(i,m) = (agfl)l, anL)Q, cee a;?M) , bli,m)= (bg,?l, bg,?Q, . 7b57?M) , and ¢(i,m) = (057?1, c§,?2, . 7057?M) ,
(i=0,1).
Solving the equation similar to Eq.(25) gives rise to
1
b(l,m+1) = 51)1(1, m) + ug * a(l,m) + ug * a(0, m),
1
c(l,m+1)= —Ecx(l,m) + ug x a(l,m) 4+ uqg x a(0,m),
a;(0,m) = ug * (0, m) — ug * b(0,m) + uz * c¢(1,m + 1) — ug * b(1,m + 1),
az(1,m) =uy xc(1,m) — ug * b(1, m) + uz * ¢(0,m) — ug x b(0,m),
1
b(0,m+1) =ug*xa(l,m+1)+ §bx(0, m) + uy x a(0,m),
1
c(0,m+1)=ugxa(l,m+1)— 501(0, m) + uz * a(0,m),
a(O;O):ﬁ):(615627"'56M)T5 b(lal)zﬁ*u:ﬁ 6(171):6*u47
b(O,l):B*ul, C(Ovl)zﬁ*’UQ-
Similarly, we have the M-AKNS—KN hierarchy
up c(l,n+1) c(0,n) c(0,n)
U b(l,n+1 b(0,n b(0,n
P N ( )=J1L (0,n) _ (0,n)
us c(0,n+1) c(l,n+1) c(l,n+1)
us ) b(0,n + 1) b(l,n+1) b(l,n+1)
C(la n) 6 * Uy
b(1,n * U
= J,L? Lm g | P , (55)
¢(0,n) CEX
b(0,n) 0 xuy
where
—2uq x O ug * —2uz x O Turx  2us * O ug * +2ur * O uak —2us * O tugx 2T s * +2us x O Luax
Ji = Qus % O ug % +2us kO Turk —2us * O Tug x —2ua * O usx —2Ins * +2ug * O tusk —2uy * O Tugx
! —2us * O ugx 2 * +2us * O ugx 0
—20Ins * +2uq * O tusk —2uy * O Lugx 0
Qup % O turx O — 2uy % 0 Lugx 0 0
I = O — 2ug x O Turk  ug * O tugx 0 0
? 0 0 —2us * O usk 2 * +2us * O ugx

0 0 —20Ins * +2ug x O tusk —2uy * O L ugx
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are Hamiltonian operators, L is the recurrence operator L = (I;;)axa4

i1 =lia =11 =12=0, [13=12 =1y,

l31 = —584— g * 0 Tuy * —§u4 O Tug % 0+ uy * 8_1(u2 kU3 — UL *k Ug) * O tug %,
30 = —ug * 0 tug * —%m %O g x 0 — ug x 0 (ug * uz — uy *uy) * 0 Lugk

I33 = ug * O Lug * +ug * O ug * +ug * O~ (ug * ug — ug * ug) * 0 Lugk,

l3g = —ug * O~ tug ¥ —ug x 0 Tug * —ug x 071 (ug * uz — up * ug) * 0~ Lugx,

l41 = U1 * 8_111,1 * —511,3 * 8_1U3 * 0 + ug * 8_1(11,2 * U3 — UL * U4) * 8_111,1*,

1 _ 1 _ _ _
142258—1“*8 Yy % ——uz x 07 ug % 0 — uz % 07 (ug % uz — up * ug) * 0 tugx,

laz = ug * O uy * +uy * O tug * +ug * O~ (ug * ug — ug * ug) * 0 Lugk,

lag = —up * O Yug ¥ —uz x 0 ug * —uz * 071 (ug * uz — up * ug) * 0 ug * .
Note
V = (a(0,m) + Aa(1,m), b0, m) + Ab(1,m), c(0,m) + Ae(1,m)),
a(i,m) =Y a(i,m)A™", b(i,m)= > bli,m)A"*", c(i,m)= D cli,m)A"*", i=1,2.
m>0 m>0 m>0

By utilizing Definition 9, a direct calculation yields

ou

<V, o 4Xa(0,m) + 4X2a(1,m) 4+ uyg * b(0,m) + Aug * b(1,m) + ug * c(0,m) + Auz * ¢(1,m),

<V,g—3; >=¢(0,m) + Ae(1,m), <V,g—g2 >=b(0,m) + Ab(1,m),

<V, o >= Ac(0,m) + Ne(1,m), <V, o >= A\b(0,m) + A*b(1,m). (56)
Ous Ouy

Substituting the expressions (56) into the extended trace identity (18) and comparing the coefficients of A\=27~2

and A727~! respectively, yield
c(l,n+1)
b(1,n+1
£(4a(1,n+2)+u4*b(0,n+1)+u3*c(0,n+1)):(7—2n—1) (Ln+1) ) (57)
ou c(0,n+1)
b(0,n+ 1)
c(0,n)
5 b(0,n)
—(4a(0,n+ 1) Fus*b(I,n+1)+uz*xc(l,n+1)) = (y—2n) . (58)
ou c(l,n+1)
b(1,n+1)

Substituting the initial values into Eqs.(57) and (58) gives v = 0. Therefore, we may present two Hamiltonian
functions as follows:

c(l,m+1)
0H;(n) _ b(l,n+1) Hl(n):_4@(1,n+2)+u4*b(O,n—i—l)—i—ug*c(O,n—i—l)) (59)
ou c(0,n+1) ’ 2n 41 ’
b(0,n+1)
¢(0,n)
0Hy(n) _ b(0,n) H2(n):_4a(O,n+1)+u4*b(l,n—i—l)—i—ug*c(l,n—i—l). (60)
ou c(l,m+1) ’ 2n
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Thus, the M-AKNS-KN hierarchy has the following
Hamiltonian structure:

su 7 su

’U,tZJl

(61)

4.3. The

a new multi-component integrable

bi-Hamiltonian structure of

system

In this section, we consider the case of N = 4.
Thus the expression (42) can be written as

Gy ={a= (aij)Mx4 = (a1,az,a3,a4)}. (62)

Definition 10 Set a = (a1, a2, a3, a4), b =
(b1, b2, b3, by) to be two elements of Gy, and de-

fine a commutation operation [a, b] as

[a,b] = (2(ag * by — ag *ba),2(ag * by — ay * by)
a4 * b3 — as * b4,0,2(a2 * b1 —ap *x bg)
+asbz — asz * bg) (63)
It is easy to test that (63) has the properties (1°)—(3°)
in Section 2, so G s along with the operation (63) also

becomes a Lie algebra and dimGy = 4M. Its corre-
sponding loop algebra is also denoted by Gy and it

q BIM* 0 0
ug =\ r = 0 —OIy* qgx
S 0 —qx  Olp

t
where J is Hamiltonian operator, and

0 407 'sxq*x—20"1rx0 0 lr*xqx—20""s

L=1| 2rx —2qx 0

—28% 0 —2q%*

Taking n = 2, the expression (65) reduces to the fol-
lowing multi-component nonlinear evolution equation:

gr = 4a(s * sy — T % 71y),
re = 2a(4q * Ty + 27 % @y + Spp + A4Sk q % q),
st =2a(dr x g+ q+4q* Sy + 25 % Gy + Tz

Further reducing and setting s = r, the well-known
multi-component heat-conduction equation can be ob-
tained as

Ty = 20T 1.

has the commutation operation similar to the opera-
tion (23).
Consider an isospectral problem

Pz = [U7 QP], A=0, U= (Q7T7 )\IM7S)7 (64)
where
= (1,1,....,D% .,
q= (Q1aq25"'7QM)T7
r= (T17T27"'7TM)T7
S = (51,82,...,SM)T.
Set -
V= Z(am,bm,o,cm))\—m
m=0
where @, = (am1, @m2, -y Gmar)Ys b = (b1,

) me)Tv and Cm = (th Cm2, -+, C7nM)T-

Solving the equation similar to Eq.(25) yields

[

Qg = 2T % Cpy — 28 % by,
bz = 25 % Gy, — 2q * Cy, — Cint 1,
Crmz = 2T % Gy, — 2q * by, — by,

T

bo=co=0, ap=a=(a,02,...,am)" .

Making use of the Tu scheme, a multi-component
integrable hierarchy is presented as follows:

a’ﬂ an O
by | =J| by | =JL"| 2axr |, (65)
—Cp, —Cp, —20 % 8

* 0

is a recurrence operator.

Definition 11 Let U = (Uy,Us,Us, Uy), and V =
(Vl,‘/g,‘/},,V4), where Ul = (Uil,Uig, ey Ul )T, and
Vi = (Vit,Via, ..., Vinr)T,i = 1,2,3,4, and the so-
called Killing form is defined as

1

<U,V >= Ul*V1+U2*V2+§(U3*V1)
1

+§(U1 x V3) — Uy * V. (66)

It is easy to verify that < U,V > has the properties
(a)—(c) in Section 2.
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Note
V =(a,b,0,¢), a= Z A",

m>0

oU 1 oU
<V,—=>=—-a, <V,—

ox 32 >= o

Inserting the expressions (67) into the extended trace
identity (18) and comparing the coefficient of A~"~1
yields

= (%arﬁl) =(y=n)| b |- (68)

Setting n = 0 in Eq.(68) gives v = 0.
Thus, we may present the Hamiltonian function as

<V,

b= bpA™™, and c= Y cuA

m>0 m>0

By using Definition 11, a direct calculation leads to

oU oUu
W >=b, and <YV, g >= —c. (67)
follows:
5 o
Hn An+41
= H, =— . 69
ou b | 2n (69)
—c,

Therefore, the bi-Hamiltonian structure of the multi-
component system (65) is presented as

JéHn _ K5Hn—1

ou ou (70)

0 2sxq*x —1r*0 2rkqx —s*x 0

1
where K = JL = | —0r*—2s%qx Oq*+q*0 _532_2(1*(1*

1
—2q * 1% —0sx* 2q*q*+§62 —q* 0 — Ogx

It is easy to verify that JL = L*J, hence, the system (65) is integrable in Liouville sense.
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