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A general scheme for generating a multi-component integrable equation hierarchy is proposed. A simple 3M-

dimensional loop algebra X̃ is produced. By taking advantage of X̃, a new isospectral problem is established and then

by making use of the Tu scheme the multi-component Dirac equation hierarchy is obtained. Finally, an expanding loop

algebra F̃M of the loop algebra X̃ is presented. Based on the F̃M , the multi-component integrable coupling system

of the multi-component Dirac equation hierarchy is investigated. The method in this paper can be applied to other

nonlinear evolution equation hierarchies.
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1. Introduction

In the soliton theory, two important subjects are

to search for the new Lax integrable equations and

their integrable coupling system. Various efficient

techniques have been proposed and many integrable

hierarchies of soliton equations such as the Ablowitz–

Kaup–Nell–Segur (AKNS) system, the Kortweg–de

Vries (KdV) system, the Kaup–Nell (KN) system, the

Schrödinger system, the coupled Burgers system and

so on[1−38] have been obtained. In recent years, the

study of nonlinear integrable multi-component poten-

tial functions has become a hot spot. Many efficient

approaches have been developed in Refs.[15–17,29,34].

Ma et al have made use of the generalized Tu scheme

to arrive at the multi-component AKNS hierarchy and

other interesting results. Tsuchida et al used a gener-

alized Lax matrix to extend an nonlinear Schrödinger

equation to a multi-component Schrödinger equation

in Ref.[15]. In Ref.[30], Guo et al proposed a sys-

tematic approach to generating multi-component in-

tegrable hierarchies. However, there are some clues to

deduce integrable hierarchies. A simple and efficient

method of generating multi-component integrable hi-

erarchies was proposed in Refs.[17,31]. Another new

simple method was presented by Tom in Ref.[37].

Constructing a simple loop algebra becomes a key step

in this method, but the method of constructing loop

algebra is easy and general. In this paper, we intro-

duce a new isospectral problem by using a new loop

algebra X̃. By taking advantage of the Tu scheme, the

multi-component Dirac equation hierarchy is given. In

addition, an expanding loop algebra F̃M of the loop

algebra X̃ is presented, which is devoted to deduc-

ing the integrable couplings of the multi-component

Dirac equation hierarchy. The method in this paper

can be applied to other nonlinear evolution equation

hierarchies.

2. A new type of Lie algebra

Above all, we define a few notations.

Definition 1 Let α = (α1, α2, ..., αM )T and β =

(β1, β2, ..., βM )T be two column vectors, define their

vector product α ∗ β as

α ∗ β = β ∗ α = (α1β1, α2β2, ..., αMβM )T, (1)

and introduce the diagonal matrix α̃ = diag (α1,
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α2, ..., αM ), then we will have

α ∗ β = α̃β. (2)

Definition 2 Let α = (α1, α2, ..., αM )T and A =

(0, ..., 0, ai, 0, ..., 0)M×N , we define their product as

α · A = A · α = (0, ..., 0, α ∗ ai, 0, ..., 0),

where

ai = (ai1, ai2, ..., aiM )T,

aij ∈ R or C is real or complex number and unrelated

to the independent variables x, t.

Definition 3 Let x1 = (x1
1, 0, 0), x2 = (0, x2

2, 0)

and x3 = (0, 0, x3
3) be linear real or complex M × 3

matrices and independent of x and t. Let X represent

a linear space generated by {x1, x2, x3}, i.e.

X = {wa|wa = a1 · x
1 + a2 · x

2 + a3 · x
3},

ai = (ai1, ai2, ..., aiM )T, (i = 1, 2, 3) (3)

represent real or complex vectors, xi
i = (xi1, xi2, ...,

xiM )T, xij ∈ R or C.

Define a commutation operation [wa, wb] in X as

[wa, wb] ≡ wa ∧ wb = (a1 ∗ b2 − a2 ∗ b1) · x
1 ∧ x2

+ (a1 ∗ b3 − a3 ∗ b1) · x
1 ∧ x3

+ (a2 ∗ b3 − a3 ∗ b2) · x
2 ∧ x3, (4)

x1∧x2 = −x2∧x1 = x3, x2∧x3 = −x3∧x2 = −x1,

x1 ∧ x3 = −x3 ∧ x1 = x2, xi ∧ xi = 0, i = 1, 2, 3. (5)

It is easy to verify that for ∀ wa, wb, wc ∈ X ,

[[wa, wb], wc] + [[wb, wc], wa] + [[wc, wa], wb] = 0. (6)

holds.

Therefore, Eq.(3) along with Eqs.(4) and (5) be-

comes a Lie algebra.

Specially, take

x1 = (IM , 0, 0), x2 = (0, IM , 0), x3 = (0, 0, IM ), (7)

where IM = (1, 1, ..., 1)T︸ ︷︷ ︸
M

, then Eq.(4) will become

[wa, wb] = (a3 ∗ b2 − a2 ∗ b3, a1 ∗ b3

− a3 ∗ b1, a1 ∗ b2 − a2 ∗ b1). (8)

Definition 4 Set

xi(n) = xi ⊗ λn ≡ xiλn, i = 1, 2, 3. (9a)

[x1(m), x2(n)] = −[x2(n), x1(m)] = x3(m + n),

[x2(m), x3(n)] = −[x3(n), x2(m)] = −x1(m + n),

[x1(m), x3(n)] = −[x3(n), x1(m)] = x2(m + n),

degxi(n) = n, i = 1, 2, 3. (9b)

Then, X with the expression (9) consists of a loop

algebra X̃.

Let us consider the following isospectral problems:
{

φx = [U, φ],

φt = [V, φ], U, V, φ ∈ X̃,
(10)

whose compatibility leads to

φxt = [Ut, φ] + [U, [V, φ]] = φtx = [Vx, φ] + [V, [U, φ]],

[Ut, φ] − [Vx, φ] + [U, [V, φ]] + [V, [φ, U ]] = 0. (11)

By employing Eq.(6), Eq.(11) is expressed as

[Ut, φ] − [Vx, φ] + [[U, V ], φ] = 0. (12)

Due to φ being arbitrary, Eq.(12) holds if the following

condition exists:

Ut − Vx + [U, V ] = 0, (13)

which is just the zero curvature equation. This indi-

cates that the soliton equations derived from the Lax

pair (10) are Lax integrable.

3. The multi-component Dirac

equation hierarchy

Consider an isospectral problem

φx = [U, φ], λt = 0,

U = IM · x3(1) + q · x1(0) + r · x2(0), (14)

where

q = (q1, q2, ..., qM )T, r = (r1, r2, ..., rM )T.

Set

V =

∞∑

i=0

(a(0, i) · x1(−i)

+ b(0, i) · x2(−i) + c(0, i) · x3(−i))

where

a(0, i) = (a
(0)
i1 , a

(0)
i2 , ..., a

(0)
iM )T,

b(0, i) = (b
(0)
i1 , b

(0)
i2 , ..., b

(0)
iM )T

and c(0, i) = (c
(0)
i1 , c

(0)
i2 , ..., c

(0)
iM )T.

Solving the adjoint equation

Vx = [U, V ] (15)

leads to the recurrence relations
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



ax(0, i) = b(0, i + 1) − r ∗ c(0, i),

bx(0, i) = −a(0, i + 1) + q ∗ c(0, i),

cx(0, i) = q ∗ b(0, i) − r ∗ a(0, i),

a(0, 0) = b(0, 0) = 0 = (0, 0, ..., 0)T︸ ︷︷ ︸
M

, c(0, 0) = 2(β1, β2, ..., βM )T = 2β = const,

a(0, 1) = 2β ∗ q, b(0, 1) = 2β ∗ r, c(0, 1) = 2(α1, α2, ..., αM )T = 2α = const,

b(0, 2) = 2β ∗ q + 2α ∗ r, a(0, 2) = −2β ∗ rx + 2α ∗ q, c(0, 2) = β(q2 + r2), ...

(16)

Denoting

V
(n)
+ =

n∑

i=0

(a(0, i) · x1(n − i) + b(0, i) · x2(n − i) + c(0, i) · x3(n − i)), V
(n)
− = λnV − V

(n)
+ ,

Equation (15) can be written as

−V
(n)
+x + [U, V

(n)
+ ] = V

(n)
−x − [U, V

(n)
− ]. (17)

It is easy to verify that the terms on the left-hand side in Eq.(17) are of degree ≥ 0, while the terms on the

right-hand side are of degree ≤ 0. Thus, we have

−V
(n)
+x + [U, V

(n)
+ ] = b(0, n + 1) · x1(0) − a(0, n + 1) · x2(0).

Taking an arbitrary modified term for V
(n)
+ as ∆n = 0. Noticing V (n) = V

(n)
+ +∆n, the zero curvature equation

Ut − V (n)
x + [U, V (n)] = 0 (18)

gives rise to

ut =

(
q

r

)

t

=

(
b(0, n + 1)

−a(0, n + 1)

)
=

(
0 2IM

−2IM 0

) 


a(0, n + 1)

2
b(0, n + 1)

2


 = J




a(0, n + 1)

2
b(0, n + 1)

2


 , (19)

where J is Hamiltonian operator.

From the recurrence relations (16), the following recurrence relation exists:




a(0, n + 1)

2
b(0, n + 1)

2


 =

(
−q ∗ ∂−1r∗ −∂ + q ∗ ∂−1q∗

∂ − r ∗ ∂−1r∗ r ∗ ∂−1q∗

)


a(0, n)

2
b(0, n)

2




= L




a(0, n)

2
b(0, n)

2


 =

(
−q̃∂−1r̃ −∂ + q̃∂−1q̃

∂ − r̃∂−1r̃ r̃∂−1q̃

)
= L̃




a(0, n)

2
b(0, n)

2


 ,

where q̃ and r̃ denote q∗ and r∗, respectively. There-

fore, the system (19) can be written as

ut =

(
q

r

)

t

= J̃ L̃n−1

(
βq

βr

)
. (20)

When M = 1, the system (20) is the standard Dirac

equation hierarchy. When M > 1, the system (20) is

the multi-component Dirac equation hierarchy. The

system (20) has the following particular cases:

Case 1 When n = 1, the system (20) becomes:

{
qt = 2β̃qx + 2α̃r,

rt = 2β̃rx − 2α̃q.
(21)

Case 2 When n = 2, the system becomes

{
qt = 2α̃qx − 2β̃rxx + β̃r̃q2 + β̃r3,

rt = −2α̃rx − 2β̃qxx + β̃q̃r2 + β̃q3.
(22)
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4. The multi-component

integrable couplings system

In order to find the coupling system of some

known hierarchy derived from the loop Ã1, Guo et

al [30] set forward a simple method, the main idea is

to construct an expanding loop algebra G̃M of the

loop algebra Ã1, which has two subalgebras G̃1 and

G̃2 satisfying following conditions:

(i) G̃M = G̃1 ⊕ G̃2, G̃1
∼= Ã1;

(ii) [G̃1, G̃2] ⊂ G̃2; (23)

where the symbols ⊕ and ∼= denote direct sum and

isomorphic relation, respectively.

Following the main idea in Ref.[30], let FM denote

a linear space spanned by a linear independent vector

{x1, x2, x3, x4, x5} (where x1, . . . and x5 are indepen-

dent of x, t). Define a commutative operation among

xi, i = 1, 2, . . . , 5 as follows:

[x1, x2] = −[x2, x1] = x3, [x2, x3] = −[x3, x2] = −x1,

[x1, x3] = −[x3, x1] = x2, [x1, x4] = −[x4, x1] = x5,

[x1, x5]=−[x5, x1]=
1

2
x4, [x2, x5]=−[x5, x2]=−

1

2
x5,

[x3, x4]=−[x4, x3]=
1

2
x5, [x2, x4]=−[x4, x2]=

1

2
x4,

[x3, x5] = −[x5, x3] = −
1

2
x4, [x4, x5] = −[x5, x4] = 0,

[xi, xi] = 0, i = 1, 2, ..., 5, (24)

then FM will become a Lie algebra. In particular,

taking

x1 = (IM , 0, 0, 0, 0), x2 = (0, IM , 0, 0, 0),

x3 = (0, 0, IM , 0, 0), x4 = (0, 0, 0, IM , 0),

x5 = (0, 0, 0, 0, IM),

we obtain

wa = a1 · x
1 + a2 · x

2 + a3 · x
3 + a4 · x

4 + a5 · x
5

= (a1, a2, a3, a4, a5), ∀wa ∈ FM . (25)

The corresponding loop algebra is given by

F̃M = {(x1(n), x2(n), x3(n), x4(n), x5(n))},

xi(n) = xi ⊗ λn ≡ xiλn, i = 1, 2, ..., 5, (26)

[x1(m), x2(n)] = −[x2(n), x1(m)] = x3(m + n),

[x2(m), x3(n)] = −[x3(n), x2(m)] = −x1(m + n),

[x1(m), x3(n)] = −[x3(n), x1(m)] = x2(m + n),

[x1(m), x4(n)] = −[x4(n), x1(m)] =
1

2
x5(m + n),

[x1(m), x5(n)] = −[x5(n), x1(m)] =
1

2
x4(m + n),

[x2(m), x5(n)] = −[x5(n), x2(m)] = −
1

2
x5(m + n),

[x3(m), x4(n)] = −[x4(n), x3(m)] =
1

2
x5(m + n),

[x2(m), x4(n)] = −[x4(n), x2(m)] =
1

2
x4(m + n),

[x3(m), x5(n)] = −[x5(n), x3(m)] = −
1

2
x4(m + n),

[x4(m), x5(n)] = −[x5(n), x4(m)] = 0,

[xi(m), xi(n)] = 0, i = 1, 2, ..., 5,

degxi(n) = n, i = 1, 2, ..., 5. (27)

Let F̃M(1) and F̃M(2) be two subalgebras of the loop

algebra F̃M , which are expressed as respectively

F̃M(1) = {(x1(n), x2(n), x3(n), 0, 0)},

F̃M(2) = {(0, 0, 0, x4(n), x5(n))},

then we will find

(iii) F̃M = F̃M(1) ⊕ F̃M(2), F̃M(1)
∼= X̃;

(iv) [F̃M(1), F̃M(2)] ⊂ F̃M(2).

According to the loop algebra F̃M and the relations

(iii) and (iv), we consider the following isospectral

problem:

φx = [U, φ], λt = 0,

U = IM · x3(1) + u1 · x
1(0)

+ u2 · x
2(0) + u3 · x

4(0) + u4 · x
5(0), (28)

where

u1 = (u
(1)
1 , u

(2)
2 , ..., u

(M)
M )T,

u2 = (u
(1)
1 , u

(2)
2 , ..., u

(M)
M )T, ...

Denoting

V =

∞∑

i=0

(a(0, i) · x1(−i) + b(0, i) · x2(−i) + c(0, i) · x3(−i) + d(0, i) · x4(i) + f(0, i) · x5(−i)),
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where a(0, i) = (a
(0)
i1 , a

(0)
i2 , ..., a

(0)
iM )T, b(0, i) = (b

(0)
i1 , b

(0)
i2 , ..., b

(0)
iM )T, c(0, i) = (c

(0)
i1 , c

(0)
i2 , ..., c

(0)
iM )T, ... and solving

the equation similar to Eq.(15) yield





ax(0, i) = b(0, i + 1) − u2 ∗ c(0, i),

bx(0, i) = −a(0, i + 1) + u1 ∗ c(0, i),

cx(0, i) = u1 ∗ b(0, i) − u2 ∗ a(0, i),

dx(0, i) = − 1
2 (f(0, i + 1) − u1 ∗ f(0, n) − u2 ∗ d(0, i) + u3 ∗ b(0, i) + u4 ∗ (a(0, i) − c(0, i)),

fx(0, i) = 1
2 (d(0, i + 1) + u1 ∗ d(0, i) − u2 ∗ f(0, i)− u3 ∗ (a(0, i) + c(0, i)) + u4 ∗ b(0, i)),

a(0, 0) = b(0, 0) = d(0, 0) = f(0, 0) = 0 = (0, 0, ..., 0)T︸ ︷︷ ︸
M

, c(0, 0) = 2(β1, β2, ..., βM )T = 2β = const,

a(0, 1) = 2β ∗ u1, b(0, 1) = 2β ∗ u2, c(0, 1) = 2(α1, α2, ..., αM )T = 2α = const,

d(0, 1) = 2βu3, f(0, 1) = 2βu4, ...

(29)

Similar to Eq.(17), the equation

−V (n)
x + [U, V (n)] = b(0, n + 1) · x1(0) − a(0, n + 1) · x2(0) −

1

2
f(0, n + 1) · x4(0) +

1

2
d(0, n + 1) · x5(0)

is obtained.

By setting V (n) = V
(n)
+ + ∆n, where ∆n = 0, the zero curvature equation (18) gives rise to

ut =




u1

u2

u3

u4




t

=




b(0, n + 1)

−a(0, n + 1)

− 1
2f(0, n + 1)

1
2d(0, n + 1)


 =




0 2IM 0 0

−2IM 0 0 0

0 0 0 −IM

0 0 IM 0







1
2a(0, n + 1)
1
2b(0, n + 1)
1
2d(0, n + 1)
1
2f(0, n + 1)


=J




1
2a(0, n + 1)
1
2b(0, n + 1)
1
2d(0, n + 1)
1
2f(0, n + 1)


 . (30)

In terms of the expression (29), a recurrence operator L is given by




1
2a(0, n + 1)
1
2b(0, n + 1)
1
2d(0, n + 1)
1
2f(0, n + 1)


 =




−u1 ∗ ∂−1u2∗ −∂ + u1 ∗ ∂−1u1∗ 0 0

∂ − u2 ∗ ∂−1u2∗ u2 ∗ ∂−1u1∗ 0 0

u3 ∗ −u3 ∗ ∂−1u2 u4 ∗ +u3 ∗ ∂−1u1∗ −u1∗ 2∂ + u2∗

−u4 ∗ −u3 ∗ ∂−1u2∗ −u3 ∗ +u3 ∗ ∂−1u1∗ −2∂ + u1 ∗ +u2∗ 0







1
2a(0, n)
1
2b(0, n)
1
2d(0, n)
1
2f(0, n)




= L




1
2a(0, n)
1
2b(0, n)
1
2d(0, n)
1
2f(0, n)


 =




−ũ1∂
−1ũ2 −∂ + ũ1∂

−1ũ1 0 0

∂ − ũ2∂
−1ũ2 ũ2∂

−1ũ1 0 0

ũ3 − ũ3∂
−1ũ2 ũ4 + ũ3∂

−1ũ1 −ũ1 2∂ + ũ2

−ũ4 − ũ3∂
−1ũ2 −ũ3 + u3∂

−1ũ1 −2∂ + ũ1 + ũ2 0




×




1
2a(0, n)
1
2b(0, n)
1
2d(0, n)
1
2f(0, n)


 = L̃




1
2a(0, n)
1
2b(0, n)
1
2d(0, n)
1
2f(0, n)


 ,

where ũ1, ũ2, ũ3 and ũ4 denote u∗
1, u

∗
2, u

∗
3 and u∗

4. As a result, the system (31) can be written as

ut =




u1

u2

u3

u4




t

= J̃ L̃n−1




βu1

βu2

βu3

βu4


 . (31)

According to the definition of integrable couplings in Refs.[31,32], we conclude that the system (31) is a multi-

component integrable couplings of the multi-component Dirac equation hierarchy.

Obviously, taking u1 = q, u2 = r, u3 = u4 = 0, the system (31) reduces to the system (20). Therefore, we

regard Eq.(31) as an expanding integrable model of the system (20).

The system (31) has the following particular cases:
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Case 1 When n = 1, u1 = q, and u2 = r, the system becomes





qt = 2β̃qx + 2α̃r,

rt = 2β̃rx − 2α̃q,

u3t = 2β̃u3x − α̃u4,

u4t = 2β̃u4x + α̃u3,

(32)

which is a coupling system of the system (21).

Case 2 When n = 2, u1 = q, and u2 = r, the system becomes





qt = 2α̃qx − 2β̃rxx + β̃r̃q2 + βr3,

rt = −2α̃rx − 2β̃qxx + β̃q̃r2 + βq3,

u3t = 4β̃u4xx + 2α̃u3x + 2β̃q̃u3x − β̃r̃u4x + β̃ũ3qx − β̃ũ4rx − 1
2 β̃ũ4(q

2 + r2),

u4t = −4β̃u3xx + 2α̃u4x − 2β̃q̃u4x − β̃r̃u3x − β̃ũ3rx − β̃ũ4qx + 1
2 β̃ũ3(q

2 + r2),

(33)

which is a coupling system of the system (21).

When M = 1, the system (31) is the integrable

couplings of the standard Dirac equation hierarchy.

When M > 1, the system (31) is the integrable

couplings of the multi-component Dirac equation hi-

erarchy.

Remark The loop algebra presented in this paper

can be used to other known integrable hierarchies of

soliton equations for generating the multi-component

systems. But there exist two open problems, i.e.

how to improve our method and work out the multi-

component integrable systems such that they are Liou-

ville integrable. Further, how do we find out Hamil-

tonian structures and conserved laws of such multi-

component integrable hierarchies? These problems

are worthwhile being studied in the future.
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