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In this paper Mei symmetry is introduced for a nonconservative system. The necessary and sufficient condition

for a Mei symmetry to be also a Lie symmetry is derived. It is proved that the Mei symmetry leads to a non-Noether

conservative quantity via a Lie symmetry, and deduces a Lutzky conservative quantity via a Lie point symmetry.
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1. Introduction

It is well known that symmetry principles are
most important issues in mathematics and physics,
and there are close relationships between symmetries
and conservative quantities. Noether first proposed
a famous symmetry theory, which deals with an in-
variance of Hamiltonian action under the group of in-
finitesimal transformations.[!!" Djuki¢ and Vujanovié
further investigated Noether symmetries and conser-
vative quantities of nonconservative holonomic sys-
tems by including generalized velocities.?! Lie first
contributed another symmetry theory, which is an in-
variance of differential equations under the groups of
infinitesimal transformations,®/ but the theory had
not applied to mechanics until Lutzky’s contribu-
tion in 1979,l4 in recent years, there are well results
on study of Lie symmetries.>~4 Recently, Mei pre-
sented a formal invariance theory!*®16 which is called
the Mei symmetry. The researchers proved that the
Noether conservative quantities can be obtained from
the Mei symmetry.['5=17] In addition, Lutzky, along
with other methods, found non-Noether conservative
quantities from Lie point symmetries, the velocity-
dependent symmetries for Lagrangian systems, and
some other generalizations.['8=22 Recently, Mei et al

studied a formal invariance and a Lutzky conserva-
tive quantity of Lagrange system, >3] Fu and Chen pre-
sented non-Noether conservative quantities of noncon-
servative systems, (*4 and further extended the theory
to Lagrangian electromechanical systems. 2%

The purpose of this paper is to develop Mei sym-
metry theory for nonconservative mechanical systems.
To do this, firstly we show that the non-Noether
conservative quantities are derived from Lie symme-
tries, and the Lutzky conservative quantities from Lie
point symmetries for nonconservative systems, sec-
ondly introduce the Mei symmetry for such systems,
and establish the necessary and sufficient conditions
on which Mei symmetries is also Lie symmetries,
thirdly derive the non-Noether conserved quantities
and Lutzky conserved quantities from the Mei sym-
metries, finally give an example to illustrate these re-
sults.

2. Lie symmetries of nonconser-

vative systems

Consider a nonconservative system

Ei(L)=Qs(s=1,...,n), (1)
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where L denotes Lagrangian, (s denotes non-
potential generalized force, and Es; = (d/dt)(0/9¢s) —
(0/0qs) is Eulerian operator. From Eq.(1), one can

obtain all generalized accelerations of the system as

Gs = as(t,q,q) (s=1,...,n). (2)

Introduce the following infinitesimal transforma-
tions with respect to time and generalized coordinates:

t"=t+¢eéo(t,q,q), q;(t")=qs(t) +e&(t,q,9), (3)

where ¢ is a small parameter, and &y, s are infinites-
imal generators.

If Eq.(1) keeps invariant under the infinitesimal
transformation Eq.(3), the infinitesimal generators

§O(t7 Q7p)7 gs(tu Q7p) SatiSfy
- Qs} =0

The invariance is the Lie symmetry associated with

X@E,/(L) (s=1,...,n). (4)

nonconservative system Eq.(1). Equation (2) is in-
variant under the infinitesimal transformation Eq.(3),
which leads to the determining equations of Lie sym-

metry of the system as

gs_LngO_2€.OO‘s :X(l)(as) (S: 1)"'7”)' (5)

In Egs.(4) and (5), the generator vector of the
infinitesimal transformation Eq.(3) is

0]
mf@ S a (6)
with its first order expansion
M) _ x(© o
X + (s — qséo) 9. (7)

and the second order expansion

0

x®? —
9ijs

X0 4 [~ o) ko )

where for any function y(q, g, t), its temporal deriva-
tive is defined by

Ly oy, oy o

at ot oy

3. Lie symmetries and non-Noe-
ther conserved quantities of

nonconservative systems

Now, we present the non-Noether conserved quan-
tities associated with the Lie symmetry for nonconser-
vative systems.

Theorem 1 If the infinitesimal generators &y =

§O(ququt)7 & = ns(qu(Lt) are Lie symmetric for
Egs.(1) or (2), and a gauge function G exists such
that the quantity

Jdas -

835+G=¢ (s=1,....n) (10)
is an invariant, then there is a conserved quantity
given by

¢ = E—i_(i)_qs_'— aqs(gs_QSg())
+ XM(@) — & = const. (11)

Proof In fact, ¢ is a conserved quantity if and only if
gz'S = 0. Notice that

6= G5+ 5o + gl - o]

+ X0 & (12)
For any function f = f(¢,q, q), one has

%%:%_%% (k=1,....n), (13)
%g{i:g_i_gzj(% (s.k=1,....n),  (14)
%g_i:g_i_g_i_%g—i (s,k=1,...,n),(15)

X(l)(g_;s):a%Xm(f)_g_Z%_g_Z%
gl dd g k=1 (10)

Given Eq.(5), &, & can define the symmetry Eq.(8)
for G, = as. So if XM has a symmetry, then

XO(f)=xD(f) + & f. (17)
From Eqs.(13)7 (14) and (15), one can obtain
| 650 655
(b 8t + 8q5 + 8 5(5 ngO)
= 50 + 50 8as 6(?15 (55 - 204550 - QSgO)
8ak 850 aak 855
0t Od gy iy
60% (9 . .o
- 8qS 8—%(55 quo)' (18)

Furthermore, Egs.(5) and (16), one can get

x® (z‘;‘:) _4a [% + gg: + 5((1 (& — QSEO)}
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(s=1,...,n). (19)
Substituting Egs.(17) and (19) into Eq.(12) we get

= X”(ZQSH}) W@y =0. (20)
Thus ¢ should be a conserved quantity.

Equation (10) is the structural equation of the
Lie symmetry, and Eq.(11) expresses a non-Noether
conserved quantity associated with the Lie symmetry
for nonconservative systems. It should point out that
the Theorem 1 is a generalized conclusion on the Lie
symmetry of nonconservative systems and several spe-
cific cases on the Lie symmetry of the systems can be
deduced.

(1) When ¢ =0, G =
lead to the generalized Hojman theorem of the system
(26]

In A in Theorem 1, it will

as follows.

If the infinitesimal generators & = &o(q,q,t),
&s = 1s(q, g,t) have Lie symmetry for Eqgs.(1) or (2),
and a gauge function A can be found such that the

quantity
Oas d
8‘;SjL—l nA=0 (s=1,...,n),  (21)
then a constant of motion is given by
_ 850 855
+ XM (In\) — & = const . (22)

(2) The theorem associated with Lie point sym-
metry can be located via Theorem 1:

If the infinitesimal generators &y = &y(¢,q), & =
§S(t7 Q) (agO/aQS = aéo/a(js, ags/aQS = ags/aqs) have
Lie point symmetry for Egs.(1) or (2), and a gauge
function G exists to satisfy Eq.(10), then the system
possesses a Lutzky conserved quantity

¢:2(8§s . 0

¢~ 04,
Specifically, If the infinitesimal generators & = 0,

) — néy + XD(G) = const. (23)

& = &s(t, q) have Lie point symmetry for Eqgs.(1) or
(2), then there is a Lutzky conserved quantity

05

p=XVG) + 285 = const. (24)
ds

Actually, for a Lie point symmetry of Egs.(1) or

(2), the Lutzky conserved quantity also takes other

forms. For an example, if the nonconservative forces

of the systems satisfy

Lo (Ma), (29)

dt Ok

where My and D are defined in Ref.[20], then Eq.(1)

possesses a Lutzky conserved quantity(?!]

¢ = (ggz—qsgzo) néo

+ XW(In D)

— XW(f) =const.  (26)

(3) If the infinitesimal generators { = 0, & =

&s(t,q,q) for Eqgs.(1) or
tion

(2) satisfy determining equa-

& 65 65 (27)

8(]5 8QS ’
and a gauge function G can be found to satisfy

Eq.(10), then the system possesses a non-Noether con-

served quantity(?”]

08 | 3

_x(m
o=X (G)+3qs 0qs

= const , (28)

we can lead to the Hojman theorem when G = In A,
and ¢ = 0 in Eq.(10). In that case, Eq.(28) yields the
Hojman conserved quantity!(2®]

1 0(As)
X 0qs

1 9(AE,)
X 04

¢ = = const. (29)
(4) If the infinitesimal generators £ = 0, { =
&o(t, g, q) for nonconservative system Eqs.(1) or (2)
satisfy the determining equation
- Oag
.s a-: - 0 5 30
dséo 33 (30)

S

. : dovs
.s 2 s “a,
qso + 2580 + o 5

and a gauge function G exists to satisfy Eq.(10), then
the system possesses a non-Noether conserved quan-

tity
_ 0% 90sb) | ey ¢
_ ., 0G 0G 0% _ . 0 :
=8o—o- o1 QS§O 8t ds 94, (n + 1)50
= const . (31)

4. On definition and criterion of
Mei symmetries of nonconser-
vative systems

Based on Mei symmetry theory of the sy-
stems,[!%16] under the infinitesimal transformation
Eq.(3), the Lagrangian L and non-potential general-
ized force Qs become L* and Q¥ respectively,

L* = L(t*7q*’q.*) = L(t7 q’q.)
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oL . . 0L .
50 + 55 (6 — ‘15&”54 } +0(2) obtains
= L(t,q.4) + aX(l)(L) +0(e%), (32) EAXW(L)} =XD(Q) (s=1,....,n).  (35)
and Now, one has
Criterion The symmetry of a nonconservative
Q= Qs(t",q",¢") = Qs(t,q.9) system is Mei symmetry if its generators £y and &,
Qs Q Qs } satisfy Eq.(35).
S S O . . . . . .
[50 o B (5 4 50) 04 +0() Equation (35) is a criterion associated with the
= Qu(t,q,q) + EX(l)(Q )+ 0(52) (33) Mei symmetries of a nonconservative system.

Definition For a nonconservative system, if the
form of Eq.(1) is an invariant after the replacement of
the Lagrangian L and the non-potential generalized
force Qs by the transformed Lagrangian L*and the

transformed non-potential generalized force @Q%, then
the invariance is defined as a Mei symmetry.
According to the definition,
EJ(L*)=Q: (s=1,...,n) (34)

Substituting Egs.(32) and (33) into
Eq.(34), using Eq.(1), and neglecting €2 and the higher

is an invariant.

order infinitesimal terms in the resulting equation, one

5. Necessary and sufficient condi-
tion for a Mei symmetry to be
a Lie symmetry

The Mei symmetries of nonconservative systems
can lead to Lie symmetries under certain condition.
We give the proposition as follows:

Proposition 1 For a nonconservative system, the
necessary and sufficient condition on which Mei sym-
metry is a Lie symmetry (velocity-dependent symme-
try) is that the symmetry satisfies

g(aéoa_L) 0 OL +g(ask6_L) 0¢ OL g(aéka_L) 9 OL
dt \9qs Ot dqs ot ' dt d4s Oqr dqs 8qk dt \9qs Oqp 0qs 8qk
d (9% . oL ago . Y
dt (aq's @ aqk) t g 50 +XP(Qs) =0. (36)
Proof Direct calculation gives
06 OLN  9& OL
BAXO(L)} - XD (Qu) - XOHE(D) - Q) = T (525 ) - 5o
i(afka_L) 06 OL | d (% OLy 06 0L _d (O, OL)
dt\0q, dar/) ~ D, Dgr  dt\0G, 0G4/  Oq, 0G4 dt \Dds * Dap,
650 - _ y(0)

Substituting Eqs.(35) and (36) into Eq.(37) we get the
determining equation (4). Hence the Mei symmetry is
a Lie symmetry.

It should be pointed out that Eq.(36) is a gen-
eralized form of necessary and sufficient condition on
which Mei symmetry is a Lie symmetry for noncon-
servative system. Using this condition, we can obtain

the following results.

(1) For a nonconservative system, the necessary
and sufficient condition on which Mei symmetry is a
Lie point symmetry is that the symmetry satisfies

(an

0L

5i))

O

_ 0%
9,

&k
dqs

d

((% T

Qs
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Q) =0, (38)

Q)7 55 =
&s(t, q) have Lie point symmetry. Substituting the re-

where the infinitesimal generators &y = & (t,

lation
06 _ 0& 0é _ 9
Jqs 0qs ’ 0qs Jgs ’
iags _ 855 iafo _ 850 (39)
dtdqs  dqs" dtdqs  Ogs

as well as Eqgs.(35) and (38) into Eq.(37) we get the
determining equation (4). Hence the Mei symmetry is
a Lie point symmetry.

Particularly, if the symmetry is such a Lie point
symmetry that ¢ = 0, & = &s(¢, q), then Eq.(38)

becomes
o 85]@ 8@5 _

S

(40)

(2) For a nonconservative system, if the infinites-
imal generators &y = 0, & = &(t, q, q), the necessary
and sufficient condition on which Mei symmetry is a

Lie symmetry is that the symmetry satisfies

g(mgg)eMﬁL+g(%@g)
845 an 8QS 8Qk 8‘]5 8Qk
04 L
+X©Q,) =0. 41
~ g, 0 (Qs) (41)

(3) For a nonconservative system, if the infinitesi-
mal generators s = 0, & = &(t, g, q), then the neces-
sary and sufficient condition on which Mei symmetry
is a Lie symmetry is that the symmetry satisfies

(3503L)__§§zéé<_:£(3&>-éﬁz)
9gs 0t ) Bgs 0t At \dg, *Dgs

o . OL -
L oy OL 0L L xoQ)=0.  (42)

8(]5 qk 8(]5

6. Non-Noether conserved quan-
tities deduced from Mei sym-
metries

In this section, we present that the Mei symme-
tries can lead to non-Noether conserved quantities for
nonconservative systems.

Proposition 2 For a nonconservative system un-
der the infinitesimal transformation Eq.(3), the Mei
symmetry of the system leads to a non-Noether con-
served quantity Eq.(11), if the infinitesimal generators
&o and & satisfy Eq.(36) and there is a gauge function
G defined by Eq.(10).

We now point out that for a nonconservative sys-
tem under the infinitesimal transformations &y and &,
and there is a gauge function G defined by Eq.(10),
by using proposition 2, we can obtain a series of the
non-Noether conserved quantities as follows:

(1) If the infinitesimal generators &, = &y(t, q),
&s = &4(t, q) satisfy Eq.(38), the Mei symmetry of the
system will lead to a Lutzky conserved quantity (23).

Further, if the infinitesimal generators & = 0,
&s = &4(t, q) satisfy Eq.(40), the Mei symmetry of the
system will lead to a Lutzky conserved quantity (24).

(2) If the infinitesimal generators & = 0, & =
&s(t,q,q) satisty Eq.(41), the Mei symmetry of the
system will lead to a non-Noether conserved quantity
(28).

(3) If the infinitesimal generators & = 0, § =
éo(t, q,q) satisfy Eq.(42), the Mei symmetries of the
system will lead to a non-Noether conserved quantity
(31).

Lagrangian system can be treated as a special
case of nonconservative systems in which the gener-
alized non-potential forces are zero, and gauge func-
tion G = In D(D = det(9?L/9§s0¢x)). According to
above discussions, one can obtain the analogue of the
necessary and sufficient conditions on which the Mei
symmetry is a Lie symmetry, and a series of the non-
Noether conserved quantities and Lutzky conserved
quantities of Lie symmetries and Mei symmetries for
the systems.

7. An example

Consider a system with Lagrangian L = e7'¢?,

subjected to a nonconservative force Q' = e"*tkq2. Its

equation of motion is

Gs = =g + kq*. (43)

The determining equation of the Lie symmetry
for Eq.(43) under the infinitesimal transformation & =

£t q), & =&o(t,q) is
Eut + 2G€1g — VGEq + kGEq + §PEqq — GEont
— 26°otq +14%E0q — kG E0g — G C0q
+ 2v4or — 2k S0t + 277 E0q — 2kG°Eoq
+ 9 + 74, —V4%€0q — 2kd&;

— 2kG%E, + 2k Eor + 2k Eoq = 0. (44)

— vq&ot

Equation (44) results in

& +76 =0, (45a)
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28tq — Sort + €0t — 2k& = 0, (45Db) — csge At 4 %%e’kqﬂt
Saq — 280tq + 2780 — k&g = 0, (45¢) _ C4’767t 4 X(l)(’}/t — 2kq)
k&oq + €oqg = 0. (45d) = —3QC5e_kq+W + ve3 — 2kcy = const . (49)
Equation (45) has the solution
= _C7 ka—t + coeb + ¢, Therefore, the Mei symmetry of the nonconservative
system Eq.(43) possesses the non-Noether conserved
& = _%e—kﬁvt T+ ege? 4 cs. (46) ~ quantity (49).

It can be proved that £ solved from Eq.(46) makes
Eq.(38) hold true. Therefore, the Lie point transfor-
mation Eq.(46) is also the Mei symmetry.

Substituting of Eq.(43) into Eq.(10) we get

d
~7+2k4+ - InG =0, (47)

hence

G = eYt=2ka, (48)
Substituting of Eqs.(46) and (48) into Eq.(23) we get
the Lutzky conserved quantity

k
¢ = —22 ek 4 9kceqeht — 2cj05e_kq+7t
Y

8. Conclusions

This paper deals with the conserved quantities
arising from nonconservative systems. The velocity-
dependent Lie symmetry is introduced to obtain con-
served quantities. Based on the definition of the Mei
symmetries, necessary and sufficient conditions are
presented, under which the Mei symmetries is the Lie
symmetry. Therefore, conserved quantities can also
be located via the Mei symmetries.
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