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In this paper a type of 9-dimensional vector loop algebra F is constructed, which is devoted to establish an
isospectral problem. It follows that a Liouville integrable coupling system of the m-AKNS hierarchy is obtained by
employing the Tu scheme, whose Hamiltonian structure is worked out by making use of constructed quadratic identity.
The method given in the paper can be used to obtain many other integrable couplings and their Hamiltonian structures.
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1. Introduction

A host of new integrable systems were obtained
by employing the Tu scheme!™? under the frame of
Ma, Hu and Fan fur-
ther developed the Tu scheme and worked out many

the zero curvature equation.

interesting results.[>~7 Recently, the concept and re-
lated theory on integrable couplings have been pro-
In Refs.[10-19], a
simple method for obtaining the integrable coupling

posed due to soliton theory!®9].

was presented. However, we find that some integrable
couplings can be worked out by use of vector loop alge-
bra, such as the result in Ref.[10], whose Hamiltonian
structure cannot be produced by the trace identity.!?
In this paper, we deal with the problem by means of

the quadratic identity."!

In addition, by making use
of a 9-dimensional vector loop algebra based on the
ideas in Ref.[20], a Liouville integrable coupling sys-
tem of the m-AKNS hierarchy is worked out, specially

its Hamiltonian structure is obtained.

2. A type of 9-dimensional vector
loop algebra and the Liouville
integrable coupling system of
the m-AKNS hierarchy as well

as its Hamiltonian structure

Set
fi=(1,0,0,0,0,0,0,0,0)T,
f2=1(0,1,0,0,0,0,0,0,0)T,
fs=(0,0,1,0,0,0,0,0,0)T,
f1+=1(0,0,0,1,0,0,0,0,0)T,
fs =(0,0,0,0,1,0,0,0,0)T,
fe = (0,0,0,0,0,1,0,0,0)T,
f7 =1(0,0,0,0,0,0,1,0,0)T,
fs =(0,0,0,0,0,0,0,1,0)T,
fo =(0,0,0,0,0,0,0,0,1)T,

and let F' denote a linear space with the basis {fi}9_;,
ie F' = span {f;}_,. Denote the commuting relations
among f;,i=1,2,3,4,5,6,7,8,9, as follows

T, fol = f3,[f1, f3] = — fa, [f1, f5] = fe, [f1s fo] = —fs, [f1, fs] = fo, [f1, fol = —fs, [fas f3] = fu,

[ ]

[f2, fa] = —fo, [f2, fo] = fa, [fa, fr] = —fo, [f2, fol = fr,[f3, fal = f5,[f3, f5] = —fa, [f3, fr] = fs,

[f3, fs] = — [, [fas f5] = fo, [fas f6] = fs, [f5. fol = fr. [fi, fil = 0,1 <i <9,

[f1, fa] = [f1, fr] = [f2, f5] = [fa, fs] = [f3, fe| = [f3; fol = [fa, f2] = [fa, fs] = [fa fo] = [f5, f7]

= [fs, fs] = [f5, fol = [fo, f2] = ([, fs] = e, fo] = [f7, fs] = [fr, fo] = s, fo] =0, (1)
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where [a,b] = ab — ba. Tt is easy to verify that F isa  SetV = Z (G by €y Doy €m0y Frrns G Py o ) TAT™,

Lie algebra, its resulting loop algebra is denoted by F ) m>0 )
= span{f;(m)}?_,, where f;(m) = f;\™,1<i<9.In solving the stationary zero curvature equation
terms of F', an isospectral problem is given by Vv, = [U,V], 3)

¢x = [U7 (b]a U= (A,ul,UQ,O,Ug,U4,O7U5,’LL6)T. (2) we get

Amg = W1Cm — Ubym,,

bz = U2am — Cmt1,

Cmz = berl — U1Qm,

Amz = U3Cm — U2Em + U1 frn — Usbm,

Emz = Ualp — Uodm — fmt1,

fmz = €m41 — U3Gm — Urdmy,,

Gmz = UsCm — U2huy + U1k — Uebm + U3 frn — Usem,
Bma = UeQm + Uagm + Uady — k1,

kmaz = hm+1 — U5Am — U1Gm — U3dm,
GQZﬁZCODSt., bOZCQZdO:eozf():gozhozk():o,
a; =dy = g1 =0, b1 = Bua, c1 = [ug,

e1 = Bus, f1 = Bua, hy1 = Bus, k1 = Bug,

Noting
Vin) = Z (G by Cons Doy €m0y Frrns Gy Py o ) T AT v = any - Vﬁ"), we can write Eq.(3) as

m=0
v 1w, v =v® o v, (5)

It is easy to find that the terms of left-hand side are of degree > 0, while the terms of the right-hand side are
of degree < 0. Hence,

VI + UV = (0, =cnt1,bar1,0, = fasts s, 0, —kngr, hogr) T
Taking V(") = VJE"), then from the zero curvature equation
Ui — V™ 4 [U,v™] =0 (6)
we get the integrable system
Uy —Cn+1 00 0 0 0 -1 bnt1 + eng1 + bt
Ug bnt1 00 0 0 1 0 Cnt1 + foy1 + Engr
us — a1 00 0 -10 1 bpni1+ eni
R ei: “loo 1 0 -10 cn; + fn; = "
Us —kn+1 0-10 1 0 O brnt1
Ug R+t 10 -10 0 0 Cnt1

t

where J is a Hamiltonian operator. From Eq.(4), a recurrence operator L meets P, ;1 = LFP,, where
ABEF KL
CDGHMN
00 ABEFEF
00CDGH
0000ARB
000O0CD
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with A:—ula_luz, B=0 + ulﬁ_lul, C=-0 —
’U,Qa_l’UQ, D:uga_lul, E:—’U,ga_l’U,Q — u16_1U4,
FZU36_1u1 + u18_1U3, GZ—’U,46_1U2 - UQ8_1U4,
H =u48_1u1 -‘1-’(1,28_1’(1,3, K= —U5(9_1UQ — u18_1u6 -
’(1,3(9_1’1147 L:’U,g,(r“)_lul + U18_1U5 + U3(9_1U3,
M= —u68_1U2 —u26_1u6 —U48_1U4, N=u66_1u1 +
u20 s + w0 Lus.

Hence Eq.(7) can be written as

Reduction cases

Case 1 When us = ug = 0, we can take g, = hyy =
km = 0, Eq.(8) reduces to Eq.(77) in Ref.[20].

Case 2 When us = uq = us = ug = 0, we may take
dm = €m = frmn = gm = hm = km = 0, Eq.(8) is
just the modified-AKNS hierarchy, which is denoted
by m-AKNS hierarchy Eq.(79) in Ref.[20].

It is easy to find that JL = L*J, hence we call
Eq.(8) a Liouville integrable coupling system of the

“ Blu +uz + us) m-AKNS hierarchy.
U Buz + ug + ug) As for
Up = R JL" Blur + us) (8) a,b € F (a = 29: a;fi; = (a1,a2,as, a4, as, ag, az, as,
Ug Bluz + uq) , !
us Bux as,)",b= 3 bifi = (bl,bg,bg,b4,b5,b6,b7,b8,b9,)T),
us / Bus from Eq.(lz)flwe have
|
0 —bs by 0 —bg bs 0O —bg bg
bs 0 —=by bg 0 —bgy bg 0 —b7
—by by 0 —bs by O —bg by O
0 0 0 0 —bs ba 0 —bg b5
b =a™| 0 0 0 by 0 —b bg 0 —by | =a"R(b). (9)
0 0 0 —b2 by O —bs bsy O
0 0 0 0 0 0 0 —=bg by
0 0 0 0 0 b3 0 —by
0 0 0 0 0 0 —=b2 by O
For the constant matrix F' = (fi;)oxg, solving the matrix equation
F=FT R(b)F =—(R0D)F)". (10)
we have
100100100
010010010
001001001
100100000
F=1010010000 (11)

001001000
100000000
010000000
001000000
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Let
b+e+h
{a,b}:aTFb: (a1+a4+a7)b1+(a2+a5+a8)b2 c+fik
+(a3 + ag + ag)bs + (a1 + as)bs 5 9 b
+e
v
+(az + as)bs + (as + ag)bs PRSI o ct+ f -
+a1b7 + CLng + agbg. (12) b
c
A direct computation gives
Comparing the coefficients of A™"~2 we get
ou )
{V’W} =a+d+yg, —u(an+2+dn+2+gn+2)
{V,a—U}_b_{_e_i_h7 bn+1+ ent1 + hnt
U1 Cn+1 + fnJrl + knJrl
ou bpt1 + ent1
{V,—}:c—i—f—i—k, = (y-n-1) (15)
U2 Cn+1 + fn-i—l
ou ou
[} cboe e} ees
us 811,4 c
n+1
{Ma_U} 0, {Ma_U} .
Uus ug Taking n = 0 then we have v = 0, and obtain the

where a = Z amA~ " b= Z b A™™,

m>0 m>0
Substituting the above formulae into the quadratic

identity

a0 =5 ()

1,2,3,4,5,6, (13)

we have

Hamiltonian function Hy, 1 = — 1 (ant2+dnya+
n

5Hn+1

gn+2),n > 0, which satisfies P, 41 =

Hence Eq.(7) possesses the Hamiltonian form as
follows:

U1
U2

us . _ 5Hn+1

Ut =
Uy 511,

Us

Ue
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