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In this paper a type of 9-dimensional vector loop algebra F̃ is constructed, which is devoted to establish an

isospectral problem. It follows that a Liouville integrable coupling system of the m-AKNS hierarchy is obtained by

employing the Tu scheme, whose Hamiltonian structure is worked out by making use of constructed quadratic identity.

The method given in the paper can be used to obtain many other integrable couplings and their Hamiltonian structures.
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1. Introduction

A host of new integrable systems were obtained

by employing the Tu scheme[1,2] under the frame of

the zero curvature equation. Ma, Hu and Fan fur-

ther developed the Tu scheme and worked out many

interesting results.[3−7] Recently, the concept and re-

lated theory on integrable couplings have been pro-

posed due to soliton theory[8,9]. In Refs.[10–19], a

simple method for obtaining the integrable coupling

was presented. However, we find that some integrable

couplings can be worked out by use of vector loop alge-

bra, such as the result in Ref.[10], whose Hamiltonian

structure cannot be produced by the trace identity.[2]

In this paper, we deal with the problem by means of

the quadratic identity.[20] In addition, by making use

of a 9-dimensional vector loop algebra based on the

ideas in Ref.[20], a Liouville integrable coupling sys-

tem of the m-AKNS hierarchy is worked out, specially

its Hamiltonian structure is obtained.

2. A type of 9-dimensional vector

loop algebra and the Liouville

integrable coupling system of

the m-AKNS hierarchy as well

as its Hamiltonian structure

Set

f1 = (1, 0, 0, 0, 0, 0, 0, 0, 0)T,

f2 = (0, 1, 0, 0, 0, 0, 0, 0, 0)T,

f3 = (0, 0, 1, 0, 0, 0, 0, 0, 0)T,

f4 = (0, 0, 0, 1, 0, 0, 0, 0, 0)T,

f5 = (0, 0, 0, 0, 1, 0, 0, 0, 0)T,

f6 = (0, 0, 0, 0, 0, 1, 0, 0, 0)T,

f7 = (0, 0, 0, 0, 0, 0, 1, 0, 0)T,

f8 = (0, 0, 0, 0, 0, 0, 0, 1, 0)T,

f9 = (0, 0, 0, 0, 0, 0, 0, 0, 1)T,

and let F denote a linear space with the basis {fi}
9
i=1,

ie F = span {fi}
9
i=1. Denote the commuting relations

among fi, i = 1, 2, 3, 4, 5, 6, 7, 8, 9, as follows

[f1, f2] = f3, [f1, f3] = −f2, [f1, f5] = f6, [f1, f6] = −f5, [f1, f8] = f9, [f1, f9] = −f8, [f2, f3] = f1,

[f2, f4] = −f6, [f2, f6] = f4, [f2, f7] = −f9, [f2, f9] = f7, [f3, f4] = f5, [f3, f5] = −f4, [f3, f7] = f8,

[f3, f8] = −f7, [f4, f5] = f9, [f4, f6] = f8, [f5, f6] = f7, [fi, fi] = 0, 1 ≤ i ≤ 9,

[f1, f4] = [f1, f7] = [f2, f5] = [f2, f8] = [f3, f6] = [f3, f9] = [f4, f7] = [f4, f8] = [f4, f9] = [f5, f7]

= [f5, f8] = [f5, f9] = [f6, f7] = [f6, f8] = [f6, f9] = [f7, f8] = [f7, f9] = [f8, f9] = 0, (1)
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where [a, b] = ab − ba. It is easy to verify that F is a

Lie algebra, its resulting loop algebra is denoted by F̃

= span{fi(m)}9
i=1, where fi(m) = fiλ

m, 1 ≤ i ≤ 9. In

terms of F̃ , an isospectral problem is given by

φx = [U, φ], U = (λ, u1, u2, 0, u3, u4, 0, u5, u6)
T. (2)

Set V =
∑

m≥0

(am, bm, cm, dm, em, fm, gm, hm, km)Tλ−m,

solving the stationary zero curvature equation

Vx = [U, V ], (3)

we get
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

amx = u1cm − u2bm,

bmx = u2am − cm+1,

cmx = bm+1 − u1am,

dmx = u3cm − u2em + u1fm − u4bm,

emx = u4am − u2dm − fm+1,

fmx = em+1 − u3am − u1dm,

gmx = u5cm − u2hm + u1km − u6bm + u3fm − u4em,

hmx = u6am + u2gm + u4dm − km+1,

kmx = hm+1 − u5am − u1gm − u3dm,

a0 = β = const., b0 = c0 = d0 = e0 = f0 = g0 = h0 = k0 = 0,

a1 = d1 = g1 = 0, b1 = βu1, c1 = βu2,

e1 = βu3, f1 = βu4, h1 = βu5, k1 = βu6, · · · .

(4)

Noting

V
(n)
+ =

n
∑

m=0

(am, bm, cm, dm, em, fm, gm, hm, km)Tλn−m, V
(n)
− = λnV − V

(n)
+ , we can write Eq.(3) as

−V
(n)
+x + [U, V

(n)
+ ] = V

(n)
−x − [U, V

(n)
− ]. (5)

It is easy to find that the terms of left-hand side are of degree ≥ 0, while the terms of the right-hand side are

of degree ≤ 0. Hence,

−V
(n)
+x + [U, V

(n)
+ ] = −(0,−cn+1, bn+1, 0,−fn+1, en+1, 0,−kn+1, hn+1)

T.

Taking V (n) = V
(n)
+ , then from the zero curvature equation

Ut − V (n)
x + [U, V (n)] = 0 (6)

we get the integrable system
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where J is a Hamiltonian operator. From Eq.(4), a recurrence operator L meets Pn+1 = LPn, where

L =


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with A=−u1∂
−1u2, B = ∂ + u1∂

−1u1, C =−∂ −

u2∂
−1u2, D =u2∂

−1u1, E =−u3∂
−1u2 − u1∂

−1u4,

F =u3∂
−1u1 + u1∂

−1u3, G=−u4∂
−1u2 − u2∂

−1u4,

H =u4∂
−1u1 +u2∂

−1u3, K =−u5∂
−1u2 −u1∂

−1u6−

u3∂
−1u4, L= u5∂

−1u1 + u1∂
−1u5 + u3∂

−1u3,

M =−u6∂
−1u2−u2∂

−1u6−u4∂
−1u4, N = u6∂

−1u1 +

u2∂
−1u5 + u4∂

−1u3.

Hence Eq.(7) can be written as
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Reduction cases

Case 1 When u5 = u6 = 0, we can take gm = hm =

km = 0, Eq.(8) reduces to Eq.(77) in Ref.[20].

Case 2 When u3 = u4 = u5 = u6 = 0, we may take

dm = em = fm = gm = hm = km = 0, Eq.(8) is

just the modified-AKNS hierarchy, which is denoted

by m-AKNS hierarchy Eq.(79) in Ref.[20].

It is easy to find that JL = L∗J , hence we call

Eq.(8) a Liouville integrable coupling system of the

m-AKNS hierarchy.

As for

a, b ∈ F̃
(

a =
9
∑

i=1

aifi = (a1, a2, a3, a4, a5, a6, a7, a8,

a9, )
T, b =

9
∑

i=1

bifi = (b1, b2, b3, b4, b5, b6, b7, b8, b9, )
T
)

,

from Eq.(1), we have

[a, b]T = aT
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For the constant matrix F = (fij)9×9, solving the matrix equation

F = FT, R(b)F = −(R(b)F )T. (10)

we have
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Let

{a, b} = aTFb = (a1 + a4 + a7)b1 + (a2 + a5 + a8)b2

+(a3 + a6 + a9)b3 + (a1 + a4)b4

+(a2 + a5)b5 + (a3 + a6)b6

+a1b7 + a2b8 + a3b9. (12)

A direct computation gives

{
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∂λ

}

= a + d + g,

{
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= c,

where a =
∑

m≥0

amλ−m, b =
∑

m≥0

bmλ−m, · · ·.

Substituting the above formulae into the quadratic

identity

δ
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{V, Uλ} = λ−γ ∂
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i = 1, 2, 3, 4, 5, 6, (13)

we have
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Comparing the coefficients of λ−n−2 we get
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Taking n = 0 then we have γ = 0, and obtain the

Hamiltonian function Hn+1 = −
1

n + 1
(an+2 + dn+2 +

gn+2), n ≥ 0, which satisfies Pn+1 =
δHn+1

δu
.

Hence Eq.(7) possesses the Hamiltonian form as

follows:
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= JPn+1 = J
δHn+1

δu
, n ≥ 0. (16)

References

[1] Tu G Z 1988 Scientia Sinica (Series A) 12 1243

[2] Tu G Z 1989 J. Math. Phys. 30(2) 330

[3] Ma W X 1992 Chin. J. Contemp. Math. 13(1) 79

[4] Hu X B 1994 J. Phys. A 27 2497

[5] Hu X B 1997 J. Phys. A 30 619

[6] Fan E G 2001 J. Phys. A 34 513

[7] Fan E G 2001 Physica A 301 105

[8] Fussteiner B 1993Couplings of Completely Integrable Sys-

tem (Dordrecht: Kluwer) p125

[9] Ma W X 2000 Meth. Appl. Anal. 7 21

[10] Guo F K and Zhang Y F 2002 Acta Phys. Sin. 51 951 (in

Chinese)

[11] Guo F K and Zhang Y F 2004 Chaos, Solitons and Frac-

tals 19 1207

[12] Zhang Y F and Zhang H Q 2002 J. Math. Phys. 43 466

[13] Zhang Y F 2005 Acta Math. Sin. 48 141

[14] Zhang Y F 2004 Chin. Phys. 13 307

[15] Zhang Y F 2003 Phys. Lett. A 317 280

[16] Zhang Y F and Tam H 2005 Chaos, Solitons and Fractals

23 651

[17] Zhang Y F 2004 Chin. Phys. 13 132

[18] Zhang Y F and Fan E G 2006 Phys. Lett. A 348 180

[19] Zhang Y F, Guo X R and Tam H 2006 Chaos, Solitons

and Fractals 29 114

[20] Guo F K and Zhang Y F 2005 J. Phys. A 38 8537


