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Though various integrable hierarchies of evolution equations were obtained by choosing proper U in zero-curvature

equation Ut−Vx+[U, V ] = 0, but in this paper, a new integrable hierarchy possessing bi-Hamiltonian structure is worked

out by selecting V with spectral potentials. Then its expanding Lax integrable model of the hierarchy possessing a

simple Hamiltonian operator eJ is presented by constructing a subalgebra eG of the loop algebra eA2. As linear expansions

of the above-mentioned integrable hierarchy and its expanding Lax integrable model with respect to their dimensional

numbers, their (2+1)-dimensional forms are derived from a (2+1)-dimensional zero-curvature equation.
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1. Introduction

Researching into new integrable hierarchies of

soliton equations and their expanding integrable mod-

els is an important and interesting topic in soliton

theory. In recent years, various integrable systems

were obtained by choosing various U in zero-curvature

equation Ut − Vx + [U, V ] = 0. [1−5] In this paper, for

given U , we choose an appropriate V with spectral

potentials in the equation Ut − Vx + [U, V ] = 0 to

obtain a family of hierarchy of evolution equations,

which possesses bi-Hamiltonian structure. As its re-

duction cases, a formalism of well-known Ablowitz–

Kaup–Newell–Segur (AKNS) hierarchy and the stan-

dard heart conduction equation are given. Then its

expanding Lax integrable model of the hierarchy pos-

sessing a simple Hamiltonian operator J̃ is presented

by constructing a subalgebra G̃ of the loop alge-

bra Ã2.
[6−12] In addition, as linear expansions of the

above-mentioned integrable hierarchy and its expand-

ing Lax integrable model with regard to their dimen-

sional numbers, their (2+1)-dimensional forms are

worked out from a (2+1)-dimensional zero-curvature

equation.[13,14]

2. A new integrable hierarchy and its expanding Lax integrable model

Choose the loop algebra Ã1 with the basis

h(0) =
1

2

(
1 0

0 −1

)
, e(0) =

1

2

(
0 1

1 0

)
, f(0) =

1

2

(
0 1

−1 0

)
,

[h, e] = f, [h, f ] = e, [e, f ] = −h, h(n) = h(0)λn, e(n) = e(0)λn, f(n) = f(0)λn,

deg(h(n)) = deg(e(n)) = deg(f(n)) = n . (1)

Consider an isospectral problem

φx = Uφ, λt = 0, U =
1

2

(
λ + s q + r

q − r −λ − s

)
= h(1) + sh(0) + qe(0) + rf(0). (2)
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Set

V =
1

2

(
λa + sa b + c + qa + ra

b − c + qa − ra −λa − sa

)

=
∑

m≥0

(amh(1 − m) + bme(−m) + cmf(−m) + samh(−m) + qame(−m) + ramf(−m)).

Solving the adjoint equation

Vx = [U, V ], (3)

we have

am+1x + (sam)x = −qcm + rbm,

bmx + (qam)x = cm+1 + scm,

cmx + (ram)x = bm+1 + sbm,

a0 = a1 = 0, b0 = αq, c0 = αr,

b1 = α(rx − sq), c1 = α(qx − sr),

a2 =
α

2
(r2

− q2),

b2 = α(qxx − (sr)x − srx + s2q),

c2 = α(rxx − (sq)x − sqx + s2r). (4)

Denoting

V
(n)
+ = (λnV )+ =

n∑

m=0

(amh(1 + n − m)

+ bme(n − m) + cmf(n − m)

+ samh(n − m) + qame(n − m)

+ ramf(n − m)),

V
(n)
− = λnV − V

(n)
+ ,

we can write Eq.(3) as

−V
(n)
+x + [U, V

(n)
+ ] = V

(n)
−x − [U, V

(n)
− ]. (5)

It is easy to verify that the terms on the left-hand

side in Eq.(5) are of degree > 0, while the terms on

the right-hand side in Eq.(5) are of degree 6 1.

Thus, we have

−V
(n)
+x + [U, V

(n)
+ ] = an+1xh(0)− cn+1e(0)− bn+1f(0).

Taking V
(n)
+ = V (n), we find that the zero-curvature

equation Ut − V
(n)
x + [U, V (n)] = 0 leads to

utn
=




s

q

r




tn

=




−an+1x

cn+1

bn+1




=




−∂ 0 0

0 0 1

0 −1 0








an+1

−bn+1

cn+1





= J1




an+1

−bn+1

cn+1



 , (6)

where J1 is a Hamiltonian operator.

From the recursive relation Eq.(4), we find that




an+1

−bn+1

cn+1


 =




−s −∂−1r −∂−1q

−∂r −s −∂

∂q −∂ −s




×




an

−bn

cn


 = L1




an

−bn

cn


 , (7)

where L1 is called the recursive operator.

Thus Eq.(6) can be written as

utn
=




s

q

r




tn

= J1L1




an

−bn

cn




= J1L
n
1




0

α(−rx + sq)

α(qx − sr)


 (8)

Specially, taking s = 0 in Eq.(8) we obtain a for-

malism of AKNS hierarchy as follows:

ũtn
=

(
q

r

)

tn

= J̃1L̃
n
1



−αrx

αqx



 , (9)

where

J̃1 =



 0 1

−1 0



 , L̃1 =



 0 −∂

−∂ 0



.

Remark Here L̃1 is different from that of the well-

known AKNS hierarchy. Hence, Eq.(9) is not an

AKNS hierarchy.
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As a reduction case of Eq.(9), taking n = 1, and

q = r = u, we obtain the standard linear heat conduc-

tion equation ut = αuxx. A direct calculation shows
〈
V,

∂U

∂s

〉
=

1

2
(λa + sa),

〈
V,

∂U

∂q

〉
=

1

2
(b + qa),

〈
V,

∂U

∂r

〉
= −

1

2
(c+ra),

〈
V,

∂U

∂λ

〉
=

1

2
(λa+sa).(10)

Inserting Eq.(10) into the trace identity we get

δ

δu
(λa + sa) = λ−γ ∂

∂λ
λγ




λa + sa

b + qa

−c − ra


 .

Comparing the coefficients of λ−n−1 we get

δ

δu
(an+2 + san+1) = (γ − n)




an+1 + san

bn + qan

−cn − ran


 . (11)

Substituting Eq.(4) into Eq.(11) we obtain γ = −1,

thus

δHn

δu
=




0 ∂−1r −∂−1q

q −1 0

−r 0 −1




×




an

−bn

cn


 = N




an

−bn

cn


 ,

where

Hn = −

an+2 + san+1

n + 1

are Hamiltonian functions, therefore, we have




an

−bn

cn


 = N−1 δHn

δu
.

Hence the hierarchy of nonlinear equations (8) pos-

sesses the following bi-Hamiltonian structure

utn
=




s

q

r




tn

= J
δHn

δu
= K

δHn−1

δu
, (12)

where

J = J1L1N
−1, K =J1L1N

−1L1,

N−1 =




1

2qr
∂

1

2q
−

1

2r

1

2r
∂ −

1

2
−

q

2r

−

1

2q
∂ −

r

2q
−

1

2




.

It is easy to find that the loop algebra Ã1 is equivalent

to the following loop algebra:

e1(0) =
1

2




1 0 0

0 −1 0

0 0 0


 , e2(0) =

1

2




0 1 0

1 0 0

0 0 0


 , e3(0) =

1

2




0 1 0

−1 0 0

0 0 0


 ,

[e1, e2] = e3, [e1, e3] = e2, [e2, e3] = −e1, ei(n) = ei(0)λn, deg(ei(n)) = n, i = 1, 2, 3. (13)

It is easy to verify that using Eq.(13) and Tu-model may also engender Eq.(12). Furthermore, we may expand

Eq.(13) into a subalgebra G̃ of the loop algebra Ã2 as follows:

e1(0) =
1

2




1 0 0

0 −1 0

0 0 0


 , e2(0) =

1

2




0 1 0

1 0 0

0 0 0


 , e3(0) =

1

2




0 1 0

−1 0 0

0 0 0


 ,

e4(0) =
1

2




0 0 1

0 0 1

0 0 0


 , e5(0) =

1

2




0 0 1

0 0 −1

0 0 0


 ,

[e1, e2] = e3, [e1, e3] = e2, [e2, e3] = −e1, [e1, e4] =
1

2
e5, [e1, e5] =

1

2
e4,
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[e2, e4] =
1

2
e4, [e2, e5] = −

1

2
e5, [e3, e4] =

1

2
e5, [e3, e5] = −

1

2
e4, [e4, e5] = 0,

ei(n) = ei(0)λn, [ei(m), ej(n)] = [ei(0), ej(0)]λm+n, deg(ei(n)) = n, i, j = 1, 2, 3, 4, 5.

An isospectral problem is established by

φx = Uφ, λt = 0, U = e1(1) + u1e1(0) + u2e2(0) + u3e3(0) + u4e4(0) + u5e5(0). (14)

Let

V =
∑

m≥0

(ame1(1 − m) + bme2(−m) + cme3(−m) + dme4(−m) + fme5(−m)

+ u1ame1(−m) + u2ame2(−m) + u3ame3(−m) + u4ame4(−m) + u5ame5(−m)). (15)

Solving the equation

Vx = [U, V ], (16)

we get

am+1x + (u1am)x = −u2cm + u3bm,

bmx + (u2am)x = cm+1 + u1cm,

cmx + (u3am)x = bm+1 + u1bm,

2dmx = fm+1 + u1fm + u2dm − u3fm − u4bm + u5cm,

2fmx = dm+1 + u1dm − u2fm + u3dm − u4cm + u5bm,

a0 = a1 = d0 = f0 = 0, b0 = αu2, c0 = αu3,

b1 = α(u3x − u1u2), c1 = α(u2x − u1u3), d1 = α(u3u4 − u2u5),

f1 = α(u2u4 − u3u5), a2 =
α

2
(u2

3 − u3
2),

b2 = α(u2xx − (u1u3)x − u1u3x + u2
1u2),

c2 = α(u3xx − (u1u2)x − u1u2x + u2
1u3),

d2 = α[2(u2u4 − u3u5)x + u2xu4 − u3xu5 + (u2
2 − u3

3)u4 + 2(u1u2u5 − u1u3u4)],

f2 = α[2(u3u4 − u2u5)x + u3xu4 − u2xu5 + (u2
2 − u3

3)u5 + 2(u1u3u5 − u1u2u4)]. (17)

Taking

V
(n)
+ =

n∑

m=0

(ame1(1 + n − m) + bme2(n − m) + cme3(n − m) + dme4(n − m) + fme5(n − m)

+ u1ame1(n − m) + u2ame2(n − m) + u3ame3(n − m) + u4ame4(n − m) + u5ame5(n − m)),

V
(n)
− = λnV − V

(n)
+ ,

we can write Eq.(16) as

−V
(n)
+x + [U, V

(n)
+ ] = V

(n)
−x − [U, V

(n)
− ], (18)

similar to Eq.(5), the left-hand side of Eq.(18) reads

−V
(n)
+x + [U, V

(n)
+ ] = an+1xe1(0) − cn+1e2(0) − bn+1e3(0) −

1

2
fn+1e4(0) −

1

2
dn+1e5(0).
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Taking V
(n)
+ = V (n), we find that thus the zero-curvature equation Ut − V

(n)
x + [U, V (n)] = 0, determines the

Lax integrable system as follows:

ut =




u1

u2

u3

u4

u5




t

= J̃




an+1

−bn+1

cn+1

−dn+1

fn+1




= J̃ L̃n




0

α(−u3x + u1u2)

α(u2x − u1u3)

α(−u3u4 + u2u5)

α(u2u4 − u3u5)




, (19)

where J̃ is a simple Hamiltonian operator.

J̃ =




−∂ 0 0 0 0

0 0 1 0 0

0 −1 0 0 0

0 0 0 0 1
2

0 0 0 −
1
2 0




, L̃ =




−u1 −∂−1u3 −∂−1u2 0 0

−∂u3 −u1 −∂ 0 0

∂u2 −∂ −u1 0 0

0 −u5 −u4 −u1 − u3 −u2 − 2∂

0 −u4 −u5 −u2 − 2∂ u3 − u1




.

Let u1 = 0, taking n = 1 in Eq.(19), we have the

following coupled equations:

u2t = αu3xx, u3t = αu2xx,

u4t =
α

2
[2(u3u4 − u2u5)x − u2xu5

+ u3xu4 + (u2
2 − u2

3)u5],

u5t =
α

2
[2(u2u4 − u3u5)x + u2xu4

− u3xu5 + (u2
2 − u2

3)u4].

It is easy to find that when u1 = s, u2 = q, u3 = r,

u4 = u5 = 0, Eq.(19) reduces to Eq.(8). Comparing

the constructions of J1, L1 in Eq.(8) with those of J̃ ,

L̃ in Eq.(19), in terms of the definition of integrable

coupling,[6−12] we conclude that Eq.(19) is the inte-

grable coupling of Eq.(8), which is called a type of

expanding Lax integrable model.

3. A direct expansion of loop

algebra Ã1—the (2+1)-dimen-

sional integrable system and

its integrable coupling

Denoting

∂

∂z
=

∂

∂x
−

∂

∂y
,

∂

∂w
=

∂

∂t
−

∂

∂y
,

we find that the zero-curvature equation

Uw − Vz + [U, V ] = 0 (20)

may be written in a (2+1)-dimensional form

Ut + Vy + [U, V ] − Vx − Uy = 0, (21)

which is regarded as the compatibility of the following

Lax pairs:

φx − φy = Uφ, φt − φy = V φ, λt = 0. (22)

We want to use Eq.(21) or Eq.(22) to produce a hier-

archy of soliton equations systematically.

Solving the adjoint equation

Vx − Vy = [U, V ], (23)

we get

am+1x + (sam)x − am+1y − (sam)y = −qcm + rbm,

bmx + (qam)x − bmy − (qam)y = cm+1 + scm,

cmx + (ram)x − cmy − (ram)y = bm+1 + sbm,

a0 = a1 = 0, b0 = αq,

c0 = αr, b1 = α(rx − ry − sq),

c1 = α(qx − qy − sr), a2 =
α

2
(r2

− q2),

b2 = α(qxx + qyy − 2qxy − (sr)x

+ (sr)y − srx + sry + s2q),

c2 = α(rxx + ryy − 2rxy − (sq)x + (sq)y

− sqx + sqy + s2r). (24)

Denoting

V
(n)
+ = (λnV )+ =

n∑

m=0

(amh(1 + n − m)
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+ bme(n − m) + cmf(n − m) + samh(n − m)

+ qame(n − m) + ramf(n − m)),

V
(n)
− = λnV − V

(n)
+ ,

then by direct calculation we obtain

V
(n)
+y + [U, V

(n)
+ ] − V

(n)
+x

= (an+1x − an+1y)h(0) − cn+1e(0) − bn+1f(0).

Thus, the zero-curvature equation

Ut + V (n)
y + [U, V (n)] − V (n)

x − Uy = 0

admits the (2+1)-dimensional integrable system

st − sy = an+1y − an+1x,

qt − qy = cn+1, rt − ry = bn+1. (25)

Taking s = 0, n = 1, q = r = u, we find that

Eq.(25) reduces to the generalized (2+1)-dimensional

linear heat conduction equation

ut = α(uxx + uyy − 2uxy) + uy .

Let Ũ and Ṽ equal to the U in Eq.(14) and the V

in Eq.(15) respectively, and solve the equation similar

to Eq.(23), we obtain

am+1x + (u1am)x − am+1y − (u1am)y = −u2cm + u3bm,

bmx + (u2am)x − bmy − (u2am)y = cm+1 + u1cm,

cmx + (u3am)x − cmy − (u3am)y = bm+1 + u1bm,

2(dmx − dmy) = fm+1 + u1fm + u2dm − u3fm − u4bm + u5cm,

2(fmx − fmy) = dm+1 + u1dm − u2fm + u3dm − u4cm + u5bm,

a0 = a1 = d0 = f0 = 0, b0 = αu2, c0 = αu3, b1 = α(u3x − u3y − u1u2),

c1 = α(u2x − u2y − u1u3), d1 = α(u3u4 − u2u5), f1 = α(u2u4 − u3u5), a2 =
α

2
(u2

3 − u2
2),

b2 = α(u2xx + u2yy − 2u2xy − (u1u3)x + (u1u3)y − u1u3x + u1u3y + u2
1u2),

c2 = α(u3xx + u3yy − 2u3xy − (u1u2)x + (u1u2)y − u1u2x + u1u2y + u2
1u3),

d2 = α[2(u2u4 − u3u5)x − 2(u2u4 − u3u5)y + u2xu4 − u3xu5 + (u2
2 − u2

3)u4 + 2(u1u2u5 − u1u3u4)],

f2 = α[2(u3u4 − u2u5)x − 2(u3u4 − u2u5)y + u3xu4 − u2xu5 + (u2
2 − u2

3)u5 + 2(u1u3u5 − u1u2u4)]. (26)

Denoting

Ṽ
(n)
+ =

n∑

m=0

(ame1(1 + n − m) + bme2(n − m) + cme3(n − m) + dme4(n − m) + fme5(n − m)

+ u1ame1(n − m) + u2ame2(n − m) + u3ame3(n − m) + u4ame4(n − m) + u5ame5(n − m)),

Ṽ
(n)
− = λnṼ − Ṽ

(n)
+ ,

then we have

Ṽ
(n)
+y + [Ũ , Ṽ

(n)
+ ] − Ṽ

(n)
+x = (an+1y − an+1x)e1(0) − cn+1e2(0) − bn+1e3(0) −

1

2
fn+1e4(0) −

1

2
dn+1e5(0),

thus the zero-curvature equation

Ũt + Ṽ (n)
y + [Ũ , Ṽ (n)] − Ṽ (n)

x − Ũy = 0,

admits the (2+1)-dimensional integrable system

u1t = an+1y − an+1x + u1y,

u2t = cn+1 + u2y,

u3t = bn+1 + u3y,

u4t =
1

2
fn+1 + u4y,

u5t =
1

2
dn+1 + u5y. (27)

Let

u1 = 0, n = 1,
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in Eq.(27), and we have the following (2+1)-

dimensional coupled equations:

u2t = α(u3xx + u3yy − 2u3xy) + u2y,

u3t = α(u2xx + u2yy − 2u2xy) + u3y,

u4t =
α

2
[2(u3u4 − u2u5)x − 2(u3u4 − u2u5)y

− u2xu5 + u3xu4 + (u2
2 − u2

3)u5] + u4y,

u5t =
α

2
[2(u2u4 − u3u5)x − 2(u2u4 − u3u5)y

+ u2xu4 − u3xu5 + (u2
2 − u2

3)u4] + u5y.

Obviously, when u1 = s, u2 = q, u3 = r, u4 = u5 = 0,

Eq.(27) reduces to Eq.(25), therefore, Eq.(27) is a type

of expanding integrable model of Eq.(25). Further-

more, it is easy to find that Eqs.(25) and (27) are lin-

ear expansions of Eqs.(6) and (19) in respect of their

dimensional numbers respectively.

Remark If we take the general Lie algebra

sl(n, R) to replace the Lie algebras presented in this

paper, it is difficult to show such beautiful results be-

cause the commutators in the Lie algebras must be

required during deducing the integrable hierarchies

under the framework of the zero-curvature equation.

However, as for the general Lie algebra, we cannot

find the explicit commuting relations among the basis

of the Lie algebra. But we could produce various inte-

grable hierarchies of equations by using different Lie

algebras. The advantages of the Lie algebras given in

this paper are that it is explicit and efficient to deduce

the integrable hierarchies, specially the integrable cou-

plings of soliton equations. Concerning the problem

of the applications for the bi-Hamiltonian systems and

conserved flows, further study is required.
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