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Though various integrable hierarchies of evolution equations were obtained by choosing proper U in zero-curvature
equation Uy —Vz+[U, V] = 0, but in this paper, a new integrable hierarchy possessing bi-Hamiltonian structure is worked
out by selecting V' with spectral potentials. Then its expanding Lax integrable model of the hierarchy possessing a
simple Hamiltonian operator Jis presented by constructing a subalgebra G of the loop algebra sz. As linear expansions
of the above-mentioned integrable hierarchy and its expanding Lax integrable model with respect to their dimensional
numbers, their (2+1)-dimensional forms are derived from a (2+1)-dimensional zero-curvature equation.
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1. Introduction

Researching into new integrable hierarchies of
soliton equations and their expanding integrable mod-
els is an important and interesting topic in soliton
theory. In recent years, various integrable systems
were obtained by choosing various U in zero-curvature
equation U; — V,, + [U, V] = 0.1 In this paper, for
given U, we choose an appropriate V with spectral
potentials in the equation Uy — V,, + [U,V] = 0 to
obtain a family of hierarchy of evolution equations,
which possesses bi-Hamiltonian structure. As its re-

duction cases, a formalism of well-known Ablowitz—
Kaup-Newell-Segur (AKNS) hierarchy and the stan-
dard heart conduction equation are given. Then its
expanding Lax integrable model of the hierarchy pos-
sessing a simple Hamiltonian operator J is presented
by constructing a subalgebra G of the loop alge-
bra A,.[6-12 In addition, as linear expansions of the
above-mentioned integrable hierarchy and its expand-
ing Lax integrable model with regard to their dimen-
sional numbers, their (2+1)-dimensional forms are
worked out from a (241)-dimensional zero-curvature

equation.[13:14]

2. A new integrable hierarchy and its expanding Lax integrable model

Choose the loop algebra gl with the basis

w0=3(y %) w=5(7 ) =305 o)

[hve]:fa [hvf]:ea
des(h(n)) = deg(e(n)) = dea(f(n)) = n.

Consider an isospectral problem

¢m = U¢a
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q+r

a S> = h(1) + sh(0) + ge(0) 4 7£(0).
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Set

V_l Aa + sa
2\b—c+qga—ra

= Z (amh(l —m) + bpe(—

m>0

b+c+qga+ra
—Aa — sa

Solving the adjoint equation
V. =0, V], (3)
we have

Am+1z + (Sam)x = —(qCm + Tbm;

bmm + (qam)w = Cm+1 + SCm,
Cmaz T (Tam)w = bm+1 + Sbmu
apg = a1 = 0,

by = aq, Co = ar,

by = a(ry —sq), ¢ = a(q: — sr),
o

a2 = 5(72 - q2)7
b2 = Oé(qu - (ST)w — STy + 82(1)7
c2 = a(ree — (59)s — 8¢z + 5°7). (4)
Denoting
VI = (\V)y = 3 (amh(l+n—m)
m=0
+ samh(n —m) + qame(n —m)
+ ram f(n —m)),
we can write Eq.(3) as
VOV =V - VL )

It is easy to verify that the terms on the left-hand
side in Eq.(5) are of degree > 0, while the terms on
the right-hand side in Eq.(5) are of degree < 1.
Thus, we have

—V{3) + [0, V] = ani12h(0) = cas1€(0) = bos1 f(0).

Taking Vfl) = V) we find that the zero-curvature

equation Uy — Vi™ + [U, V(] = 0 leads to
S —An+1zx
ut, = | ¢ = Cn+1

tn anrl

m) + em f(—m) + samh(—

m) + qame(_m) + ramf(_m))'

o0 0 0 Gnt1
= 0 0 1 —bn+1
0 -1 0 Cn+1
An+1
b | (6)
Cn+1

where J; is a Hamiltonian operator.

From the recursive relation Eq.(4), we find that

Gnt1 —s —071lr =071
—bp+1 | = | —Or —s -0
Crnt1 dqg -0 —s
an an

x| =b, | =L1| =b, |, (7)
Cn Cn

where L, is called the recursive operator.
Thus Eq.(6) can be written as

s G
ug, = | ¢q =JiLl1 | —b,
v, Cn
0
=LY | a(-rs + 5q) (8)
a(gz — sr)

Specially, taking s = 0 in Eq.(8) we obtain a for-
malism of AKNS hierarchy as follows:

~ q Z =n — ATy
ug,, = = J1L1 5 (9)
V'S ady
where
- 01 ~ 0 -0
1= L, =
—-10 -0 0

Remark Here L; is different from that of the well-
known AKNS hierarchy. Hence, Eq.(9) is not an
AKNS hierarchy.
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As a reduction case of Eq.(9), taking n = 1, and
q = r = u, we obtain the standard linear heat conduc-
tion equation u; = aug,. A direct calculation shows

where

_ On42 + SGn4+1

H, =
n+1

Uy _ 1 U\ _ 1 Hamiltonian functions, theref h
v, _> — 20\ : <V, _> —Z0 : are Hamiltonian functions, therefore, we have
< 0s 2( a+sa) dq 2( +qa)
ou 1 ou 1 a
(V' 5r) = —gletra. (Vig3) = g0atsn.(0 o 7
Inserting Eq.(10) into the trace identity we get " ou
Cn
Aa + sa
i(,\a + sa) = /\*'Yﬂ/\’Y b+ qa Hence the hierarchy of nonlinear equations (8) pos-
ou oA . . . .
e ra sesses the following bi-Hamiltonian structure
Comparing the coefficients of A™"~! we get S SH, SH, .
u, = | ¢ = =K , (12)
5 Gnt1 + sa,, - ou ou
tn
5_u(an+2 + Sa’n-l-l) = (/7 - TL) bn + qan (11)
—¢p — Tay, where
Substituting Eq.(4) into Eq.(11) we obtain v = —1, J=JLIN"' K=JL,N ‘L,
thus
1 1 1
0 0~ tr -0~ 2qr - 2q  2r
0H, 1 1
Su - q -1 0 N71 = - i _i
0 1 2r 2 2r
- B _ly_r 1
2q 2qg 2
G G
X| =bn [ =N]| =bn | It is easy to find that the loop algebra A, is equivalent
Cn Cn to the following loop algebra:
|
100 010 010
etf(0)==-|0-10], e20)==1100 [, e3(0)==1-100 |,
000 000 000
le1,e2] = e3, [e1,e3] =ea, [e2,e3] = —e1, ei(n) =ei(0)A", deg(ei(n)) =n, i=1,2,3. (13)

It is easy to verify that using Eq.(13) and Tu-model may also engender Eq.(12). Furthermore, we may expand
Eq.(13) into a subalgebra G of the loop algebra A, as follows:

1 00
1
61(0)—5 0-10 |, 62(0)—5
0 0O
001
1
ea@=51001], e0)=3
000
[61,82] = €3, [61763] = €2, [62,83] =

010
100
000
00 1
00 -1
00 0
—€1,

010

; e3(0)==| -100 [,
000
1 1

[61,84] = 565, [61765] = 5847
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564, le2, e5] = —565, les, eq] = 565, les, es] = —5647 [ea, e5] =0,

ei(n) =€ (0)A",  [es(m),e;(n)] = [ei(O),ej(O)]/\m+”, deg(e;(n)) =n, i,7=1,2,3,4,5.

[62, 64] =

An isospectral problem is established by
br = U, M =0, U=ei1(1)+ uiei1(0) + uzea(0) + uges(0) + ugeq(0) + uses(0). (14)
Let
V= Z (ame1(1 —m) + bpea(—m) + emes(—m) + dmes(—m) + fmes(—m)
m>0
+ uramer(—m) + ugamea(—m) + usames(—m) + ugames(—m) + usames(—m)). (15)

Solving the equation

Ve = [U, V], (16)
we get
Amt1a + (U1am) e = —UaCm, + usbp,
bz + (U2am )z = Cm41 + U1Cm,
Cmz + (U3Am )z = bmt1 + U1bpm,
2dmz = frm41 + Ut fm + u2dy — us fr — Uabm + usCm,
2fmz = dm+t1 + urdy, — ua frn + usdy, — UgCpy + Usbpy,,
ap=a1 =do = fo =0, by=auz, c¢o=aus,
b1 = ausy —uiuz), ¢ = alugy —uiuz), di = a(ugug — ugus),
= a(ugus — uzus), az = %(ug —u3),
= a(ugee — (Urus)y — uruz, + uiug),
= o(ugps — (Urti)r — urug, + uiug),
= a2(ugty — uzus)y + UspUs — Usgus + (u3 — uj)ug + 2(urugus — uruzuy)),
= a[2(uztg — UgUs)y + Uty — Ugpts + (s — ud)us + 2(uruzus — urusuy)]. (17)
Taking

n

Vin) = Z (amer(14+n—m) + bpea(n —m) + cmes(n —m) + dpes(n — m) + fres(n —m)

m=0
+ uramer(n — m) + ugames(n — m) + ugames(n —m) + ugames(n —m) + usames(n —m)),

v =y — v,
we can write Eq.(16) as
similar to Eq.(5), the left-hand side of Eq.(18) reads

n n 1 1
V) + V] = anpieer(0) = enrea(0) = bugres(0) = 5 farrea(0) = 3dniaes(0).



592

Yue Chao et al

Vol. 16

Taking VJEn) = V) we find that thus the zero-curvature equation U; — Vm(") + [T, V(")] = 0, determines the

Lax integrable system as follows:

Uy An+1 0
Us —bpa1 a(—usz + urusg)
w=|us | =T cors | =JL"| aluge —wrus) |, (19)
Uy —dpi1 a(—usguyg + ugus)
us || fr+1 a(ugug — ugus)
where J is a simple Hamiltonian operator.
-0 000 O —uy —0 lug —0 tus 0 0
0 0100 —Oug  —up -0 0 0
J=[ 0o 1000, L=| du -8 —u 0 0
0 000 3 0 —us  —us —up—uz —uz—20
0 O O—% 0 0 —Uy —us  —ug — 20 uz —up
|
Let uy = 0, taking n = 1 in Eq.(19), we have the  may be written in a (241)-dimensional form
following coupled equations:
U+V,+[U,V] -V, - U, =0, (21)

U2t = AUz, Ut = QU2zg,

Ugy = %[Q(Usw — U5 )z — U2z Us
+ ugpua + (uj — u3)us),

Ust = %[2(u2u4 — U3U5)q + Up g
— ugpus + (Ui — ul)uy).

It is easy to find that when u; = s, us = q, uz = r,
ug = us = 0, Eq.(19) reduces to Eq.(8). Comparing
the constructions of Jy, Ly in Eq.(8) with those of J,
L in Eq.(19), in terms of the definition of integrable
coupling,l®~12 we conclude that Eq.(19) is the inte-
grable coupling of Eq.(8), which is called a type of
expanding Lax integrable model.

3. A direct expansion of loop
algebra A,—the (2+1)-dimen-
sional integrable system and

its integrable coupling

Denoting
o_90_ 9 9 _90_ 9
0z Ox Oy’ ow Ot Oy’

we find that the zero-curvature equation

Up—V. +[U, V] =0 (20)

which is regarded as the compatibility of the following
Lax pairs:

Gz =y =Uod, =0y =V, A=0. (22

We want to use Eq.(21) or Eq.(22) to produce a hier-
archy of soliton equations systematically.
Solving the adjoint equation

Ve =V, = [U, V], (23)
we get
Am+1z + (Sam)x — Om4-1y — (Sam)y = —(qCm + Tbm;
bm;ﬂ + (qam);ﬂ - bmy - (qam)y = Cm+1 + SCm,
Cma + (Tam)x — Cmy — (Tam)y - berl + Sbm;
aozale, b0:aq7
co=ar, b =a(ry —ry —sq),
«

o =alt—a,— ), ar= 507 ),
by = a(Qmm + Qyy — 2quy — (ST‘)I

+ (s7)y — 874 + 57y + 520),
c2 = a(rag + ryy — 2ray — (59)0 + (5q)y

— 8q + 8qy + 5°7). (24)

Denoting

VJgn) =(\"V); = i (amh(l+n —m)

m=0
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+ bme(n —m) + ¢y f(n —m) + samh(n —m) admits the (2+1)-dimensional integrable system
+qame(n_m)+ramf(n_m))7 St — Sy = Up4ly — Onila,

(n) _ yn (n)
ViV=2X V—V+ ) 4t — qy = Cn+1, Tt_ry:bn-i-l' (25)
then by direct calculation we obtain Taking s = 0, n = 1, ¢ = r = u, we find that
Eq.(25) reduces to the generalized (2+1)-dimensional
Vf‘;) + U, Vi")] - Vf;) linear heat conduction equation
= (an+12 = ant1y)(0) — cny1€(0) — bpt1 £(0). Ut = 0(Ugg + Uyy — 2Ugy) + Uy -
Thus, the zero-curvature equation Let U and V equal to the U in Eq.(14) and the V
in Eq.(15) respectively, and solve the equation similar
U+ V;(") + U,V —v™ _ U, =0 to Eq.(23), we obtain
|
Am+1z + (ulam)z — Qm4-1y — (ulam)y = —U2Cm, + u3bm7

bmm + (u2am);ﬂ - bmu - (u2am)y = Cm+1 + U1Cm,

Cma + (Ug&m)z (u3am)y = bm+1 + w1by,,
2( - ) f +1 +u1fm+u2d u3fm _u4bm+u5cm7
(fmx fmy) - dm+1 + uld - u2fm + qum — U4Cpmy + u5bm7

ap=a1=do=fo=0, byg=oaus, co=oaus, b =a(us—usy —uus),

o
c1 = a(uog — gy — urug), di = a(uzus —usus), f1 = a(usus —usus), az = §(u§ - u%),

by = a(Uagy + Usyy — 2Uogy — (UrU3) s + (U1U3)y — UtUSE + UL Usy + UTU2),
2 = a(Uzpe + Usyy — 2Uszy — (U1u2)s + (U1Us)y — Uy + urugy + uiug),
do = af2(usus — uzus)y — 2(Uata — UUS5)y + UogUs — Uz U5 + (u2 - ug)U4 + 2(ugugus — ugusug)l,
fo = a[2(ugug — ugus )z — 2(ugts — UgUs)y + Usplly — UgUs + (u2 — u3)u5 + 2(urugus — uguguy)].
Denoting
~J£n) = Z (amer(14+n—m) + bpea(n —m) + emes(n —m) + dpes(n — m) + fres(n —m)
m=0
+ uramer(n — m) + ugamez(n — m) + ugames(n — m) + ugames(n — m) + usames(n —m)),
V)

n o yr(n n 1 1
V—‘:(-y) + [U7 _£ )] — V_i(_w) (an+1y - an+11)61 (O) — Cn+1€2(0) — bn+163(0) — §fn+1€4(0) — §dn+1e5(0),
|
thus the zero-curvature equation Uzt = bpy1 + Usy,
- - . X 1
U+ Vy(n) +[O, VO] -V - U, =0, Uyt = 5fn+1 + Usy,
. 5 . . 1
admits the (2+1)-dimensional integrable system ust = 3 i1 + sy. (27)
Ut = On+1y — Ontlx + Uy, Let

Uy = Cpt1 + U2y, up =0, n=1,
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in Eq.(27), and we have the following (241)-
dimensional coupled equations:

Uot = O‘(“me + U3yy — 2u3wy) + U2y,

Uzt = O‘(’“me + U2yy — 2u21y) + U3y,
(6%

wae = G [2(usus — upus), — 2Augus — uzus),

— Uz U5 + U3z U4 + (u% - Ug)US] + Usy,
«

U5t = 5[2(’11,2’(1,4 — ’U,3U5)m — 2(U2U4 — ’U,3U5)y

+ Ugpty — usgts + (U3 — u3)ua] + usy.

Obviously, when uy = s, us = q, ug =r, ug = us = 0,
Eq.(27) reduces to Eq.(25), therefore, Eq.(27) is a type
of expanding integrable model of Eq.(25). Further-
more, it is easy to find that Eqs.(25) and (27) are lin-
ear expansions of Egs.(6) and (19) in respect of their
dimensional numbers respectively.

Remark If we take the general Lie algebra
sl(n, R) to replace the Lie algebras presented in this

paper, it is difficult to show such beautiful results be-
cause the commutators in the Lie algebras must be
required during deducing the integrable hierarchies
under the framework of the zero-curvature equation.
However, as for the general Lie algebra, we cannot
find the explicit commuting relations among the basis
of the Lie algebra. But we could produce various inte-
grable hierarchies of equations by using different Lie
algebras. The advantages of the Lie algebras given in
this paper are that it is explicit and efficient to deduce
the integrable hierarchies, specially the integrable cou-
plings of soliton equations. Concerning the problem
of the applications for the bi-Hamiltonian systems and
conserved flows, further study is required.
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