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1. Introduction

In 1927, the American mathematician Birkhoff

presented a new form of the dynamical equation in

Ref.[1], which is more general than the Hamilton equa-

tion. This equation is called the Birkhoff equation by

Santilli.[2,3] It can be applied to hadron physics, sta-

tistical mechanics, space mechanics, engineering, bio-

physics and so on. All conservative and nonconserva-

tive, self-adjoint and non-self-adjoint ,unconstrained

and nonholonomic constrained systems always admit

a representation of Birkhoff’s equations.[2,3] It is an

important developing orientation in modern analyti-

cal mechanics to research the Birkhoff dynamics. Mei

and co-workers[4−12] gave the Birkhoff equations of

a nonholonomic constrained system, investigated the

symmetry theory, global analysis, stability of motion

and geometrical description for a Birkhoff system, and

constructed the theoretical frame of Birkhoff dynam-

ics. However, there are no any other algorithms for

Birkhoff systems. In the Refs.[13,14], we investigate

the properties of preserving Noether symmetries for

discrete mechanics in Lagrangian formalism. This

work expands the ideas of structure-preserving. The

purpose of this paper is to study the properties of

preserving Noether symmetries for discrete Birkhoff

systems.

This paper is organized as follows. In Section 2,

we review the differential equations of motion of

Birkhoff systems. In Section 3, firstly, we give the

variational principle of Birkhoff systems in continuous

case, next we present the discrete variational princi-

ple and discrete version Noether theorem in extended

configuration space. Finally, an example is given to

illustrate the application of the results.

Throughout the paper, Einstein’s summation con-

vention is used. The index: s = 1, 2, . . . , n; Greek in-

dices: µ, ν, ρ = 1, 2, . . . , 2n and α, β = 1, 2, . . . , 2n+1.

2. The differential equations of

motion of Birkhoff systems

The Birkhoff equations can be written in the form

(∂Rν

∂aµ
−

∂Rµ

∂aν

)

ȧν −
∂B

∂aµ
−

∂Rµ

∂t
= 0, (1)

where B = B(t, a) is Birkhoffian, Rµ = Rµ(t, a) are

Birkhoff functions, here a = (a1, a2, . . . , a2n), and aµ

are independent variables. The system described by

Eq.(1) is called a Birkhoff system.

We introduce the symbol

Ωµν =
∂Rµ

∂aν
−

∂Rν

∂aµ
, (2)
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which is usually called the Birkhoff tensor. If Eq.(1)

is nonsingular, i.e.

det(Ωµν) 6= 0, (3)

then all ȧµ can be solved from Eq.(1) as follows:

ȧµ = Ω
µν

( ∂B

∂aν
−

∂Rν

∂t

)

, (4)

where

Ω
µν

Ωνρ = δµρ, (5)

and Ω
µν is the Birkhoff contravariant tensor.

It has been proven in the Ref.[4] that all holo-

nomic constrained systems and nonholonomic con-

strained systems can be attributed to Birkhoff sys-

tems. Therefore, Birkhoff systems is a sort of more

general constrained mechanical systems.

If we let

aµ = qµ (µ = 1, 2, . . . , n),

aµ = pµ (µ = n + 1, n + 2, . . . , 2n), (6)

Rν = pν (ν = 1, 2, . . . , n),

Rν = 0 (ν = n + 1, n + 2, . . . , 2n), (7)

B = H, (8)

then Birkhoff equation (1) becomes the following

Hamilton canonical equation:

q̇s =
∂H

∂ps
, (9)

ṗs = −
∂H

∂qs
. (10)

3. The variational principle and

first integrals of Birkhoff sys-

tems in extended configuration

space

3.1. The variational principle of Birkhoff

systems in configuration space

We begin by recalling the ordinary variational

principle of Birkhoff system. Suppose M denotes

the configuration space with coordinates aµ, µ =

1, 2, . . . , 2n. Consider a Birkhoffian B : R × M → R

and Birkhoff functions Rν : R × M → R, ν =

1, 2, . . . , 2n. The Pfaff action is defined by

J =

∫ t2

t1

[Rµ(t, a)daµ − B(t, a)dt], (11)

where aµ = aµ(t) is a C2 curve in configuration space.

The variational principle of Pfaff–Birkhoff seeks

the curves aµ(t) for which the action functional J is

stationary under variations of aµ(t) with fixed end

points. We first introduce the following infinitesimal

transformation:

t∗ = t, (12)

a∗
µ = aµ + ǫξµ(t, a), (13)

where ǫ is an infinitesimal parameter, ξµ(t, a) are the

coefficient functions. For simplicity, we will use Ein-

stein convention and omit the summation notation Σ

in the following.

Next, we calculate the variation of J at aµ(t) as

follows:

δJ =

∫ t2

t1

[Rµ(t, a∗)da∗
µ − B(t, a∗)dt] −

∫ t2

t1

[Rµ(t, a)daµ − B(t, a)dt]

=

∫ t2

t1

[

Rµ(t, a)
d

dt
δaµ +

∂Rµ(t, a)

∂aν
ȧµ −

∂B(t, a)

∂aν
δaν

]

dt

=

∫ t2

t1

{ d

dt
[Rµ(t, a)δaµ] −

d

dt
[Rµ(t, a)]δaµ +

∂Rµ(t, a)

∂aν
δaν ȧµ −

∂B(t, a)

∂aν
δaν

}

dt

=

∫ t2

t1

{[∂Rν(t, a)

∂aµ
−

∂Rµ(t, a)

∂aν

]

ȧν −
[∂B(t, a)

∂aµ
+

∂Rµ(t, a)

∂t

]}

ξµdt + Rµ(t, a)ξµ|
t2
t1 . (14)

If ξµ[a(t1)] = ξµ[a(t2)] = 0, then the requirement of δJ = 0 yields the Birkhoff’s equations for [aµ(t)]:

[∂Rν(t, a)

∂aµ
−

∂Rµ(t, a)

∂aν

]

ȧν −
[∂B(t, a)

∂aµ
+

∂Rµ(t, a)

∂t

]

= 0. (15)



584 Zhang Hong-Bin et al Vol. 16

3.2. The variational principle of Birkhoff

system in extended configuration

space

Now we study a Birkhoff system in extended con-

figuration space R
2n+1 in which the coordinates of a

point are aµ (µ = 1, 2, . . . , 2n) and t. We introduce

the notation

x1 = t, xµ+1 = aµ, (16)

then all the variables xα (α = 1, 2, . . . , 2n + 1) may

be given as a function of some parameter τ . A choice

of it has no special meaning, e.g. see Synge (1960).[12]

Let

xα = xα(τ), (17)

be some curves of class C2 such that

xα
′ =

dxα

dτ
, (18)

the xα
′ are not all zero simultaneously. We set

ẋα =
dxα

dt
=

xα
′

x1
′
, (19)

where ẋα denotes the derivative with respect to t and

xα
′ denotes the derivative with respect to τ .

It is straightforward to show that for any function

F = F (t, a, ȧ)[16,17]

F̃ (xα, xα
′) = x1

′F
(

xα,
x2

′

x1
′
, . . . ,

x2n+1
′

x1
′

)

. (20)

Obviously, the function F̃ is zero order homogeneous

for xα
′. For the Pfaffian P (t, a, ȧ) of a given system

in configuration space, the Pfaffian Λ(xα, xα
′) in ex-

tended configuration space is defined by the following

equation:

Λ(xα, xα
′) = x1

′P
(

xα,
x2

′

x1
′
, . . . ,

x2n+1
′

x1
′

)

= R̄µ+1(xα)xµ+1
′ − B(xα)x1

′, (21)

where R̄µ+1 = Rµ, and we have

∂Λ(xα, xα
′)

∂xα
′

xα
′ = Λ(xα, xα

′). (22)

Pfaff- Birkhoff’s principle is

δJ̃ =

∫ τ2

τ1

δΛ(xα, xα
′)dτ = 0,

δxα|τ=τ1
= δxα|τ=τ2

= 0. (23)

Now we calculate the variation directly as follows:

∫ τ2

τ1

δΛ(xα, xα
′)dτ =

∫ τ2

τ1

{

R̄µ+1(xα + δxα)
[

xµ+1
′ +

d

dτ
(δxµ+1)

]

− B(xα + δxα)
[

x1
′ +

d

dτ
(δx1)

]}

dτ −

∫ τ2

τ1

[R̄µ+1(xα)xµ+1
′ − B(xα)x1

′]dτ

=

∫ τ2

τ1

{

R̄µ+1(xα)
d

dτ
(δxµ+1) +

∂R̄µ+1(xα)

∂xβ
δxβxµ+1

′ − B(xα)
d

dτ
(δx1) −

∂B(xα)

∂xβ
δxβx1

′
}

dτ

=

∫ τ2

τ1

{[(∂R̄µ+1

∂xν+1
−

∂R̄ν+1

∂xµ+1

)

xν+1
′ −

( ∂B

∂xν+1
+

∂R̄ν+1

∂x1

)

x1
′
]

δxµ+1

+
( ∂B

∂xµ+1
+

∂R̄µ+1

∂x1

)

xµ+1
′δx1

}

dτ + [R̄µ+1(xα)δxµ+1 − B(xα)δx1]|
τ2

τ1
. (24)

If δxα(τ1) = δxα(τ2) = 0, the requirement of δJ̃ = 0 for any choice of δxα yields the parameter equations of

motion for the Birkhoff system

(∂R̄µ+1

∂xν+1
−

∂R̄ν+1

∂xµ+1

)

xν+1
′ −

( ∂B

∂xν+1
+

∂R̄ν+1

∂x1

)

x1
′ = 0, (25)

and
( ∂B

∂xµ+1
+

∂R̄µ+1

∂x1

)

xµ+1
′ = 0. (26)
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3.3. The discrete variational principle

and first integrals of Birkhoff system

in extended configuration space

We now define the discrete action sum in extended

configuration space to be

J̃(xα) =

N
∑

k=1

Λd[xα(k − 1), xα(k)], (27)

where k ∈ {0, 1, 2, . . . , N} and k is the discrete param-

eter, Λd[xα(k−1), xα(k)] is the discrete Pfaffian in ex-

tended configuration space, which can be obtained by

substituting xα(k) − xα(k − 1) for xα
′ and xα(k − 1)

for xα respectively in given Pfaffian. Then the discrete

Pfaff–Birkhoff principle is given by

δJ̃(xα) =

N
∑

k=1

δΛd[xα(k − 1), xα(k)] = 0,

δxα(0) = δxα(N) = 0. (28)

Equation (28) is the equivalent of Eq.(23).

Proposition In extended configuration space,

for the Birkhoff system with the discrete Pfaffian

Λd[xα(k − 1), xα(k)], the discrete Birkhoff equations

can be derived from principle (28) as follows:

D2Λd,α[xβ(k − 1), xβ(k)]

+ D1Λd ,α[xβ(k), xβ(k + 1)] = 0, (29)

where DiΛd ,α denotes the partial derivative of Λd with

respect to the ith argument whose index is α.

Proof From Eq.(28), one has

δJ̃(xα) =
∂Λd ,α[xβ(k − 1), xβ(k)]

∂xα(k − 1)
δxα(k − 1)

+
∂Λd ,α[xβ(k − 1), xβ(k)]

∂xα(k)
δxα(k)

=
{∂Λd ,α[xβ(k − 1), xβ(k)]

∂xα(k)

+
∂Λd ,α[xβ(k), xβ(k + 1)]

∂xα(k)

}

× δxα(k) = 0, (30)

where we have used a discrete integration by parts (re-

arranging the summation) and the fact that δxα(0) =

δxα(N) = 0. If we now require that Eq.(30) be

zero for any choice of xα(k), then we obtain the dis-

crete Birkhoff equation (29) in extended configuration

space.

As the continuous, a systematic procedure for

the establishment of first integrals of the discrete

Birkhoff equation can be developed from a direct

study of the invariance properties the discrete Pfaf-

fian Λd[xα(k − 1), xα(k)].

Let us introduce the following infinitesimal trans-

formation:

x∗
α(k) = xα(k) + ǫuα(k), (31)

where ǫ is a parameter and uα(k) = uα[xβ(k), k]

is a sequence depending upon k and xβ(k), k =

1, 2, . . . , N .

Definition The discrete Pfaffian Λd[xα(k −

1), xα(k)] is difference invariant with respect to the

infinitesimal transformation (31), if there exists a se-

quence g[xα(k), k], k = 1, 2, . . . , N , such that

δΛd{ǫ[uβ(k), k]} = ǫ{∆g[xα(k), k]}, (32)

for each k, where δΛd is given by following formula:[18]

δΛd[δxα(k)] = {D2Λd,α[xβ(k − 1), xβ(k)]

+D1Λd ,α[xβ(k), xβ(k + 1)]}δxα(k)

+∆{−δxα(k − 1)D1Λd ,α[xβ(k − 1), xβ(k)]}. (33)

where ∆ is the difference operator, ∆xα(k) = xα(k +

1) − xα(k).

Based on the discrete Pfaff–Birkhoff principle, the

following theorem concerning first integrals can be

proved.

Theorem If discrete Pfaffian Λd[xα(k−1), xα(k)]

is difference invariant with respect to the infinitesimal

transformation (31), and if Eq.(29) holds, then

uα[xβ(k − 1), k − 1]D1Λd ,α[xβ(k − 1), xβ(k)]

+ g[xβ(k), k] = const. (34)

Proof From Eqs.(32) and (33), one has

{D2Λd ,α[xβ(k − 1), xβ(k)]

+D1Λd ,α[xβ(k), xβ(k + 1)]}

×ǫuα[xβ(k), k] − ∆{uα[xβ(k − 1), k − 1]

×D1Λd ,α[xβ(k − 1), xβ(k)]} = ǫ∆g[xβ(k), k]. (35)

Simplifying and using Eq.(29), one obtains

∆{uα[xβ(k − 1), k − 1]D1Λd,α[xβ(k − 1), xβ(k)]

+ g[xβ(k), k]} = 0, (36)

whence Eq.(34) holds. This completes the proof.
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4. An example

To illustrate various aspects of the theory devel-

oped in preceding sections we now give an example.

Example Considering a two-order Birkhoff sys-

tem with Birkhoffian

B =
1

2
[(ta1)

2 + (a2)
2], (37)

and Birkhoff functions

R1 = 0 , R2 = ta1. (38)

Let

x1 = t, x2 = a1, x3 = a2. (39)

Hence, in extended configuration space Pfaffian can

be written as

Λ = x1x2x3
′ −

1

2
[(x1x2)

2 + (x3)
2]x1

′. (40)

Then the discrete Pfaffian is

Λd = x1(k − 1)x2(k − 1)[x3(k) − x3(k − 1)]

−
1

2
{[x1(k − 1)x2(k − 1)]2

+ [x3(k − 1)]2}[x1(k) − x1(k − 1)]. (41)

From Eq.(29), the discrete Birkhoff equations can be

obtained as follows:

1

2
{[x1(k)x2(k)]2 + [x3(k)]2}

−
1

2
{[x1(k − 1)x2(k − 1)]2

+ [x3(k − 1)]2} + x2(k)[x3(k + 1) − x3(k)]

− x1(k)x2
2(k)[x1(k + 1) − x1(k)] = 0, (42)

x1(k)[x3(k + 1) − x3(k)] − x2
1(k)x2(k)

× [x1(k + 1) − x1(k)] = 0, (43)

x1(k − 1)x2(k − 1) − x1(k)x2(k) − x3(k)

× [x1(k + 1) − x1(k)] = 0. (44)

Direct verification shows that Eq.(41) is difference-

invariant (with g = 0) with respect to the infinitesimal

transformation

x∗
1(k) = x1(k) − ǫ, (45)

x∗
2(k) = x2(k) + ǫ

x2(k)

x1(k)
, (46)

x∗
3(k) = x3(k). (47)

Therefore, by theorem, we immediately obtain the

first integral of Eqs.(42)–(44)

u1[xβ(k − 1), k − 1]D1Λd ,1[xβ(k − 1), xβ(k)]

+u2[xβ(k − 1), k − 1]D1Λd,2[xβ(k − 1), xβ(k)]

= const, (48)

or

1

2
{[x1(k− 1)x2(k− 1)]2 + [x3(k− 1)]2} = const. (49)

If we choose Λd in Eq.(41) is

Λd = x1,k−1/2x2,k−1/2[x3(k) − x3(k − 1)]

−
1

2
[(x1,k−1/2x2,k−1/2)

2

+ (x3,k−1/2)
2][x1(k) − x1(k − 1)], (50)

where

xi,k− 1

2

=
xi(k − 1) + xi(k)

2
,

xi,k+1/2 =
xi(k) + xi(k + 1)

2
, i = 1, 2, 3. (51)

In terms of Eq.(29), we can derive the corresponding

discrete Birkhoff equation

1

2
x2,k−1/2[x3(k) − x3(k − 1)] −

1

2
[(x1,k−1/2x2,k−1/2)

2 + (x3,k−1/2)
2]

−
1

2
x1,k−1/2x

2
2,k−1/2[x1(k) − x1(k − 1)] +

1

2
x2,k+1/2[x3(k + 1) − x3(k)]

+
1

2
[(x1,k+1/2x2,k+1/2)

2 + (x3,k+1/2)
2] −

1

2
x1,k+1/2x

2
2,k+1/2[x1(k + 1) − x1(k)] = 0, (52)

1

2
x1,k−1/2[x3(k) − x3(k − 1)] −

1

2
x2

1,k−1/2x2,k−1/2[x1(k) − x1(k − 1)]

+
1

2
x1,k+1/2[x3(k + 1) − x3(k)] −

1

2
x2

1,k+1/2x2,k+1/2[x1(k + 1) − x1(k)] = 0, (53)

x1,k−1/2x2,k−1/2 −
1

2
x3,k−1/2[x1(k) − x1(k − 1)] − x1,k+1/2x2,k+1/2 −

1

2
x3,k+1/2[x1(k + 1) − x1(k)] = 0. (54)
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It is easy to verify that Eq.(50) is difference invariant

(with g = 0) with respect to the following infinitesimal

transformation:

x∗
1(k) = x1(k) − ǫ, (55)

x∗
2(k) = x2(k) + ǫ

x2,k−1/2

x1,k−1/2
, (56)

x∗
3(k) = x3(k). (57)

By theorem, one has

1

2
[(x1,k−1/2x2,k−1/2)

2 + (x3,k−1/2)
2] = const. (58)

Obviously, there is no relation between the discrete

first integral and the discrete form of Pfaffian.
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