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This paper shows that first integrals of discrete equation of motion for Birkhoff systems can be determined explicitly

by investigating the invariance properties of the discrete Pfaffian. The result obtained is a discrete analogue of theorem

of Noether in the calculus of variations. An example is given to illustrate the application of the results.
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1. Introduction

In 1927, the American mathematician Birkhoff
presented a new form of the dynamical equation in
Ref.[1], which is more general than the Hamilton equa-
tion. This equation is called the Birkhoff equation by
Santilli.?3! It can be applied to hadron physics, sta-
tistical mechanics, space mechanics, engineering, bio-
physics and so on. All conservative and nonconserva-
tive, self-adjoint and non-self-adjoint ,unconstrained
and nonholonomic constrained systems always admit
a representation of Birkhoff’s equations.!*?! It is an
important developing orientation in modern analyti-
cal mechanics to research the Birkhoff dynamics. Mei

and co-workers4—12]

gave the Birkhoff equations of
a nonholonomic constrained system, investigated the
symmetry theory, global analysis, stability of motion
and geometrical description for a Birkhoff system, and
constructed the theoretical frame of Birkhoff dynam-
ics. However, there are no any other algorithms for
Birkhoff systems. In the Refs.[13,14], we investigate
the properties of preserving Noether symmetries for
discrete mechanics in Lagrangian formalism. This
work expands the ideas of structure-preserving. The
purpose of this paper is to study the properties of
preserving Noether symmetries for discrete Birkhoff
systems.

This paper is organized as follows. In Section 2,
we review the differential equations of motion of
Birkhoff systems.
variational principle of Birkhoff systems in continuous

In Section 3, firstly, we give the

case, next we present the discrete variational princi-
ple and discrete version Noether theorem in extended
configuration space. Finally, an example is given to
illustrate the application of the results.

Throughout the paper, Einstein’s summation con-
vention is used. The index: s = 1,2,...,n; Greek in-
dices: u, v, p=1,2,...,2nand o, 6 =1,2,...,2n+1.

2. The differential equations of
motion of Birkhoff systems

The Birkhoff equations can be written in the form

92 _Sh_o, ()

(aRU ~ da, Ot

3 8RM) i OB 0R,
Oay, da, ) "

where B = B(t,a) is Birkhoffian, R, = R,(t,a) are
Birkhoff functions, here a = (a1, a2, ...,a2,), and a,
are independent variables. The system described by
Eq.(1) is called a Birkhoff system.

We introduce the symbol

OR, OR,

Ry = o1 = S
" da,, Oay

(2)
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which is usually called the Birkhoff tensor. If Eq.(1)
is nonsingular, i.e.

det(2,) # 0, (3)

then all @, can be solved from Eq.(1) as follows:

0B OR
= v _—_— i
b = 2" (5~ 5, ) 4)
where
QW*QVP = 5,upv (5)

and 2# is the Birkhoff contravariant tensor.

It has been proven in the Ref.[4] that all holo-
nomic constrained systems and nonholonomic con-
strained systems can be attributed to Birkhoff sys-
tems. Therefore, Birkhoff systems is a sort of more
general constrained mechanical systems.

If we let
ap=qu (p=12,...,n),
ay=py (p=n+1,n+2,...,2n), (6)
R,=p, (v=1,2,...,n),
R,=0=n+1,n+2,...,2n), (7)
B=4H, (8)

then Birkhoff equation (1) becomes the following
Hamilton canonical equation:

) oH

6= 550 9)
. 0OH

Ps = _aqs- (10)

3. The variational principle and
first integrals of Birkhoff sys-
tems in extended configuration
space

3.1. The variational principle of Birkhoff
systems in configuration space

We begin by recalling the ordinary variational
principle of Birkhoff system. Suppose M denotes
the configuration space with coordinates a,, @ =
1,2,...,2n. Consider a Birkhoffian B: R x M — R
and Birkhoff functions R, : Rx M — R v =
1,2,...,2n. The Pfaff action is defined by

J = /t2 [Ru(t,a)da, — B(t,a)dt], (11)

ty
where a,, = a,(t) is a C? curve in configuration space.
The variational principle of Pfaff~Birkhoff seeks
the curves a,(t) for which the action functional J is
stationary under variations of a,(t) with fixed end
points. We first introduce the following infinitesimal

transformation:
t* =t (12)
a, = a, + €€,(t, a), (13)

where € is an infinitesimal parameter, £,(¢, a) are the
coefficient functions. For simplicity, we will use Ein-
stein convention and omit the summation notation X
in the following.

Next, we calculate the variation of J at a,(t) as
follows:

0J = /t2 [R,u(t, a*)da; — B(t, a*)dt] _ /tz [R,u(t’ a)da# — B(lf7 a)dt]

t1 ty

OR,(t,a)

1

= /tl {%[R,u(t, a)da,] — %[R#(t, a)lda, + B

to d )
= [ [Autt.o) g0, + o, -
2

_ /tlm{ {8Ry(t,a) B aR#(t,a)}du B {

Oay da,,

If £,la(th)] = Eula(ta)] = 0, then the requirement of §J = 0 yields the Birkhoft’s equations for [a,,(¢)]:

{6R,}(t,a) 3 6R“(t’a)}a,, B [6B(t,a)

Oay Oa,

0B(t,a)
T%(sal,}dt
ORu(t a) davay, — 78%(;’ a) 5al,}dt
0B(t,a) OR,(t,a) t
e - }}fﬂdt + Ryt a)e,) . (14)
OR,(t,a)]
vl et (15)
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3.2. The variational principle of Birkhoff
system in extended configuration
space

Now we study a Birkhoff system in extended con-
figuration space R?"*! in which the coordinates of a
point are a, (@ = 1,2,...,2n) and t. We introduce

the notation

Ty =1, Tpt1 = Qu, (16)

then all the variables z, (o = 1,2,...,2n + 1) may
be given as a function of some parameter 7. A choice
of it has no special meaning, e.g. see Synge (1960).1*2]
Let

Lo = IQ(T)v (17)
be some curves of class C? such that

, dxg

=— 18
T dr (18)
the z,’ are not all zero simultaneously. We set
dz, z.
P = —— = —, 19
Lo dt xl’ ( )

where 2, denotes the derivative with respect to ¢ and
T, denotes the derivative with respect to 7.

It is straightforward to show that for any function
F = F(t,a,a)%7

F N — o F xo’ Tonq1’ 20
(Ta,a") = 21 Iaax_l,a---ax—l, : (20)
Obviously, the function F is zero order homogeneous
for z,’. For the Pfaffian P(¢,a,a) of a given system
in configuration space, the Pfaffian A(z4,z.’) in ex-
tended configuration space is defined by the following

equation:

/ /
T2 Ton+1 )

xll,..., 7

ANz, 1s') = xl/P(:zra,
T

= Ru-l—l(xa)xu-i-ll - B(:I:Ot)xlla (21)
where Ru+1 = R,, and we have

0AN(zo, xs)

e To' = A(Ta, 1) (22)

Pfaff- Birkhoff’s principle is
5J :/ Az, xs")dT =0,
T1
5$a|‘r:71 = 5xa|‘r:7’g =0. (23)

Now we calculate the variation directly as follows:

T2 T2 . d
/ SA(z o, 0" )dT = / {RW(% ) [xw’ + = (02,)

1

— B(zo + 014) {xll + diT(é:pl)} }dq- — /72 [Rut1(a)Tps1’ — Bza)z1'|dT

T1

T d OR,11(xa) d 0B(z4)
= /Tl {R#Jrl(xa)a(&cwrl) + ’gT&cﬁxer' — B(xa)a(&cl) — B 5:05x1/}d7'
(" OR,+1  OR,41 , 0B OR, 41 ,
o [_1 { {( 6,@,,4.1 (%HH )varl (895,,+1 + 6,@1 )xl ]5$#+1
OB OR _ .
(6$u+1 6;jl)x#+1'5:c1}d7’ + [Rut1(xa)0ryp1 — B(ra)dz ]| (24)

If dzo(71) = 620 (12) = 0, the requirement of 5J =0 for any choice of dx, yields the parameter equations of

motion for the Birkhoff system

(81?#“

5:C,j+1 6IM+1

and

(8B

|

AR, 41
aJJH+1 (91:1

OB OR,i1\ ,

—_— = 2
0%y41 + oxy )xl 0, (25)
)I#H’ = 0. (26)
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3.3. The discrete variational principle
and first integrals of Birkhoff system
in extended configuration space

We now define the discrete action sum in extended
configuration space to be

N
J(@a) =Y Aalra(k — 1), za(k)], (27)
k=1

where k € {0,1,2,..., N} and k is the discrete param-
eter, Aq[zq(k—1), x4 (k)] is the discrete Pfaffian in ex-
tended configuration space, which can be obtained by
substituting x4 (k) — zo(k — 1) for z," and z4(k — 1)
for z, respectively in given Pfaffian. Then the discrete
Pfaff-Birkhoff principle is given by

N
0J(xa) =Y dhalza(k — 1), 24 (k)] =0,
k=1
024(0) = 0z (N) = 0. (28)

Equation (28) is the equivalent of Eq.(23).

Proposition In extended configuration space,
for the Birkhoff system with the discrete Pfaffian
Aglza(k — 1), 24(k)], the discrete Birkhoff equations
can be derived from principle (28) as follows:

DQAdya[xﬁ(k — 1), Iﬁ(k})]
+ Dy Agolzs(k),zs(k+1)] =0,  (29)

where D; Aq ,, denotes the partial derivative of Aq with
respect to the ith argument whose index is a.
Proof From Eq.(28), one has

iy - aalzs(k — 1), 25(k)]

0J(xq) drai—1) dxo(k—1)

OAg ofzp(k —1),25(k)]

B () O ()
_ {6/1d,a[$g(k —1),z5(k)]

O o (k)

8Ad7a[$5(k), Iﬁ(k + 1)] }
dxo (k)

X 0z (k) =0, (30)

where we have used a discrete integration by parts (re-
arranging the summation) and the fact that dz,(0) =
dzo(N) = 0.
zero for any choice of z,(k), then we obtain the dis-

If we now require that Eq.(30) be

crete Birkhoff equation (29) in extended configuration
space.

As the continuous, a systematic procedure for
the establishment of first integrals of the discrete

Birkhoff equation can be developed from a direct
study of the invariance properties the discrete Pfaf-
fian Aq[zq(k — 1), 24 (k)]

Let us introduce the following infinitesimal trans-

formation:
z, (k) = za (k) + euq(k), (31)

where € is a parameter and uq(k) = ua[zg(k), k]
is a sequence depending upon k and zg(k), k =
1,2,...,N.

Definition The discrete Pfaffian Agq[zq(k —
1),z4(k)] is difference invariant with respect to the
infinitesimal transformation (31), if there exists a se-
quence g[zs(k), k], k=1,2,..., N, such that

0Aa{elup(k), K]} = e{Aglza(k), K]}, (32)
for each k, where A4 is given by following formula:('8!

dAaloza (k)] = {Dada,alzp(k — 1), 25(k)]
+D1 A4 olz5(k), z5(k + 1)]}oza(k)

"FA{-&TQ(/C - 1)D1Ad7a[$ﬁ(/€ - 1),$ﬁ(/€)]}. (33)
where A is the difference operator, Ax, (k) = x4 (k +
1) — 24 (k).

Based on the discrete Pfaff-Birkhoff principle, the
following theorem concerning first integrals can be
proved.

Theorem If discrete Pfaffian Aq[xq(k—1), 2o (k)]

is difference invariant with respect to the infinitesimal
transformation (31), and if Eq.(29) holds, then

ua[:vg(k — 1), k— 1]D1/1d)a[$g(k — 1),$ﬁ(/€)]
+ glzp(k), k] = const. (34)

Proof From Egs.(32) and (33), one has

{D2Agalzp(k — 1), z5(k)]
+D1 A4 olzp(k), zs(k + 1)}
xeuq[za(k), k] — AMualrg(k — 1),k — 1]
xDiAq,alzg(k — 1), x5(k)]} = eAglag(k), k] (35)

Simplifying and using Eq.(29), one obtains

Afuafzg(k — 1),k — 1]D1 44 o[zg(k — 1), z5(k)]
—l—g[.%‘@(k),k]} =0, (36)

whence Eq.(34) holds. This completes the proof.
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4. An example

To illustrate various aspects of the theory devel-
oped in preceding sections we now give an example.

Example Considering a two-order Birkhoff sys-
tem with Birkhoffian

B = J[(t)* + (a2’ (37)
and Birkhoff functions
Ri=0, Ry=ta. (38)
Let
1 =1t, To=ay, x3= das. (39)

Hence, in extended configuration space Pfaffian can
be written as

A=zizoxs’ — 5[(351352)2 + (x3)%)x1. (40)
Then the discrete Pfaffian is
Ag = x1(k — D)ok — 1)[zs(k) — 23(k — 1)]
— g{loa (k= Daath = 1P
+laa(h = DPHon () = ma (k= DL (41)

From Eq.(29), the discrete Birkhoff equations can be
obtained as follows:

Al w2 (B + s (0]

— 5otk = Daa(h - 1P

+[as(k — 1)} + 2a(k)[ws (k + 1) — 23(k)]

— 21 (k)23 (k)[z1(k + 1) — 21 (k)] = 0, (42)
w1 (k) [s(k + 1) — z3(k)] — a3 (k)22 (k)
x [w1(k +1) — 21(k)] = 0, (43)

X1 (k — 1){E2(k} — 1) — $1(I€)$2(I€) — Ig(k)

x [21(k + 1) — 21(k)] = 0. (44)

Direct verification shows that Eq.(41) is difference-
invariant (with g = 0) with respect to the infinitesimal

transformation
2y (k) = z1(k) — e, (45)
(k) = o L2(k)
r3(h) = a(h) + 22 . (46)
w3(k) = 2 (k) (47)

Therefore, by theorem, we immediately obtain the
first integral of Eqs.(42)—(44)

ul[:vg(k — 1), k— 1]D1/1d)1[$5(k — 1),$ﬁ(/€)]
+u2[$g(k5 - 1), k— 1]D1Ad)2[$5(/€ — 1),$ﬁ(/€)]

= const, (48)

%{[wl(k —1)ao(k —1)]* + [w3(k — 1))} = const. (49)
If we choose Aq in Eq.(41) is

Ag =1 1222 j—1/2(x3(k) — 23(k — 1)]

- %[(xl,k—1/2$2,k—1/2)2
+ (w3 -172)°][21(k) — 21(k = 1)],  (50)
where
Ty = x;(k — 1; + :101-(I€)7
Ty = 2 +;i(k+ Y oiZ123 1)

In terms of Eq.(29), we can derive the corresponding
discrete Birkhoff equation

%362,1@—1/2[333(]‘3) —x3(k—1)] - %[(xl,k—uﬂ?z,k—l/z)Q + ($3,k—1/2)2]

_%xlykfl/Q‘T%,k—l/Q[‘rl(k) —zi(k =1+ %xZ,k+1/2[$3(k + 1) — w3(k)]

+%[($1,k+1/2$2,k+1/2)2 + (T3 841/2)°) — %xl,k+1/2$§,k+1/2[xl(k +1) —21(k)] =0, (52)
Skl (k) = zs = 1] = 3831 aa ol () — (k= 1)

+%$1,k+1/2[173(k +1) —x3(k)] — %I%,k+1/2$2,k+1/2[xl(k +1) —z1(k)] =0, (53)

1

1

T1,k-1/202 k-1/2 — §$3,k—1/2[$1(k) - il?l(k - 1)] — L1, k+1/202,k+1/2 — —Is,k+1/2[$1(kf + 1) - xl(k)] =0. (54)

2
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It is easy to verify that Eq.(50) is difference invariant
(with g = 0) with respect to the following infinitesimal

transformation:
27 (k) = z1(k) — e, (55)
To fo_
w5 (k) = wa (k) + e L2, (56)
T1,k—1/2
w3(k) = (k). (57)

By theorem, one has

1

5[(561,1@71/2902,1@71/2)2 + (23,5-1/2)?] = const. (58)

Obviously, there is no relation between the discrete
first integral and the discrete form of Pfaffian.

Acknowledgement

We wish to thank the referees for their careful
reading of the manuscript and their useful remarks
which helped us to improve the quality of this paper.

References

(1] Birkhoff G D 1927 Dynamical Systems (Providence RI:
AMS College Publications)

[2] Santilli R M 1978 Foundations of Theoretical Mechanics
I (New York: Springer)

[3] Santilli R M 1983 Foundations of Theoretical Mechanics
IT (New York: Springer)

[4] Mei F X, Shi R C, Zhang Y F and Wu H B 1996 Dy-
namics of Birkhoff System (Beijing: Beijing Institute of
Technology Press) (in Chinese)

[5] Chen X W and Mei F X 2000 Mech. Res. Commun. 27
365

[6] Wu H B and Mei F X 1995 Chin. Sin. Bull. 40 885

[7] Mei F X and Levesque B 1995 Trans. CSME. 19(2) 59

[8] Mei F X 1999 Applications of Lie Groups and Lie Alge-
bras to Constrained Mechanical Systems (Beijing: Science
Press) (in Chinese)

[9] Guo Y X, Luo S K, Shang M and Mei F X 2001 Rep.

Math. Phys. 47 313

[10] Fu J L and Wang X M 2000 Acta Phys. Sin. 49 1023 (in
Chinese)

[11] Fu J L and Chen L Q 2003 Acta Phys. Sin. 52 2664 (in
Chinese)

[12] Fu J L and Chen L Q 2004 Phys. Lett. A 324 95

[13] Zhang H B, Chen L Q and Liu R W 2005 Chin. Phys. 14

238

[14] Zhang H B, Chen L Q and Liu R W 2005 Chin. Phys. 14
888

[15] Synge J L 1960 Classical Dynamics (Berlin: Springer-
Verlag)

[16] Mei F X 1990 Acta Mech. Sin. 6 160
[17] Mei F X 2000 Appl. Mech. Rev. 53 283

[18] Logan J D 1973 Aeguat. Math. 9 210



