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Multifractal analysis of the Yellow River flows*
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This paper deals with time series of the Yellow River daily flows at Tongguan hydrological station, from the

year 2000 to 2005. Power spectrum analysis and statistical moment scaling function on a range of scales revealed

scaling qualities of the data. The partition function, which displayed a convex curvature, and the generalized dimension

function showed that multifractality is presented. The singularity spectrum, which is single-humped, has shown strong

multifractality degree.
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1. Introduction

Fractal analysis has been given considerable
attention since it was introduced by Mandelbrot.
Monofractals are homogeneous in the sense that they
have the same scaling properties, characterized by
a single singularity exponent, generally a fractal
dimension.l!) But scaling properties of complex pro-
cesses, such as turbulence and rainfall, need more than
one scaling exponent to describe. This leads to mul-
tifractals. The concepts of multifractals were origi-
nally introduced by Mandelbrot in the discussion of
turbulencel? and expanded to many other contexts.

Bl showed that a multifractal

Schertzer and Lovejoy
field can be regarded as the result of multiplicative
cascade process. Telesca et all¥ used a set of mul-
tifractal parameters, defined from the shape of the
multifractal spectrum to obtain the degree of multi-
fractality in short-term time dynamics of the ultra low
frequency (ULF) geomagnetic field.

River flows have been known to be scaling for over
50 years since Hurst showed that the stream flows of
various rivers exhibit long-range statistical dependen-
cies in 1951. It took over 30 years for its significance
to be fully appreciated. During the early 1980s multi-
fractal notions have developed rapidly and many geo-
physical fields have shown to be multifractal over vari-
ous ranges of scales. Using the framework of universal
multifractals, Tessier et all%! provided the first mul-
tifractal analysis of the time series of river runoff in
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French. It has been recognized that multifractal fu-
tures need to be accounted for towards a better un-
derstanding of river flows.

In view of this the purpose of the present study is
to perform a multifractal characterization of the time
series of the Yellow River flows so as to investigate
the possibility of a multifractal approach. The river
flows observed on a hydrological station, Tongguan, in
Shaanxi, China, are analysed and the study deals with
the multifractal analysis only in time. The existence
of multifractality is investigated by employing three
methods: (1) power spectrum; (2) statistical moment
scaling function; and (3) multifractal spectrum func-
tion which can quantify the degree of multifractality.

The organization of this paper is as follows. First,
a brief review of the methods employed in the present
study to identify the presence of multifractals in a time
series is given in Section 2. Details of the data used,
analysis carried out and results achieved are presented
in Section 3. Finally, important conclusions drawn
from this study are provided in Section 4.

2. Methodology

Research over the past two decades has led to the
development of a wide variety of methods to identify
fractals in a time series.0~9 However, before apply-
ing any fractal identification method, general infor-
mation about the fractal behaviour may be obtained
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by using standard statistical descriptions, such as the
power spectrum. This method is, therefore, employed
in the present study. In addition, the statistical mo-
ment scaling function can provide important informa-
tion regarding the existence of a fractal and its type,
whether monofractal or multifractal. Finally, the mul-
tifractal spectrum method is employed to display the
degree of multifractality in the time series.

2.1. Power spectrum

Power spectrum is a standard tool in fractal in-
vestigations in hydrological process.®%1% When all or
part of the spectrum obeys the following power law

B(w) cw™?,

where w is the frequency and 3 is an exponent, called
the spectral exponent, the data are scaling in that
range, that is, the scaling regime. The absence of char-
acteristic timescales indicates that fractal behaviour
may be assumed to hold.

2.2. Statistical moments

The scaling of time series can also be investigated
by statistical moments.

First, the time series is divided into pairwise dis-
jointed intervals (sometimes we call them cells) and
A is the ratio of the maximum interval length to the
ensemble interval. For different ratios, A\, we compute
the average river flow intensity in each interval, i, and
denote it by €(\, 4):

e(A, i) = N\ i)/M,

where N (), 1) is the river flow measurements in time
interval i, M is the sum of all the values in the time
series. Raising €(), i) to a power ¢, we obtain the sta-
tistical moments M (], q):

M\, q) = €A

2

Here we assume 0° = 0. For a power ¢ chosen, the sta-
tistical moment as a function of A, has the following

form:

M(X,q) oc A7,

where 7(q) is regarded as a characteristic function of
the fractal behaviour and is called the partition func-
tion. If 7(q) versus q is linear, the data set is monofrac-
tal. If 7(q) versus ¢ is convex, the data set has multi-
fractal property.

The generalized dimension D(q) introduced by
Grassberger,['!] Hentschel and Procaccial'? is defined
by

7(4) 041
qg—1 ’

D(q) = S e(Ad) - loge(,d) (1)
;i—>mo log A ¢=1

where D(0) is the capacity dimension, D(1) is the in-
formation dimension, and D(2) is the correlation di-

mension.

2.3. Multifractal spectrum

Maybe the most adequate method of dealing with
multifractals is to study their singularity spectra.!*!

If €(A, j) has the power-law dependence, €(), j)
X*() | the exponent «, which depends on the cell j, is
called the Holder exponent. If all the cells have the
same exponent «, the sample is monofractal, other-
wise we ask how many cells have a given exponent «
and denote this number as N, (A). Multifractal spec-

trum function f(«) is defined as

log N4 ()
= lim ————=.
fla) - log A
The quantities o and f(«) can be related with ¢
and 7(¢) by means of the Legendre transform

_ dr(q)
alq) = d—q’ 2)

fa) = qalq) — 7(q).

The curve f(«) is single-humped for a multifractal,

it reduces to a point for a monofractal. « is de-

fined in [omin, ¥max|, Where f(a) > 0 and apmin =
dr(q) dr(q)

d—|q~>+oo; Omax — d 14]

lg——oco-

We use three parameters to describe the complex-
ity of the time series. One is fiax, the maximum value
of f(a), another is the width of the range [amin, ¥max)-
To obtain the third parameter, we fit the spectrum
function to a quadratic function around the position
of its maximum at ag by a least square method:

fla) = A(a — ap)? + B(a — ag) + C.

Parameter B measures the asymmetry of the spectrum
curve, which is zero for symmetric shapes, positive or
negative for left-skewed or right-skewed shapes respec-
tively. High maximum, large width and low asymme-
try denote a time series with ‘strong’ multifractality

degree.[
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3. Results and discussion

3.1. Data description

The Yellow River, originating from the Yuegu-
zonglie basin on the northern part of the Bayankela
Mountain in Tibet highlands at el. 4500m, flows
through nine provinces of China, with a total length
of 5464km, basin area 795000 km?
ties into the Bohai sea. It is the second largest river

, and finally emp-

in China. The total population within river basin is
107 million. It cultivated the North China Plain and
we all consider the Yellow River as the cradle of Chi-
nese civilization; the Yellow River is well known as our
‘mother river’.

A large part of the Yellow River basin belongs to
arid or semi-arid area, where the rainfall is deficient
and soil erosion is very serious. In history the broad
masses of people waged long years of struggle against
the flood disasters of the Yellow River.
China was founded, the state has devoted much im-

Since new

portance to the harnessing of the Yellow River. Many
hydrological stations have been set up. By 1990 there
was in place a large network including 451 hydrologi-
cal stations. There are 4.28 hydrological stations per
10000 square kilometres, which is 8.23 times that in
1949. Along with the improvement of hydrological sta-
tions, the collating and editing of hydrological data
and the analysis of hydrology were also progressed.
In this paper data were collected at 8:00 a.m. ev-
ery day from one of the hydrological stations, Tong-
guan, which is in Shaanxi Province and located in
the middle reaches of the Yellow River. The database
comprises river flow measurements of 1755 days (26th
June 2000-15th April 2005) and the daily stream flow
records are shown in Fig.1.
620.2882 m3 /s.

The mean flow rate is
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Fig.1. The Yellow River daily flows from 26th June 2000
up to 15th April 2005.
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3.2. Power spectrum

Before performing the multifractal properties of
the river flows, we firstly calculate the power spec-
trum F(w) and give the log—log plot of F(w) against
the frequency w. The result is shown in Fig.2 (solid).
The spectrum appears to consist of a power law form
from 1 day to 100 days, the estimated value of § for
1.6328.
Thus the river flows may be expected to exhibit a scal-

this low-frequency river flow regime is 3 ~

ing behaviour during this time interval. This result is
I for them the
estimated value of § for a high-frequency river flow
regime was 3 = 1.6 = 0.5.

close to that obtained by Tessier et all®
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Fig.2. Power spectrum for the Yellow River flows.

3.3. Statistical moments

Figure 3 shows the gth moments, M (], q), of the
river flows on the time scales between 1 day (A =
0.0005634) and 25 days (A = 0.0140845), against the
scale ratio A. The g-moments plotted are indicated
in the legend. The curves in Fig.3(a), for moments of
q=0.0,0.5,1.0,...,4.5, exhibit a well-defined straight
line behaviour over the whole scaling regime. However
this occurs only for a range of g-moments. Moments of
high orders do not follow straight lines for the time se-
ries. An example can be seen in Fig.3(b), for moments
of ¢ = 60,70, 80,...,150. We have already known that
large moments highlight the high river flows and small
moments highlight small flows when we calculate the
statistical moments. Kumar et all'9l conveyed that
high-order empirical moments are dominated by large
The

river flow measuring device and data processing pro-

observations and are therefore highly variable.

cedure will lead to inaccuracies in representing very
high flows. This may affect the behaviour of the mo-

ments.
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Fig.3. The ¢th statistical moments, on time scales between 1 day and 25 days for moments of:

0.0,0.5,..., 4.5 and (b) ¢ = 60,70,..., 150.

The partition function 7(¢) can be obtained by

log M (A
using the equation 7(q) = ;13}) OgT()\’q)’

timate the slopes of the fitted lines in the log—log plot

SO we es-

of M(),q) against A. The 7(g) function is shown for
orders from —5 to 5 (see Fig.4). It is convex, so the
river flow time series is multifractal.
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Fig.4. The partition function 7(q).
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Fig.5. The generalized function D(q).

Having known 7(g), we calculate D(q) from

M(X, q)
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Eq.(1). The result is shown in Fig.5. For ¢ = 0,
the capacity dimension D(0) equals to 0.9972, which
is the dimension of the ‘support’ of the time series.
And this suggests that the block of the flow for these
six years is very little. That is consistent with the fact
that the break of the flow did not occur since the river
was managed by the Yellow River Conservancy Com-
mittee in the year 1999. The information dimension
D(1) is 0.9747, and the correlation dimension D(2) is

0.9559.

3.4. Multifractal spectrum

We can plot the multifractal spectrum by us-

ing Legendre transform of 7(g). For discrete

time series, the spectrum is calculated by f(«)

7oonéiqn<oo (- q —7(q))." We recover the f(a) curve
(solid) shown in Fig.6. The maximum value of the
f(a) curve occurs at ap = 1.028 and frax = 0.9972,
which equals to D(0), the fractal dimension of the
‘support’ of the river flows. amin 0.8146 and
Qmax = 2.1396, so the width of [aumin, @max] is 1.3250.

We fit f(a) to a quadratic function (dashed curve

shown in Fig.6) around o by a least square method:

—0.9734( — 1.028)?
+0.2174(a — 1.028) + 0.8553.

f(@)

So the fit parameter B is 0.2174. The high maxi-
mum, large width and low asymmetry indicated that
the river flow time series has shown ‘strong’ multifrac-

tality degree.
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Fig.6. The multifractal spectrum f(a) (solid) and the fit-
ted curve (dashed).

4. Conclusions

In this study we dealt with time series of the Yel-
low River daily flows at Tongguan hydrological sta-
tion from the year 2000 to 2005. We have shown that
the time dynamics can be characterized as multifrac-
tal signals.

Power spectrum analysis of the time series indi-
cated that the scaling regime was approximately 1—
100 days.
the M (), q) curve for moments of orders up to 4.5,

The data displayed linear behaviour of

thus revealed scaling qualities of the data. The parti-
tion function 7(q), displaying a convex curvature, sug-
gested multifractality of the time series. The general-
ized dimension D(q) is characterized by some impor-

tant generalized features of the time series, such as in-
formation entropy and the correlation dimension. The
singularity spectrum, f(«), which is single-humped,
has shown strong multifractality degree.

Many studies have viewed scaling in the river flow
process essentially from a stochastic perspective, be-
cause it has traditionally been assumed to be a result
of a very large number of variables. But our study
shows that the Yellow River flows can be represented
by a nonlinear model, multifractal model. It must be
emphasized that the scale range of the data was lim-
ited and that the outcome of the analyses might have
been different for a large range. In practical hydrology,
detailed data over larger-scale ranges are seldom avail-
able. Thus investigations such as the present study
may be important steps in direction towards develop-
ment of practically useful tools for the Yellow River
flow data processing based on a multifractal approach.
In the future detailed understanding and short-term
prediction of the Yellow River flows can be obtained
by using multifractal models.

Acknowledgments

This research was supported by the funds of
NPKBRP973 (2004CB318005).  The
from Tongguan hydrological station, available on-

data came

line at http://www. hwswj. gov. cn/ Tem-

plate/Template007 /setmodule/sqrb. asp.

References

[1] Stanley H E, Amaral L A N, Goldberger A L, Havlin S,
Ivanov P C H and Peng C K 1999 Physics A 270 309

[2] Mandelbrot B B 1974 J. Fluid Mech. 62 331

[3] Schertzer D and Lovejoy S 1987 J. Geophys. Res. 92 9693

[4] Telesca L, Lapenna V, Vallianatos F, Makris J and Saltas
V 2004 J. Chaos, Solitons and Fractals 21 273

[5] Tessier Y, Lovejoy S, Hubert P, Schertzer D and Pecknold
S 1996 J. Geophys. Res. 101 26427

[6] Marianna B, Jens H, Ulrich K, Giovanni M and Luciano
T 2002 Fractals 10 463

[7] Ricardo DV, Blanca M, Rosa D and Jose V 2003 Fractals
11 295

[8] Svensson C, Olsson J and Berndtsson R 1996 Water Re-
sources Research 32 2463

[9] Amaya M, Sosa E, Romero J M, Alvarez-Ramirez J, Meraz
M and Puebla H 2004 Fractals 12 347

[10] De Lima M I P and Grasman J 1999 J. Hydrology 220 1
[11] Grassberger P 1983 Phys. Lett. A 97 227

[12] Hentschel H G E and Procaccia I 1983 Physica 8 435
[13] Yu S, Stefan T and Klaus E 2002 Fractals 10 103

[14] Feder J 1988 Fractals (New York: Plenum Press) p82

[15] Kumar P, Guttarp P and Foufoula-Georgiou E 1994
Stochastic Hydrol. Hydraul. 8 173



