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The anomalous Hall effect of heavy holes in semiconductor quantum wells is studied in the intrinsic transport

regime, where the Berry curvature governs the Hall current properties. Based on the first-order perturbation of wave

function the expression of the Hall conductivity the same as that from the semiclassical equation of motion of the Bloch

particles is derived. The dependence of Hall conductivity on the system parameters is shown. The amplitude of Hall

conductivity is found to be balanced by a competition between the Zeeman splitting and the spin—orbit splitting.

Keywords: anomalous Hall effect, spin-orbit coupling, Rashba model

PACC: 7210B, 7335A, 7360J

Spintronics (spin transport electronics) has be-
come a very active and promising field, which com-
bines the basic quantum mechanics of coherent spin
dynamics and technological applications in informa-

s.1=7 One key issue

tion processing and storage device
is how to make use of spin-orbit (SO) coupling in real-
izing a variety of extraordinary electric and spin trans-
ports. Two remarkable examples under active study
are the anomalous Hall effect (AHE) with respect to
the charge®1% and spin!*'=17) degrees of freedom. In
fact it has been verified that the SO coupling mech-
anisms in semiconductors have provided a basis for
extensive device applications, and a source of inter-
esting physics in a wide range.

For charge degrees of freedom, the AHE is char-
acterized by an additional term in the expression of
the transverse Hall resistivity. This term is propor-
tional to the magnetization M of the sample. The
total Hall resistivity becomes p;, = RoB + RaM,
where B is the magnetic field, Ry = 1/ne is the or-
dinary Hall coefficient and Ry the anomalous Hall
coefficient. The AHE can be observed in magnetic
metals or semiconductors in the absence of exter-
nal magnetic field.'8! The key point of the expla-
nation of AHE depends on the presence of SO cou-
pling. Although the AHE has been known for half
a century since the pioneering work of Karplus and
Luttinger,' its origin has been keenly debated for
decades.l?21 They have emerged anew because of
fresh theoretical insights and strong interest in spin

currents for spin-based electronics. Recently, the sys-
tematic work on metallic ferromagnets!'”) and semi-
conductor ferromagnets!® has attributed the AHE
to the real-space or momentum-space Berry-phases.
This intrinsic version of the Luttinger theory has re-
ceived strong experimental support??l and therefore
will be a starting point in this paper.

In this paper we study the AHE of heavy
holes in semiconductor quantum wells. In this two-
dimensional hole gas (2DHG) system, the Rashba SO
interaction arises from the quantum well asymmetry
in the growth (z-) direction, and the Dresselhaus term
results from the bulk inversion asymmetry. Thus the
total spin-orbit interaction is described as(23—26]

e
Vo = 1§(k?ia+ — kia,). (1)

Here k+ = k, +iky, and 0+ = 0, £ioy, where hk; and
o; (i = z,y,z) denote the hole momentum operators
and Pauli matrices, respectively. These Pauli matrices
operate on the total angular momentum states with
spin projection +3/2 along the growth direction; in
this sense they represent a pseudospin degree of free-
dom rather than a genuine spin 1/ 2.126] o is Rashba
spin-orbit coupling coefficient due to structure inver-
sion asymmetry across the quantum well grown along
the [001]-direction chosen as the z-axis. For a symmet-
rically grown quantum well, the coefficient « is essen-
tially proportional to an electric field applied across
the well and therefore experimentally tunable.[23—26]
Taking into account the kinetic energy, a Zeeman mag-
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netic field normal to the heterostructure, and a uni-
form electric field, E, we can write the k - p Hamilto-

nian as
H=7k>4+Vio+hoo. —eE-r=Hy—ecE -7, (2)

where v = h2/2m* with m* being band effective mass,
ho = ¢g*Bugp/2 denotes Zeeman splitting due to the
external weak magnetic field or the internal exchange
field, which will occur in the presence of magnetic dop-
ing.

The eigenvalues of the unperturbed Hamiltonian
Hy are €1 2(k) = vk? F Ag with A, = \/hZ + a2kS.

The corresponding Bloch eigenstates are given by

. Ok
St iko-r k-7
(1) 3 _ e = uype'™ T, (3a)
— cos —eixXk
2
Or .
cos 7k qixk - .
Py (r) = 29, | €T = uake™m, (30
sin >

where we have introduced unx (n = 1,2) to denote
The factors 6 and
X% in Egs.(3a) and (3b) are determined by cosf, =
ho/Ay and cosxk = ky(3k2 — k)/k® respectively.
Note that although the SO coupling behaves like an
effective magnetic field in k-space, it does not de-

momentum-dependent spinors.

stroy time-reversal symmetry, whereas the real Zee-
man splitting hg can break this symmetry. The inter-
play between the SO coupling and Zeeman splitting
will, as we show below, induce an intrinsic Hall effect
for the electric current.

In the presence of a uniform electric field, by
the introduction of a phase transformation &(t,r) =
exp[—ieE - rt| ®(r), the term —eE - r in Eq.(2) is ab-
sorbed and the k - p Hamiltonian is transformed as
H(t) = H(p — f(t)) with f(t) = —eEt. f(t) changes
very slowly and can be treated as an adiabatic pa-
rameter. The time-dependent Schrodinger equation
for @(t,r) is

.0 = oo
e P(t,r) = H(t)P(t,r). (4)

Within the adiabatic approximation, the resulting in-
stantaneous eigenvalue equation at time ¢ is given by
H(t)Ppi(t) = enp(t) Ppr(t), where e, (t) are the in-
The electric field is as-

sumed to be homogeneous in the 2DHG system, there-

stantaneous eigenenergies.

fore, for the static eigenstate @,x(r), its instantaneous
eigenstate can also be written in the Bloch form as,

Pk (t,7) = e*Tu,p(t) where the function u,k(t) is
obtained from the static spinor u,g via a shift in k-
space

Unk(t) = Un k—F(1)- (5)
The solution of Eq.(4) in the adiabatic approximation

is given by

Gt r) = exp | / At [ene(t') + Yo (2]

X @nk(t,r) (6)

where v,k (t) is a consequence of the geometric effect
and given by

Ty

t
Yrke(t) _i/dt’<¢nk(t’) g
0

t

: !, % / a !/
= 1/dt g ( )%unk(t ). (7)
0

When the vector f(t) is parallel to the reciprocal-
lattice vector G, then we have a period T for a
closed loop in the momentum space.?”) The Berry
phase is defined as fOT dtyk(t). The Berry connec-
tion defined in the parameter space is given by anr =
(Unk|Vi|tunk). By using Eq.(5), the Berry phases for
f(t)//G can be written as a general form, I, ¢(k) =
ifc(f) dk - ank, where C(f) is a closed loop on which
f(t) moves. In general, the Berry phase depends on
the details of C(f).[2®]

The above adiabatic description illustrates how
the Berry phase and Berry connection arise from the
perturbation of the electric field. However, we must
go further to take into account the mixing between the
adiabatic eigenstates. This is essential for the Berry
curvature to occur in the transport equations. Given
the zero-order adiabatic spinors wu,y(t), the first-order
wave functions are given in the time-dependent (non-
degenerate) perturbation theory by

@) = Juni(t))
QU (t)
[k (8)) (e (8)]i

n'#n Enlk(t) —&nk (t)

(8)

which are the starting quantum states for further
treatment.

The macroscopic currents are obtained by the
quantum-mechanical and thermodynamical averages
over the current operator. Using the expression (8)
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for the first-order wave functions as a response to the
electric field E, the hole current J is given by

=3 [ Gl (Ofsline()
" Bz
= Jn + Ju, (9)

where v = 0H(/0k is the velocity operator in the

<’U,nk(t)|v|un/k(t)> <un'k(t)’1 ot

Bloch states and f,, denotes Fermi-Dirac distribution
function for the nth band under the electric field,

ez/

is the normal current along the direction of the electric
field, and

a&nk (10)

el

H—€Z/ d2k

/75,”

e (D) — enn (D) + c.c. (11)

is the additional current contribution due to the mixing of the adiabatic wave functions. Its Hall properties of

flow perpendicular to the electric field can be seen as follows. To further simplify the expression for Jy, notice

6unk

that in Eq.(11) (unk|v|unk)/(Enk — nk) =

two equalities into Eq.(12), we obtain

ok |un/k> and ’

e aunk’
h ok

Ouy, E
Unk >: € > By substituting these

GZ/ d2k {<8ugz(t)‘iaug;;(t)>+C'C'}

where

. . 6unk(t) 8unk(t)
Qn—lvkxank—1< ok ‘x’ ok (13)

is the usual Berry curvature??:39 that is related to
the Berry phase I', by I,= [, dS - £2,,, with A being
the area enclosed by the adiabatic loop C(f) in the
wave-vector space. One can see from Eq.(12) that the
current Jp is perpendicular to the external electric
field and thus is a Hall-like current. Equation(12) can
also be obtained from a derivation of the semiclassi-
cal equation of motion for the Bloch electrons.[*!] The
distribution function in Eq.(12) is formally obtained
by a systematic solution of the Boltzmann equation.
In the linear response approximation, f, = ,(,0) + 8 fn,
where f7(10) is the equilibrium part and J f,, is propor-
tional to the electric field. Then the total current has

hZ/ =2

d%k
%E“Z/Wf”
" Bz

2l [ 2] |

ok

2z, (12)

a form (to the first order in E)

d2k 8£nk 62
d=k
(0)
Xz En /(2#)2f" 2, .. (14)

One can see that the first normal term on the right-
hand side of Eq.(14) arises from the drift of the dis-
tribution function and thus is along the direction of
the electric field, whereas the intrinsic (second) term
of J is due to the first-order change of the electronic
wave functions and behaves as being deflected by an
effective magnetic field. Remarkably, the eigenstate
mixing in Eq.(8) disappears in the transport equation,
and the Hall current looks like an adiabatic response
to the electric field. This is also why the single-band
semiclassical approximation!l gives the same expres-
sion as that in Eq.(12).
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The subsequent Hall conductivity is given by

d2k
O'H—JHE/E hZ/ 2

For the present Hamiltonian (2), after a straightfor-

00, .. (15)

ward derivation, we obtain the expressions for Berry

curvatures as follows:

Ihoa?kt
. 2o k-

2= o3 (=t (16)
k

When hy = 0, the time-reversal symmetry is recov-
ered and the Berry curvature for both bands vanishes.
At zero temperature, suppose that only the bottom
band is occupied, and take its Fermi wave number up
to infinity, then we can have the Hall conductivity

9hoalk* 3 e?
de/kdk 7 it S L)

which is a product of the Berry phase I7 = 37 (in the
zero-hg limit) and the quantum conductance e? /.
Equation (17) corresponds to the ideal case of
single-band occupation and infinite Fermi wave num-
ber. For the realistic consideration, we need to take
into account the usual case that both of two bands
are occupied. The effect of finite value of Fermi wave
number should also be considered. In this case, the
zero-temperature Hall conductivity is given by

ho
kDS \/hz + a2k

on = 2 h \/h2

where kf(_) and kﬁ*’ are Fermi wave numbers for the
bottom and top bands, respectively. To acquire the
explicit expressions for the Fermi wave numbers, one

needs to make use of their relation with the Fermi

= k% 4+ /h + a2k (19)

On the other hand, the Fermi energy e is pinned by

energy &:

the hole density ny:

# > / dkfo (20)

where f, is the Fermi—Dirac distribution function for
heavy holes. In general, the Fermi level and wave
vectors can be numerically obtained by combining

Eqs.(19)—(20). At zero temperature Eq.(20) reduces

= (B2 4 k™
pression for the Fermi level

to mp ) /4m. One has an explicit ex-

2
g = (% — 47mny, — 5) , (21)

where the parameter ¢ is determined by

2 2 o2
52 = (47Tnh — E) — |:?(47T7Ih)3
2

2 h
—2- (4mny)* + %(4#71}1) - 7—2} . (22)

After some straightforward manipulation, one can ob-

tain the explicit expressions for klgi)

_ 1
kt( 2 = 3 (47mh ++/(47ny)? — 477) ) (23a)
1
RP2 =2 (47mh — /@ )? = 477) . (23b)
where
()2, (-)2 2ver 2
n=k" Tk 7= (drny)? +—_¥(4 ™). (24)
Therefore, the behaviour of Hall conductivity in

Eq.(18) can now be analysed in different parameter

regimes by use of expressions for Fermi wave numbers

klgi) and Fermi energy es.

Figure 1 shows the Fermi wave numbers kf(i) as

a function of /v for different values of Zeeman split-

ting (ho = 0 for panel(a) and hy = 0.067meV for
panel (b)). The hole density is chosen to be n, =
3 x 10" m~2. Note that Winkler et all* have stud-

ied both theoretically and experimentally the mag-
nitude of the Rashba spin orbit coupling in GaAs-
based quantum well samples with heavy-hole densities
of a few 10™ m~—2

the characteristic length scale a/v of a few nanome-

and have found a typical value for

tres. Thus the variation in the value of o/ shown in
Fig.1 is experimentally accessible. Given the value of
the effective Zeeman factor, g* = 2.2 for bulk GaAs,
the Zeeman splitting hy can be varied in a range of
0-0.30meV, which is relatively small compared with
the other energy scales. However, the situation is to-
tally different if the Zeeman splitting is tuned by the
magnetic impurity doping in the paramagnetic semi-
conductor hosts. Recent advance in diluted magnetic
semiconductors/®? has made it possible to manipulate
the kinetic exchange interaction of the free carriers
in a controllable way. In the mean-field approxima-
tion, the kinetic exchange interaction splitting can be
expressed as hg = —NySzSBg(€). Here, Nof is the
exchange integral, z is the magnetic ion concentra-
tion, Bg(&) is the standard Brillouin function®? and
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¢ = gsupSB/kpT with S and gg being the total spin
quantum number and the Landé factor of the mag-
netic ions respectively. For Mn doping in GaAs host,
it has been acknowledged!®* that the Mn ions replace
the cations, and are in the 3d® configurations, thus
leading to S = 5/2 and gs = 2. The p—d exchange

integral in (Ga, Mn)As has been measured®® to be
NyoB ~ —1eV. The exchange interaction hy can be
changed in a wide range of 4-16meV under a weak
external magnetic field on the order of 10-100mT at
a typical low temperature 7' = 1K and Mn concen-
tration z = 0.05.
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0.05 T 1
g} ~--. (@) (b)
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Fig.1. The Fermi wave numbers kgq:)

of heavy holes as a function of the characteristic length «a/~ of the Rashba

coupling at a total hole density of ny, = 3 x 1014m =2 for hg = 0 (a) and 0.067 meV (b). The solid and dashed lines

represent kg_) and k§+), respectively.
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Fig.2. The contour plot of the Hall conductivity in the parameter space (np, a) (a), and Hall conductivity as a

function of Zeeman splitting ho by fixing the values of ny, = 5 x 10* m~2 and a/y = 5.0nm (b).
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Figure 2 summarizes the behaviour of the Hall
conductivity at zero temperature. Panel (a) is a con-
tour plot of this quantity in the parameter space
(nn, «). The Zeeman splitting has been fixed to be
ho = 0.027meV. One can see that the Hall conduc-
tivity can increase with the value of hole density or
Rashba coeflicient increasing. The cause is that the
large spin—orbit coupling and hole density at finite
Zeeman splitting will prominently unbalance the hole
population in the two bands, which in turn, due to the
opposite signs of Berry curvatures [see Eq.(16)], en-
larges the Hall effect as shown in panel (a). Panel(b)
shows the Hall conductivity as a function of Zeeman
splitting hg by fixing the values of n;, = 5 x 10 m—2
and a/v = 5.0nm. It reveals that the Hall conductiv-
ity first increases with the Zeeman splitting increasing.
When the energy of Zeeman splitting increases to a
value comparable with the spin-orbit splitting energy,
then the Hall conductivity begins to decrease due to
the competition mechanism between these two typi-
cal energies. This competition is featured by the fact
that the spin-orbit coupling in the (z,y) plane tends
to deflect the particles from the driving electric force,
while the Zeeman splitting along the z-axis tends to
polarize the carrier spins, thus eliminate the deflec-
tion degrees of freedom during the motion of carriers.
It should be addressed that although the temperature
dependence of the present Hall conductivity is only
reflected by the Fermi distribution function in Eq.(3),
it does not mean that this Hall effect is insensitive to
thermal excitation. To ensure that the Hall effect is
not completely overshadowed by thermal excitation,
the Zeeman splitting ho and the spin-orbit interaction
must exceed the energy broadening due to impurity
scattering.

Finally, some comments are made on the validity
of the model we employed in this work. The Hamil-

tonian Eq.(1) does not take into account the possible
contribution from the light holes. Thus the effective-
ness of the above model Hamiltonian is limited to the
case of small wave numbers and low hole densities, 2!
for which the Zeeman splitting between the heavy and
light holes enables the carriers to solely occupy the
heavy-hole eigenstates. One does not need to worry
about the possible occurrence of the mixing between
the heavy and light holes due to the presence of the
external perturbation. A simple derivation gives the
result that this mixing is absent in the linear order in
Zeeman splitting. On the other hand, the neglect of
the light holes in the Hamiltonian is consistent with an
obvious fact that, as indicated by the hole dispersion,
the lower dispersion branch is not bounded from be-
low for large wave numbers and has positive eigenen-
ergies only for k < h?/2ma (for hg = 0) with a maxi-
mum at k = h?/3ma. The unbounded decrease of the
single-particle energies with increasing wave number
for k > h?/3ma is clearly an unphysical feature of
the model. Therefore the consideration of heavy-hole
densities in the present work has been carefully taken
into account to enable the k-value variations to hold
true.

In summary, we have studied the AHE of heavy
holes in ITI-V semiconductor quantum wells in the
presence of spin-orbit coupling of the Rashba type due
to structure inversion asymmetry. Based on the first-
order perturbation of wave function, the expression for
the Hall conductivity the same as that from the semi-
classical equation of motion of the Bloch particles is
derived. It has been shown that the Hall conductivity
depends on the hole density, the Rasha SO coupling
strength, and the Zeeman splitting. In particular, the
amplitude of Hall conductivity has been found to be
balanced by a competition between the Zeeman split-
ting and the SO splitting.
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