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Using the Landauer formula and the quantum S-matrix scattering theory, we derive a resistance formula for

multi-barrier structure under phase coherent transmission condition. This formula shows that when the transport is

coherent, the potential wells of the structure are just like conductors contributing to the overall resistance. And because

the resistance formula is derived based on the scattering theory, the barrier resistance will change with the number of

scattering centres (i.e. the number of barriers) in the structure.
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1. Introduction

Since Landauer derived several resistance formu-
lae of a series of incoherent identical barriers in 1957,
a lot of work has been done to deal with the resis-
tance of barriers. Sorbellol? has given the resistance
information of single barrier. Laikhtman et all®! han-
dled a single localized barrier. Godoy! showed that
the one-channel Landauer diffusion coefficient could
be obtained from a purely incoherent classical the-

5] discussed the condition that there

ory. Bagwell et al
were N scatters randomly distributed in one dimen-
sion between two reservoirs. And in 1995, Landauer!®
presented a review of analyses in this field and gave
some simpler formations of those formulas contained
in his 1957’s paper. In addition, there have been pub-
lished many other papers in this field. But most of the
papers are concerned with the phase incoherent trans-
missions in single-barrier or multi-barrier structures.
It is of interest to obtain more information about the
resistance of multi-barrier structures when the trans-
port is coherent. For example, when the transport
is coherent, we need a general term to make the cal-
culation of resistance as convenient as the Landauer
formula in incoherent transport.[) And we need to
know whether the resistance in coherent multi-barrier
structure follows the Ohm’s law or it still has the same

form as that in incoherent structure.

In this paper, we address all these questions.
First, using the S-matrix theory, we calculate the re-
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sistance of a coherent double-barrier structure. The
results show that the potential well in such a struc-
ture can make a contribution to the resistance. Then
neglecting very small terms in transmission and reflec-
tion coefficients, we obtain a resistance formula of N-
barrier structure (where N is a natural number) that
has a similar formation to that for the double-barrier
structure. Finally, we give out the explanations about
the difference in resistance formula between the coher-
ent structure and the incoherent structure.

2. Resistance 1in a coherent

double-barrier structure

In Ref.[6] different kinds of resistance formulas are
listed. The two-terminal resistance is expressed as

2y = (h/2e))T7H, (1)
and the four-terminal resistance reads
Q4 = (h/2¢*)(R/T), (2)

where h/2e? = A is the quantum resistance, T is the
transmission coefficient of barrier and R is the reflec-
tion coefficient. So the process of determining (2 is
as follows: we obtain a transmission amplitude ¢, and
then T from T = [t|2.["] Finally, using R = 1 — Tl
and inserting 7" and R into the formula (2), we can
obtain (2.

In a two-barrier structure, if the transmission
is coherent, using the quantum S-matrix scattering
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(8 we can have the total transmission ampli- ro is the reflection amplitude on the left-hand side of

theory,
tude of the system/®l the second barrier. 6,, = kb,, belongs to the mth well
i201)-1 3) (where m = 1), where b,, is the width of the mth well

and k = v2m*E/h is the wave-vector subject to the

Schrédinger Equation.

tT = tleietg[l — 7‘/17‘26

where ¢,, means the nth (where n = 1, 2) transmission
amplitude of the barrier. 7} is the reflection ampli-

tude on the right-hand side of the first barrier, and From the expression (3), we have
|
T = |tr|> = TiTa[1 + 2¢/RiRa cos(261) + R1Ro] 7, (4)
and then
R=1-T=1-TTs[l + 2/ Ry Ry cos(261) + R1Rs] " *, (5)

where r = 7', and t,, = \/Tnei’Y"[w] with the subscript n referring to the nth barrier, ~,, = ka,, with a,, being
the width of the nth barrier.
Inserting the expressions (4) and (5) into the formula (2), we obtain

R+ 2v/R1Rs COS(291) + Ry Rq 2V R1 R COS(291) Rs
ur = A =A + : (6)
T, T, T, T
|
So the expression (6) is the formula of four-  should be longer than in the barrier. And the carrier

terminal resistance in the coherent double-barrier = should not lose too much energy in a single barrier
structure. when the structure has a lot of barriers. In this case,
the width of the barrier should be much shorter than
the width of the well. And the resistance of the bar-

3. Resistance in a coherent multi- rier exists in the centre of the barrier.''] So in the

barrier structure next step we neglect the width of the barrier. And we
consider all the wells to be symmetrical (the § values
In a multi-barrier structure, in order to re-  of 4] wells are equal). In order to clearly express its

main the coherence throughout the structure, carriers physical significance, we still keep the subscripts of 6.
should not be scattered frequently by the barriers. In

other words, the time when carriers stay in the well Using the S-matrix scattering theory, we have

tr = t1e9t5e1%2t3[1 — 1l reel?% — rhrgel2 — ¢lrg(toth — TQT/2)612(91+92)]71 (7)
for the three-barrier structure;
tr = 161t %t3e9t,[1 — 1) roei?0 — phrgei?02 — phryei20 g (toth — rorl)el2(1+02)

—rhry(tsty — T’3T/3)612(92+93) — rira(taty — rorh)(tsty — T3Té)612(01+92+93) + T’lrzrémeﬂ(eﬁ%)]*l (8)
for the four-barrier structure;

tr = t1e% e3¢0t ,e1%085[1 — 1 rpe20t — rhrgei?02 — phryel20s — i pgei200 g (bt — rorl)el2(0r+02)

/ / 7\, i12(02+6 / / /' ,12(03+60 / / AV /N ,12(01+02+6
—rory(tsty — rarg)e’ (02+03) _ rars(taty — rary)e’ (03+64) _ rira(tath — rorg)(tath — rary)e (61+62+03)

02+03+64) )ei2(91+92+93+94)

/ / / / /N 12 / / / / / / /
—rors(taty — rarg)(taty — rary)e’ ( — rirs(taty — rary)(taty — r3rs) (taty — rar)
1 rorrye201403) g oyl o @120024000) 4t g g @12000400) gl (b4t — ryr) ) rgei2(01103+04)

1 (tath — rorh)rar)rsei?(@1F02104)]—1 (9)

for the five-barrier structure.
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If we use these equations to calculate T and R, we
use the formula (2) to determine {24, which is very
onerous work and the expression of resistance is too
complex to find out its clear physical significance in-
volved. Of course, the resistance could not keep its
form as the expression (6). So it is necessary to deal
with these equations by using some other methods.

Take the three-barrier structure for example. The
expression (7) can be rewritten in a more concise form
as tp = AY, where \ = t;el%1¢,e1%2¢5 and

> =

[1 — 7] ree20r — phrgei2f2

—rh g (tgth — rorh)ei201+02)]71 - (10)
M(") M(") - tl
When M = 1(1) 1(2) and S, = n tn
Mz? Mzg tn T,

are the transfer and scattering matrices of the nth

tath — rory = (ta/t5) = [T5 (vr/vL) + Ra] = to/t5 = 72,

where Ty (vr /vL) + Re = 1M (note that Ty (vr/vr) = Tz) and ty =

barrier,[”! respectively, we havel!2l

M =1/t,, M —t, /tn,
M3 = M{P* = ), ftn,
Mz(g) = Ml(?)* = (tnt;z - an:z)/tn'

where M* is the conjugate of M.

From the expression (11), we have —r/,
tn (10 /tn)*, SO

tgt/2 — 7‘27”/2 = (tgtsté)/ts + (T‘QT;tg)/t;

= T th/t; + Rata /13, (12)

where Ty = tot5. Because S is a unitary matrix,!*?)

we have t = (vr,/ur)t’, where vy refers to the velocity
of the wave on the right of the barriers, and vy, is that
on the left. Inserting ¢ = (vr,/vr)t’ into the expression
(12), we have

Inserting the expression (13) into the expression (7), we have

tr = A[1 — rjreel?®

Inserting » = 7/ and t, = v/T,el™ into the expression (11), we can obtain 7, = iv/Rae .

expression (14) can be rewritten as

tr = A[1 + /Ry Rpe! @1 F71572) 4.

— rhrel?f2

R Rgei(292 +y2+ys) 4

(13)
Toel’2 are used.
— 7 rael2(ityatoa)) =1, (14)
Then the
RlRgei(291+'y1+2'y2+'y3+292)]71_ (15)

We neglect the width of the barrier, so 74, = 0. Then expression (15) can be rewritten as

tr = )\[1 + v/ RlRQGi(291) +

and we have

T =

R2 Rgei(292) +

Rleei(291+292)]71.

T1T2T3[1 + 2\/ R1R2 COS(291) + 2\/ R2R3 COS(292) + 2\/ R1R3 COS(291 + 292)

+R1Ry + RoR3 + R1Rs + 2/ R1RaR>R3 COS(291 — 292) + 2/ R1R1R2R3 COS(292)

+2\/ R1R2R3R3 COS(291)]71

= T1T2T3[1 + (1 + 2R3)2 R1R2 COS(291) + (1 + 2R1)2 R2R3 COS(292) + 2\/ R1R2 COS(291 + 26‘2)

+R1Ry + RoR3 + R1Rs + 2/ R1R2R>R3 COS(291 — 292)]71,

where cosacos S + sinasin 3 = cos(a — 3) has been
used. Now we focus on the terms in the brack-
ets on the right-hand side of the expression (17).

We consider all the wells to be symmetrical, so

2\/ R1R2R2R3 COS(291 — 26‘2) = 2\/ R1R2R2R3. In the

(17)

brackets, terms such as 2v/Rq R cos(261) are the first-
order terms in the R, expression. Other terms such
as Ri1R; and Ry R3 are the second-order terms in the
R, expression. As is known, in the coherent struc-
ture, T, ~# 1 and R, < 1, where n refers to the nth
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barrier. So these second-order terms in the R, ex-

pression can be neglected in the expression (17). And
(1 + 2R3)2y/R1 R cos(261) ~ 2v/Ri Ry cos(2601); (1 +
2R1)2v/RaR3 cos(203) ~ 2y/Ry R cos(262). Note that
the value of 2v/RjR3cos(20;) can change with the

values of the second-order terms in the R,, expression,
so we could not neglect 2v/R1 Ry cos(26,). Of course,
2v/RaR3 cos(202) and 2v/Rq R3 cos(2601 + 203) are the
same as 2v/R1 Ry cos(261).

Then the expression (17) can be rewritten as

value of ;. Sometimes its value may be as small as the

ThI5T5
T = .
1+ 2\/ RlRQ COS(291) + 2\/ R2R3 COS(292) + 2\/ R1R3 COS(291 + 292)

Now we must analyse R in the formula (2) in order to neglect the higher-order terms in the R,, expression

(18)

just like T shown in the expression (18).

The expression (18) can be rewritten by the symbols as T = T'/I", where T' = T1T5T5, and I' = 1 +
2v/R1 Ry cos(261) + 2v/RaR3 cos(203) + 2v/R1 R3 cos(20; + 20s).

Similarly, we denote R’/I" by R for short. From T'+ R=T'/I" + R'/I" = 1, we have

R/ = I - T/ =2 R1R2 COS(291) + 2\/ R2R3 COS(292) + 2\/ R1R3 COS(291 + 292)

+R1+ Re + R3 + R1Ro Ry — R Ry — RoRR3 — Ry R, (19)
where T, = 1 — R,, has been used.
In the expression (19), we neglect the higher-order terms in the R, expression. Then we have
R’ = 2+/R1 Ry cos(201) + 21/ RaR3 cos(205) + 21/ Ry R3 cos(201 + 205) + Ry + Re + R3
and
R = RI/F = [2 RlRQ COS(291) + 2\/ R2R3 COS(292) + 2\/ R1R3 COS(291 + 292) + R1 + R2 + Rg]/F (20)
Inserting the expressions (18) and (20) into the formula (2), we obtain
0 — A Rl + R2 R3 + 2\/ R1 R2 COS(291) + 2\/ R2R3 COS(292)
e NITs  ThIxT3  ThT:T3 AVEYE AVEYE
2vVR1R 260 260
4 2VR1R; cos(26, + 265) (21)
T\ ToTs

So the expression (21) is the four-terminal resistance in the coherent three-barrier structure.
Following the same steps in the three-barrier structure (from the expression (17) to the expression (18) and
from the expression (19) to the expression (20)), for a four-barrier structure we obtain

Q4T _ A Rl R2 + R3 + R4 + 2\/ R1R2 COS(291) + 2\/ R2R3 COS(292)
TIYT3Ty, ThIxT3T, 'ThII3T, T1I513Ty ThI2T5Ty ThI2T5Ty
N 2v/R3 R4 cos(203) N 2/ R1R3 cos(20; + 2602)  2v/Ra Ry cos(202 + 203)
T T5T3Ty T TT5Ty T TT5Ty
+2\/MCOS(291 + 2605 + 293) (22)
T T T5T,s
And for a five-barrier structure, we have
.Q4T _ A Rl 4 R2 4 R3 T R4 T R5 T 2\/ R1R2 COS(291)
TTT3TyTs  ThTT3TyTs  ThToT3TyTs  ThIxT3TyTs  ThIxT3T4T5 TToT3T4T5
2/ RaR3cos(202)  2¢/R3Rycos(203)  2v/RyRscos(204)  2v/RiR3cos(20; + 262)
* TTT5T4Ts * TTT5T4Ts * TTT5T4Ts TToT3T4T5
2/ R Ry cos(205 + 203)  24/R3Rscos(203 +204)  2¢/Ry R4 cos(20; + 202 + 203)
TVT5T3T,Ts TWT5T5T,T5 TVT5T3T,Ts
+2\/m cos (262 + 205 + 20,) n 2\/%(308(291 + 205 + 203 + 20,) (23)
TNy TsTiTs TNy TsTTs
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From the expressions (21), (22) and (23), we find
that the four-terminal resistance follows a simple pat-
Actually, because R,, < 1, the higher-order
terms in the R, expression are neglected. The first-

tern.

order terms follow a simple pattern in the calculations
of T and R with the increase of the number of bar-

where T,, Ry, R. and Ry belong to the ath, bth, cth
and dth barrier, respectively. 6. belongs to the eth
well. Now the expression (24) is the final result as
expected.

4. Discussion

In Ref.[6], Landauer showed that when the trans-
port was incoherent, the four-terminal resistance for-
mula of N-barrier structure was expressed as

Qur = A ZNj(Rn/Tn). (25)

Comparing with the coherent transport (the expres-
sion (24)), we can find some differences. In order to
clearly point them out, we take the five-barrier struc-
ture for example. Then the expression (25) can be

rewritten as

Qur = AR1/Th + R/ T
+R3/T3 +R4/T4+R5/T5) (26)

In the expression (26), because the transport is in-
coherent, the terms are the resistances of barriers.
Comparing with the expression (23) shows that the
first difference is that the terms in the expression
(26) have changed into the terms in the expression
(23) such as A[Ry/ThToT3T4T5]. Tt is clear that
A[Ry /T ToT5TyTs) is the resistance of the first bar-
rier when the transport is coherent. This means that
under the same environmental condition, if the system
is coherent, a conductor’s resistance changes with bar-
rier’s number. And the more the barrier’s number is,
the larger the barrier’s resistance is. But this is differ-

ent from our general macrocosm where the resistance

rier. When using 7" and R to calculate the resistance,
the expression with this simple pattern turns to the
resistance.

Following the same pattern as the above, we ob-
tain for an N-barrier structure (N is a natural num-
ber) the four-terminal resistance formula

N N-1 N d—1
ZRb—I—ZZ\/E Z \/R_dcos<2298>], (24)
b=1 c=1 e=c

d=c+1

is constant no matter how many conductors the struc-
ture has. Actually the reason is clear. In Landauer’s
theory, the conductance of system is derived based on
the scattering theory. And as is known, the overall co-
herent transmission coefficient changes with the num-
ber of scattering centres (here barriers are scattering
centres). So the resistances are different. Actually, in
the coherent structure, T' &~ 1. So the difference be-
tween A(Ry/T1) and A[Ry /T T5T5T4Ts] is very small.

The that
pression (23), there are several terms, such as
A 2v/R1 Ry cos(261)

T1T2T3T4T5
sistance. These terms contain the information from

the well (01) and from the barriers (v/Ry and v/Ra).
So these terms belong to the well between two barri-

second difference is in the ex-

, which are not the barrier’s re-

ers. We can consider these terms as the resistances of
the wells on the grounds of the following facts:

In the reservoirs, the electrons move randomly.
When they pass through the first barrier, they con-
nect with each other, just like a line. But the con-
dition in the well is different. If the system is not
coherent, when electrons arrive at the boundary of
the well, they turn disconnected. So the well serves
as another reservoir. And these two barriers are in-
dependent. So the total resistance is the sum of two
barriers’ resistances. If the system is coherent, when
the electrons reach the boundary of the well, they do
not turn disconnected. So the well is just like a con-
ductor between two barriers and it will have its own
resistance. The system amounts to three conductors
being connected in series.

And we notice that there are some differences

between the wells’ resistances. The 10th term in
2v/R1 R 20 20
the expression (23), A { 1T131:;(;§3(T4;: 2) , 1
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2\/ R1R2 COS(26‘1)
Ty ToT5TyTs

different from the 6th term, A [

2\/ Rl R3 COS(291 + 292)
ThToT5T,T5
second wells are just like a single well between the first

A means that the first and

and third barriers. In the multi-barrier structure, the
barriers and wells are connected in series. So it is
clear that the expression (26) follows Ohm’s law. But
in the expression (23), besides the single barrier’s re-
sistance (from the 1st to 5th terms in expression (23))
and the single well’s resistance (from the 6th to 9th
terms), there are many other terms (from the 10th to
the last terms). If the expression (23) is still consid-
ered to follow the Ohm’s law, it accounts to several
other conductors being added to the structure. And
the more number of potential wells the structure has,
the more additional conductors are added.

5. Conclusions

We have derived the resistance formula for an
N-barrier structure subject to neglecting the higher-
order terms in the R, expression. The above discus-
sion indicates that because the resistance formula is
derived based on the scattering theory, the barrier’s
resistance will change with the number of scattering
centres (barriers). In the phase coherent transmission,
the potential well is like a conductor that can make a
contribution to the overall resistance. And when the
transport is coherent, it accounts to some additional
conductors being added to the multi-barrier structure.
And the more number of potential wells the structure
has, the more additional conductors are added.
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