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Thermoelasticity of CaO from first principles∗
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The thermoelastic properties of CaO over a wide range of pressure and temperature are studied using density

functional theory in the generalized gradient approximation. The transition pressure taken from the enthalpy calcula-

tions is 66.7GPa for CaO, which accords with the experimental result very well. The athermal elastic moduli of the two

phases of CaO are calculated as a function of pressure up to 200 GPa. The calculated results are in excellent agreement

with existing experimental data at ambient pressure and compared favourably with other pseudopotential predictions

over the pressure regime studied. It is also found that the degree of the anisotropy rapidly decreases with pressure

increasing in the B1 phase, whereas it strongly increases as the pressure increases in the B2 phase. The thermodynamic

properties of the B1 phase of CaO are predicted using the quasi-harmonic Debye model; the heat capacity and entropy

are consistent with other previous results at zero pressure.
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1. Introduction

CaO is a major constituent in the lower mantle,[1]

and its thermoelasticity is important for our under-

standing the processes including brittle failure, flex-

ure, and the propagation of elastic waves.[2,3] How-

ever, many of its physical properties are still rel-

atively poorly understood. For example, its equa-

tion of state (EOS) is relatively well known only at

298K,[4−6] while at high pressures and temperatures

no experiments are reported. The elastic constants

are studied experimentally at pressures only up to

1GPa,[7] although elasticity data are available over

a wide temperature range.[8] Chang and Graham [7]

have investigated several thermodynamical quantities

of CaO at zero pressure and 298K only. Moreover,

there have existed no measurements about thermo-

dynamic properties of CaO at high pressures. The

pressure-induced transition from the B1 phase to the

B2 phase was observed in both diamond cell and

shock wave experiments at pressures ranging from

53 to 70GPa.[4−6,9] A number of theoretical inves-

tigations of structure and phase stability of CaO at

high pressures have been made, indicating that the

B1–B2 phase transition takes place in a wide range

of predicted pressures.[10−18] Correspondingly, first-

principles computer simulations have been increas-

ingly employed for exploring various properties of

the Earth’s materials under the geophysically relevant

conditions. The full-potential linear muffin-tin-orbital

(FP–LMTO) was used to study the elastic properties

and their pressure dependence of four B1-type alka-

line earth oxides at high pressures.[19] Recently, Karki

and Crain [12] have performed plane-wave pseudopo-

tential (PWPP) calculations to predict single crystal

elastic constants of CaO as a function of pressure up

to 140GPa.

In this paper, we present first-principles predic-

tions of elasticity of CaO at high pressures using the

plane-wave pseudopotential in the generalized gradi-

ent approximation. Our results are comparable with

the previous ones at high pressures.[19] The thermo-
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dynamic properties of the B1 phase of CaO at high

pressures and temperatures are predicted using the

quasi-harmonic Debye model.

2. Method

All the calculations are performed using the

CASTEP (Cambridge Serial Total Energy Package)

code.[20] The CASTEP is a state of the art quan-

tum mechanics based program designed specifically

for solid state materials science. The CASTEP em-

ploys the density functional theory (DFT)[21] plane-

wave pseudopotential method that allows perform-

ing first-principles quantum mechanics calculations

to explore the properties of crystals and surfaces in

materials such as semiconductors, ceramics, metals,

minerals, and zeolites. In this paper, the exchange-

correlation functional theory is adopted in the gen-

eralized gradient approximation (GGA),[22] which is

the most advanced approximation currently available

in DFT. In addition, the ultrasoft pseudopotentials[23]

are employed for Ca and O. All the pseudopotentials

are non-local. The core radii are 1.06 Å for Ca, and

0.74 Å for O. The use of an ultrasoft pseudopoten-

tial allows us to use a relatively small basis set with a

plane wave cut-off energy of 380 eV without any loss of

accuracy and with excellent convergence of all proper-

ties with respect to the basis set (the maximum stress

is only 0.02GPa). The Brillouin zone is sampled on

a 9 × 9 × 9 Monkhorst–Pack k-point mesh,[24] which

provides convergence of the total energy to a value

within 5.0 × 10−6 eV/atom. The Kohn–Sham equa-

tions are solved iteratively to self-consistency within

5.0 × 10−7 eV/atom.

The determination of the elastic constants re-

quires the knowledge of equilibrium structure at a

given pressure. We first fully optimize a single

primitive cell of CaO at several pressures. The

structural optimization problem can be effectively

solved by employing the Broyden–Fletcher–Goldfarb–

Shanno technique[25] with a variable cell shape.[26] The

elastic constants are then determined from direct com-

putation of the stresses generated by small deforma-

tions of the equilibrium unit cell. Strains of different

amplitudes (−0.003 to 0.003) are used and the elas-

tic constants are derived from the resulting nonlinear

stress–strain relation.[27] The details of the computa-

tional method have been given elsewhere.[28]

To investigate the thermodynamic properties

of CaO, we here apply the quasi-harmonic Debye

model,[29] in which the non-equilibrium Gibbs func-

tion G∗(V ; p, T ) takes the following form:[29]

G∗(V ; p, T ) = E(V ) + pV + Avib(Θ(V ); T ), (1)

where Θ(V ) is the Debye temperature, and the vibra-

tional term Avib can be written as[30,31]

Avib(Θ ; T ) = nkT

[

9

8

Θ

T
+ 3 ln(1 − e−Θ/T ) − D

(

Θ

T

)]

, (2)

where D(Θ/T ) represents the Debye integral, n is the

number of atoms per formula unit. For an isotropic

solid, Θ is expressed as[30]

Θ =
~

k

[

6π2V 1/2n
]1/3

f(σ)

√

Bs

M
, (3)

where M is the molecular mass per formula unit, Bs

the adiabatic bulk modulus, which can be approxi-

mated by the static compressibility[29]

Bs ≃ B(V ) = V

(

d2E(V )

dV 2

)

. (4)

Here the Poisson ratio σ is taken as 0.25,[32] f(σ) is

given in Refs.[33,34]. Therefore, the non-equilibrium

Gibbs function G∗(V ; p, T ) as a function of (V ; p, T )

can be minimized with respect to volume V as follows:

(

∂G∗(V ; p, T )

∂V

)

P,T

= 0. (5)

By solving Eq.(5) we obtain the thermal EOS.

The isothermal bulk modulus BT , the heat capacity

CV , the entropy S and the thermal expansion coeffi-

cient α are given respectively by[34]

BT (p, T ) = V

(

∂2G∗(V ; p, T )

∂V 2

)

P,T

, (6)
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, (8)
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α =
γCV

BT V
, (9)

where γ is the Grüneisen parameter.

3. Results and discussion

3.1. Static equation of state

For the B1 phase of Cao, the lattice constant, bulk

modulus, and its pressure derivative are obtained by

calculating the total energy and pressure for different

values of the unit cell volume and by fitting the calcu-

lated data to the third-order Birch–Murnaghan EOS

as shown below:[35]

P (x) =
3

2
K0

[

x7/3
− x5/3

]{

1 + ξ
[

x2/3
− 1

]}

, (10)
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3
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4
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, (11)

where x = V0/V and ξ = 3
4 (K ′

0 − 4). V0 is the unit-

cell volume at zero pressure, K0 is the bulk modulus,

and K ′
0 is the pressure derivative of the bulk modu-

lus at zero pressure. Errors from the numerical fit-

ting are less than 2GPa for the experimental bulk

modulus and less than 0.02 forK ′
0.

[6] The calculated

equilibrium lattice constants, bulk modulus, and their

pressure derivatives are given in Table 1.

Table 1. Lattice constant, unit cell volume, bulk modulus and pressure derivatives for the B1 phase of CaO

from the calculations and measurements.

Method a0/Å V0/Å3 K0/GPa K ′
0

PWPP GGA (this work) 4.816 111.7 109.3 4.28

FP–LAPW LDA[36] 4.72 105.15 128.0 4.11

LCAO–SCF[37] 4.71–4.86 104.5–114.8 117–134 -

AIM[11] 4.809 111.2 116.1 -

FP–LMTO GGA[19] 4.840 113.4 109.0 4.00

PWPP LDA[12] 4.838 113.2 117 4.41

PIB[16] 4.82 111.98 102 4.33

Experiment[6] 4.811 111.35 110.0 4.26

Our results are comparable with the previous

ones.[11,12,16,19,36,37] The pressure dependence of the

volume for CaO calculated with the PW91[22] func-

tional is shown in Fig.1. It is found that the calcu-

lated EOS of CaO is in excellent agreement with the

experimental data.[4−6]

Fig.1. Static equation of state of CaO. Theoretical data

of the B1 and B2 phases are represented by solid and dot-

ted lines, respectively. Experimental data of the B1 and

B2 phases at room temperature are denoted by solid and

open squares, respectively (Ref.[4–6]).

3.2.B1–B2 phase transition

We calculate the enthalpy of the two-ion prim-

itive cell of CaO in both the B1 (NaCl) and B2

(CsCl) structures as a function of pressure from 0

to 150GPa (Fig.2). The thermodynamic requirement

for the equality of free energies at a phase boundary

suggests that the B1–B2 transition pressure of CaO

should occur at 66.7GPa. The transition involves

the volume decreasing by 10.4%, suggesting clearly

its first-order character. The B1–B2 transition in-

volves the coordination number increasing from 6 for

the NaCl structure to 8 for the CsCl structure, result-

ing in denser packing. As the coordination increases,

the first nearest-neighbour (Ca–O) distances increase

but the second nearest-neighbour distances decrease,

resulting in a finite volume collapse at the transi-

tion. We have compared the predicted B1–B2 tran-

sition in CaO with the previous measurements[4−6,9]

and calculations[10−18] in Table 2. Although our pre-

dicted value is much larger than some previous cal-

culations, it falls to in an experimental range of 53–
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70GPa,[4−6,9] and agrees well with the latest theo-

retical result.[10] The differences among all theoretical

data result from the different methods used.[38] More-

over, it is also pointed out[39,40] that usually the local

density approximation (LDA) underestimates transi-

tion pressures, whereas the GGA overestimates them

slightly (by a few GPa). The linearized augmented

plane wave (LAPW) method has been used to pre-

dict the transition pressure of 54GPa and a volume

collapse of about 12% at the transition.[15] The calcu-

lations based on potential-induced breathing (PIB)[16]

and modified PIB[14] models have shown that the tran-

sition should occur at 55 and 61 GPa, respectively,

whereas the modified electron gas (MEG)[18] and aug-

mented plane wave (APW)[17] methods have given

quite different transition pressures of 121 and 32GPa,

respectively.

Fig.2. The enthalpy difference between the B1 phase and

B2 phase as a function of pressure.

Table 2. The B1–B2 phase transition pressure of CaO.

Method Ptr/GPa

PWPP GGA (this work) 66.7

LCAO GGA[10] 64.7

AIM[11] 63.0

PWPP LDA[12] 57.6

TBLMTO[13] 55.7

MPIB[14] 61

LAPW[15] 54.2

PIB[16] 55.0

APW[17] 32

MEG[18] 121

Experiment[4−6,9] 53–70

3.3. Elastic moduli

The calculated athermal elastic constants at zero

pressure are found to compare favourably with the

measurements[7,8] in Table 3. The small differences

from the measurements can be attributed to the fact

that the calculations are athermal whereas experimen-

tal data are obtained at 300K. Most of the differences

between the present elastic constants and the other

pseudopotential results[11,12,16,18,19] can be accounted

for. Overall, first-principles theory represents a sub-

stantial improvement on the predictions of more ap-

proximate theories, such as those based on simplified

semiempirical[16] and ab initio models.[18]

Table 3. Three elastic constants (cij), and bulk (K) and shear (G) moduli in GPa of CaO (B1 structure)

compared with previous results at zero pressure.

Method c11 c12 c44 K G

PWPP GGA (this study) 207 58 76 107 77

FP-LMTO GGA[19] 223 53 84 110 85

PWPP LDA[12] 241 52 77 115 83

AIM[11] 232 58 73 116 -

PIB[16] 206 50 66 102 71

MEG[18] 207 97 97 134 77

Experiment[7,8] 222 58 80 113 84

The effect of pressure on the elastic constants of

CaO is large, so experimental or theoretical results at

ambient pressure cannot be used to reliably estimate

elasticity at mantle pressures. Therefore, we predict

the elastic constants of CaO. The bulk modulus of

isotropic aggregate of cubic crystals is related to the

elastic constant K = (c11 + 2c12)/3. The pressure

dependence of the isotropic aggregate shear modulus

(G) of CaO is obtained using the Hashin et al
[41] av-

eraging scheme. In Fig.3 and Fig.4, the elastic moduli

of the two phases of CaO are shown as a function of

pressure and compared with the linear extrapolation
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of the experimental data[7] from low pressure to high

pressure.

Fig.3. Pressure dependence of elastic constants of CaO.

Solid and dash dotted lines represent elastic constants of

the B1 and B2 phases, respectively. FP–LMTO results of

the B1 phase are denoted by dashed line (Ref.[19]). Ex-

perimental data of the B1 phase are shown by dotted lines

(Ref.[7]).

Fig.4. Pressure dependence of bulk and shear moduli

of CaO. Solid and dash dotted lines represent elastic

constants of the B1 and B2 phases, respectively. FP–

LMTO results of the B1 phase are denoted by dashed line

(Ref.[19]). Experimental data of the B1 phase are shown

by dotted lines (Ref.[7]).

The calculated values of all elastic moduli of the

B1 phase of CaO are slightly underestimated in com-

parison with the experimental values, which, how-

ever, are in good agreement with the latest theoretical

data[19] over a wide pressure range. We also find that

with increasing pressure both c11 and c12 increase, but

c44 weakens beyond 10GPa in the B1 phase. On the

other hand, c11 increases weakly, and c12 increases

strongly with the increase of pressure in the B2 phase

compared with those of B1 phase, and c44 and G

strengthen strongly with pressure increasing.

CaO is cubic and its second-rank tensor prop-

erties (e.g. thermal expansion, dielectric constants,

and compressibility) are isotropic. However, elasticity,

which is a fourth-rank tensor property, is anisotropic

even for cubic crystals, where it is conveniently ex-

pressed by the dimensionless parameter anisotropy

factor A = (2c44 + c12)/c11 − 1. The pressure de-

pendence of the anisotropy factor A is shown in Fig.5.

The anisotropy factor A drops off rapidly with the in-

crease of pressure initially, and then decreases more

slowly at higher pressures in the B1 phase, whereas it

increases strongly with the increase of pressure in the

B2 phase, showing a finite jump in the degree of the

anisotropy at the transition pressure. Different pres-

sure variations of the anisotropy factor A in the B1

and B2 phases result from the weakening of c44 (in

the B1 phase), and ultimately lead to a shear insta-

bility of the B1 structure at a much higher pressure.

The theoretically predicted behaviour of CaO is con-

sistent with the experimental one[7] at zero pressure

and other ones in Ref.[19].

Fig.5. Pressure dependence of anisotropy factor A of CaO.

Solid and dotted lines represent anisotropic factors of the

B1 and B2 phases, respectively. FP–LMTO results of the

B1 phase are denoted by dashed line (Ref.[19]). Exper-

imental data of the B1 phase are shown by solid square

(Ref.[7]).

3.4. Thermodynamic properties

Figure 6 shows the calculated and measured ther-

mal expansions (α) of the B1 phase of CaO. One can

see that the neglect of intrinsic anharmonicity in the

quasi-harmonic approximation leads to an overestima-

tion of thermal expansion, which is rather spectacu-

lar at zero pressure and 300K. α is found to increase

rapidly at lower temperatures, and rapidly flattens out

with increasing temperature. As pressure increases, α
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decreases rapidly and the effects of temperature be-

come less and less pronounced, resulting in linear high

temperature behaviour. It is shown that α converges

to a constant value at high temperatures and high

pressures.

Fig.6. Pressure and temperature dependences of thermal

expansivity of the B1 phase of CaO. The isobars at 0, 10,

30, 60, 100, and 150GPa are represented by solid lines

from top to bottom. Experimental value at zero pressure

and 300K is denoted by an open square (Ref.[7]). Solid

squares are for the calculated data by Karki and Wentz-

covitch at zero pressure and 300, 1000, and 2000 K, re-

spectively (Ref.[42]).

The heat capacity at a constant pressure (CP ) is

given by CP = CV (1 + αγT ). The predicted values

of CV , CP and S of the B1 phase of CaO in ambi-

ent condition are 41.72, 42.91, and 38.12 Jmol−1K−1,

respectively. Theoretical values of the CV and S are

compared respectively in Fig.7 and Fig.8.

Fig.7. Pressure and temperature dependences of heat ca-

pacity of the B1 phase of CaO. The isobars at 0, 10, 30,

60, 100, and 150 GPa are represented by solid lines from

top to bottom. Experimental data at zero pressure and

300K is denoted by an open square (Ref.[7]). Solid squares

are for the calculated data by Karki and Wentzcovitch

at zero pressure and 300, 1000, and 2000 K, respectively

(Ref.[42]).

Fig.8. Pressure and temperature dependences of entropy

of the B1 phase of CaO. The isobars at 0, 10, 30, 60,

100, and 150 GPa are represented by solid lines from top

to bottom. Solid squares are for the calculated data by

Karki and Wentzcovitch at zero pressure and 300, 1000,

and 2000 K, respectively (Ref.[42]).

It is found that the values of CV and S that

we obtained are practically identical with those ob-

tained by Karki and Wentzcovitch [42] but quite dif-

ferent from experimental data[7] at zero pressure and

300K. Figure 7 illustrates that the anharmonic effects

are suppressed at high pressures and CV is very close

to the Dulong–Petit limit at high pressures and tem-

peratures. As shown in Fig.8, unlike α and CV , the

high temperature dependence of S is nearly insensitive

to pressure.

4. Conclusions

The first-principles plane wave pseudopotential

calculations are performed for the analysis of the

structural properties of CaO under high pressure con-

ditions. The calculating results accord with not only

the observed pressure-induced volume compressions

but also the experimental transition pressures from

low-pressure B1 to high-pressure B2 phases. Our

calculated elastic moduli of the two phases of CaO

at pressures up to 200GPa are in excellent agree-

ment with the existing experimental data[7] at am-

bient pressure and the previous calculations at high

pressures.[19] It is also found that the degree of the

anisotropy rapidly decreases with pressure increasing

in the B1 phase, whereas it strongly increases as the

pressure increases in the B2 phase. The thermody-

namic properties of the B1 phase of CaO are predicted

using the quasi-harmonic Debye model. We see that
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the predicted heat capacity and entropy are in agree-

ment with the calculated values by Karki and Wentz-

covitch [42] at zero pressure. The thermal expansion

and heat capacity are shown to converge to a nearly

constant value at high pressures and temperatures.

Unlike α and CV , S is nearly insensitive to pressure.
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