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Based on the rate equations, we have investigated three types of chaos synchronizations in injection-locked semi-

conductor lasers with optical feedback. Numerical simulation shows that the synchronization can be realized by the

symmetric or asymmetric laser systems. Also, the influence of parameter mismatches on chaos synchronization is in-

vestigated, and the results imply that these two lasers can achieve good synchronization, with smaller tolerance of

parameter mismatch existing.
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1. Introduction

Chaos synchronization is of great interest be-

cause of its potential applications in secure commu-

nication.[1−3] It is used for investigating the chaos

synchronization[4−7] and the chaotic optical commu-

nication[8−10] in semiconductor lasers. In the pro-

posed configurations of chaos synchronization, two

similar nonlinear systems that show chaotic dynamics

are included, in which one is the transmitter system

and the other is the receiver system. The transmitter

must be a chaotic system, but the receiver itself may

or may not be a chaotic system. When the chaotic

output from the transmitter system is sent into the

receiver, the two systems can realize synchronization

with each other. Of course, all the parameters in these

two laser systems must be identical or have little tol-

erance. The semiconductor laser is classified as class-

B laser, it can exhibit excellent nonlinear dynamics

including chaos by increasing the degree of freedom.

Optical injection,[11,12] optical feedback,[13,14,15] and

optoelectronic feedback[16,17] have been used to serve

the purpose.

We are interested in studying the chaos synchro-

nization of a hybrid system that is subjected to more

than one perturbation.[18,19] In this paper we investi-

gate chaos synchronization in injection-locked semi-

conductor lasers with optical feedback.[4,5,20−22] A

semiconductor laser with an external-optical feedback

is injection-locked by another semiconductor laser and

used as a chaotic laser source. The other injection-

locked semiconductor laser that has or has not an

external-optical feedback loop is used as a receiver

laser. We numerically examine unidirectional and

bidirectional coupling chaos synchronizations of those

configurations.

2. The scheme for synchroniza-

tion of semiconductor lasers

Figure 1 shows all of our schematic models of

chaos synchronization systems. TL and RL denote the

transmitter and the receiver lasers, and they are in-

jected by external semiconductor lasers ILT and ILR,

respectively. In this paper, all of the semiconductor

lasers have the same device parameter values.

To facilitate the investigation, we assume that

constants A and D in the rate equations and also in

Fig.1 can be set to zero or one. If there is external

optical feedback loop in the receiver system we set

constant A to one, otherwise it is set to zero; and if

it is unidirectional coupling chaos synchronization we

set constant D to zero, otherwise it is set to one.

The systems are described by the following set of

rate equations of the complex fields ET,R(t) and the

carrier densities nT,R(t).[18,23] The subscripts T and

R denote the transmitter and receiver lasers, respec-

tively. For the transmitter laser, we have
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dET(t)

dt
=

1

2
(1 + iα)gn[nT(t) − nth]ET(t) +

kinj

τin
EILT

(t)exp(i2π∆fTt)

+
kT

τin
ET(t − τ)exp(−i2πfτ) + D

kRT

τin
ET(t − τc)exp[−i2π(fτc + ∆fRTt)], (1)

dnT(t)

dt
= JT −

nT(t)

τs
−

{

gn[nT(t) − nth] +
1

τP

}

|ET(t)|2, (2)

and for the receiver laser, we have

dER(t)

dt
=

1

2
(1 + iα)gn[nR(t) − nth]ER(t) +

kinj

τin
EILR

(t)exp(i2π∆fRt)

+ A
kR

τin
ER(t − τ)exp(−i2πfτ) +

kTR

τin
ER(t − τc)exp[−i2π(fτc + ∆fTRt)], (3)

dnR(t)

dt
= JR −

nR(t)

τs
−

{

gn[nR(t) − nth] +
1

τP

}

|ER(t)|2 , (4)

Fig.1. Schematic diagrams of three types of chaos synchronization systems.

In these equations, τc is the transmission time of light between the transmitter and the receiver, but τc

is set to zero for simplifying the numerical simulations; EILT
(t) and EILR

(t) are the complex fields of the

external injection lasers for the transmitter and the receiver lasers, respectively; ∆fTR and ∆fRT are the

detuning between the transmitter and the receiver lasers, but they are also set to be zero for a complete chaos

synchronization . Other parameters for the semiconductor laser can be found in Table 1.[18,23]

Table 1. Parameter values for semiconductor lasers used in our calculations.

Symbol Parameter Value

α Linewidth-enhancement factor 3.0

gn Gain coefficient 8.4 × 10−13 m3s−1

nth Threshold carrier density 2.02 × 1024 m−3

Jth Threshold current density 9.89 × 1032 m−2s−1

JT,R Bias injection current 1.3 Jth

f Laser oscillation frequency 384 THz

τin Round-trip time of light in the laser cavity 8.0 ps

τs Carrier lifetime 2.04 ns

τp Photon lifetime 1.93 ps

τ Delay of light in the feedback loop of the laser 6.0 ns

∆fT,R Detuning between the injection and the injected lasers in the transmitter (receiver) system −4 GHz

kinj Injection coefficient of each system Variable

kT,R Feedback coefficient Variable

kTR,RT Optical injection rate between the transmitter and the receiver laser Variable
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3. Numerical results

3.1.Bidirectional coupling synchroniza-

tion of symmetric system

In this simulation, constants A and D are both

set to one. Figure 2(a) illustrates the time series of

chaotic oscillations. To facilitate the comparison, the

figure shows two traces, in which the upper trace is

for the transmitter laser and the lower trace is for the

receiver lasers. Obviously, the time series of transmit-

ter laser is the same as that of receiver laser, which

implies their good synchronization. Figure 2(b) shows

the correlation between these two laser outputs, and

we can find that all the outputs are in a diagonal line,

which implies the excellent correlation between them

and verifies their synchronization. According to the

formula of correlation coefficient ρ,[24] we have

ρ =
〈[X(t) − 〈X(t)〉][Y (t) − 〈Y (t)〉]〉

〈|X(t) − 〈X(t)〉|2〉1/2〈|Y (t) − 〈Y (t)〉|2〉1/2
, (5)

where X(t) and Y (t), which are related to ET(t) and

ER(t) in Eqs.(1)–(4), are the outputs of the transmit-

ter and the receiver, respectively, and 〈·〉 denotes the

time average, the correlation coefficient is 1.00, and

the two lasers show good bidirectional coupling chaos

synchronization.

Fig.2. The bidirectional coupling chaos synchronization

of symmetric system with parameters kT,R = kTR,RT =

0.192 and kinj = 0.143. (a) The time series of transmitter

and receiver lasers, and (b) their correlation plot.

In order to study the influence of parameter mis-

matches on chaos synchronization, we can change one

of these parameters. Figure 3 shows the variation of

the output power with the linewidth enhancement fac-

tor, in which δx is closely related to ET(t) and ER(t) in

Eqs.(1)–(4) and represents the difference in output be-

tween the transmitter laser and the receiver laser, and

δα denotes the tolerance on linewidth enhancement

factor α between those two lasers. From the figure

we can find that these two lasers can achieve a good

chaos synchronization with each other when the tol-

erance on parameter mismatch is smaller. Obviously,

the δx is in the range of −0.15 × 10−3 − 0.15 × 10−3

when δα is in the range of −0.08 − 0.07, which indi-

cates that the power output of the transmitter laser is

almost equal to that of receiver laser. Of course, we

also investigate the influence of the other parameters

on chaos synchronization.

Fig.3. Variation of the output difference of two lasers

with the linewidth enhancement factor.

3.2.Bidirectional coupling synchroniza-

tion of asymmetric system

In the simulation of bidirectional coupling chaos

synchronization of an asymmetric system, the value

of constant A is set to zero and D is set to one. Fig-

ure 4 shows the results of the numerical simulations.

Figure 4(a) illustrates the time series of the transmit-

ter and receiver lasers in this configuration, which in-

dicate that the outputs of the transmitter laser and

receiver laser are almost the same. Figure 4(b) is the

correlation plot of this configuration, and all of the

output values do not form a diagonal line but a nar-

row belt in the diagonal direction, which also implies

good synchronization between the transmitter and re-

ceiver lasers. Obviously, this synchronization is worse
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than that of symmetric system. The correlation coef-

ficient is calculated to be 0.9762 from Eq.(1), which

indicates that these two different laser systems can

also reach their good chaos synchronization by bidi-

rectional coupling.

Fig.4. The bidirectional coupling synchronization of

asymmetric system with kinj = 0.18 and kT = kTR,RT =

0.19. (a) The chaotic time series of the transmitter and

receiver lasers, and (b) the correlation plot.

3.3.Unidirectional coupling synchroni-

zation of symmetric system

For the unidirectional coupling, we set constants

A and D to one and zero, respectively. Figure 5 il-

lustrates the chaos synchronization of this configura-

tion. Figure 5(a) illustrates the time series of these

two lasers’ chaotic oscillations: the upper trace for the

power output of transmitter laser and the lower trace

for that of the receiver. However, the same as Fig.4,

Fig.5(a) shows good chaos synchronization but worse

than Fig.2. Figure 5(b) also shows their correlation

between these two laser outputs, and the coefficient is

0.9946, which also implies their good synchronization.

Similarly, we also study the influence of parameter

mismatch on chaos synchronization. Figure 6 shows

the variation of the output power with the tolerance

on linewidth enhancement factor. When δα is in the

range of −0.01− 0.02, δx is in the range of −0.2− 0.2

which is much smaller than other ranges of δα, and

these two lasers can still achieve synchronization. But

comparing with Fig.2, we find that, to achieve a good

synchronization, the allowed range of parameter mis-

matches for this configuration is smaller than that for

the configuration of Fig.2(a). Furthermore, the value

of δx in Fig.6 is much larger than that in Fig.2 in

the whole parameter range. In other words, the effec-

tiveness of bidirectional coupling synchronization of

symmetric system is much better than the ones of the

unidirectional coupling synchronization of symmetric

system and the bidirectional coupling synchronization

of asymmetric system.

Fig.5. The unidirectional coupling synchronization of

symmetric system with kinj = 0.16 and kT,R = kTR =

0.12. (a) The time series, and (b) their correlation plot.

Fig.6. Variation of the output power with the linewidth

enhancement factor.
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4. Conclusion

Based on the rate equations, we have numeri-

cally investigated three types of chaos synchroniza-

tions in injection-locked semiconductor lasers with op-

tical feedback in the case of parameter matches. We

find that the bidirectional coupling in a symmetric

system has the best effectiveness, and it can achieve

a complete chaos synchronization. Furthermore, the

bidirectional coupling in an asymmetric semiconduc-

tor laser system can reach a good chaos synchroniza-

tion, and the unidirectional coupling in the symmetric

system can also achieve a chaos synchronization, but

this scheme is worse than the others. However, we

hope that our investigations are beneficial to the ap-

plications of semiconductor in secure communications.
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