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In underdense plasmas, the transverse ponderomotive force of an intense laser beam with Gaussian transverse

profile expels electrons radially, and it can lead to an electron cavitation. An improved cavitation model with charge

conservation constraint is applied to the determination of the width of the electron cavity. The envelope equation for

laser spot size derived by using source-dependent expansion method is extended to including the electron cavity. The

condition for self-guiding is given and illuminated by an effective potential for the laser spot size. The effects of the

laser power, plasma density and energy dissipation on the self-guiding condition are discussed.
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1. Introduction

Due to light diffraction, the penetration distance
of less intense laser beams into substances is limited
to the Rayleigh length. In many applications, such as
laser accelerator,!] x-ray laser,[?! and fast ignitor,*
powerful lasers are required to propagate over dis-
tances considerably beyond the diffraction limit with-
out significant energy losses. In underdense plas-
mas, stable self-guiding of laser due to relativistic self-
focusing can occur when the laser power exceeds a crit-
ical power P..°~7 Relativistic mass increase as well
as the transverse ponderomotive expulsion of electrons
results in an increase in the refractive index, of which
the process is called relativistic self-focusing and pon-
deromotive self-channelling. For a sufficiently intense
laser, the ponderomotive force can be strong enough
to expel all the electrons within the core region of
the beam, forming an electron cavity (EC).[®! Tons do
not move in a short pulse duration because of their
large mass, so the charge-separation field is brought
into being. The width of EC is determined by the
balance between the electrostatic force and the laser
ponderomotive force. The laser pulse can be guided in
the self-induced EC a long distance as it propagates

in a waveguide with little energy attenuation. Such a
plasma waveguide and the self-guided laser pulse have
been observed in experiment.!”!

The propagation of relativistic laser pulse in plas-
mas is of a nonlinear process. The general method
of solving the paraxial wave equation with nonlin-
ear source terms is the source-dependent expansion
(SDE) method, % which is used to derive an envelope
equation for the laser spot size to describe the laser
diffraction, self-focusing and guiding. By solving the
envelope equation, the optical guiding by relativistic
effects, ponderomotive effects, and preformed density
channels can be studied.'” The significant enhance-
ment in the focusing effect by ponderomotive chan-
nelling, and the possible stable guiding of a power-
ful laser beam by a combination of relativistic focus-
ing and ponderomotive channelling over extended dis-
tances have been given by Hafizi et al.['? In their case,
the laser power is not high enough to generate EC.

The decrease in the electron density within the
core region due to the ponderomotive force will lead
to a nonphysical negative density value as the force
increases. It is regarded as the appearance of the EC.
A simplified cavitation model is given by defining the
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‘negative density’ region as a cavity and replacing all
negative values with zero. However, in this cavitation
model, the charge conservation is broken in radial di-
rection in which the net charge turns negative.l'3/ An
improved cavitation model has been proposed to de-
termine the actual width of the electron cavity with
the constraint of charge conservation.'*! By using this
modified EC model, the actual width of the cavity
and the exact Bessel solution of the self-guided laser
beam are obtained in uniform underdense and over-
dense plasmas.!'*1% The analysis shows that the sta-
ble self-guiding can take place.

In this paper, we apply the modified cavitation
model™ to determining the width of the self-induced
EC, and use the SDE method to study analytically the
propagation of the intense circularly polarized laser
pulse with Gaussian transverse profile in a self-induced
EC. The envelope equation for laser spot size in the
presence of EC is derived, and the condition for the
self-guiding is given. The effects of the laser power,
plasma density and energy dissipation on the self-
guiding condition are discussed.

2. Electron cavitation

For an intense circularly polarized laser pulse with
Gaussian transverse profile propagating in an initially
uniform underdense plasma, the transverse profile is
a(p) = (aobo/b) exp(—p?/2b?), where a = eA/mc? is
the normalized vector potential, p the radial coordi-
nate, b the spot size, ap and by are the vacuum am-
plitude and minimum spot size at focus, respectively.
The space coordinates are normalized by ¢/wg, where
wp is the laser frequency and c is the speed of the
light in vacuum. The transverse ponderomotive force
expels electrons from the axis, while ions do not move
in the short pulse duration, so that the electrostatic
field arises from the charge separation. The electron
density at the boundary of the channel is determined
by the balance between the radial electrostatic and
ponderomotive forces. For electrons with relativistic
velocities, all thermal and collisional effects can be
neglected, and the electron thermal pressure becomes
negligible compared with the ponderomotive pressure.
Furthermore, in our case, the laser pulse duration is
long enough to disregard the phenomena caused by
the longitudinal charge separation, such as wake field
generation, but short enough to regard ion as motion-

less. In the stationary state, the ponderomotive force
is balanced by the electrostatic force, and the state of
the plasma can be described as

on = —V(nv) =0, (1)
dp= V(p—7)=0, (2)
V3¢ = n— Zn;, (3)

where n is the electron density normalized by the crit-
ical density n., and v the electron fluid velocity nor-
malized by c. p is the electron momentum normalized
by mc, ¢ the electrostatic scalar potential normalized
by mc? /e, 7 the relativistic factor, which is related to
the normalized vector potential a by v = /1 + a2 for
a circularly polarized laser. n; is the initial ion density,
Z the charge state of ions, and the initial electron den-
sity ng = Zn;. The spacial derivative of v equals the
ponderomotive force. Equation (1) shows the charge
conservation. Combining Eq.(2) and Eq.(3), the elec-
tron density can be written as

where V = V| +20, ~ V| because in the paraxial ap-
proximation, the longitudinal component of the vector
potential can be neglected. Here V2 = p=19,(pd,) is
in polar coordinates and 2 is the unit vector in the
at z-direction. Substituting the expressions of v and
a into Eq.(4) leads to the radial distribution of the
electron density after the perturbation

n=mno— (@b /7)26° - p* 1 +~77)], (5

and the corresponding electrostatic field distribution
E=-0,0=(p/b*)(v—771)

Nonphysical negative density value starts to ap-
pear at the beam centre when the ponderomotive force
exceeds a certain value. The EC is generated, and the
density within the EC is set as zero. The calculation
of the cavity radius d by using the improved cavita-
tion model starts from the total charge conservation
as follows:

/n—an pdp =
0

\..&

(—=Zn;) pdp+/3p pOpy)dp
d

Il
o o

(6)

which reduces to

aa’
8p”Y|p:d = \/ﬁb:d = —Znid/2. (7)
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Substituting a(p) into Eq.(7) and replacing Zn; with
ngo yield
(v =77 lp=d = nob?/2, (8)

where the unique value of d exists for a given b under
a fixed laser power P = wIb? = 11 x 10%(agby)? TW.
The electrostatic field inside the cavity becomes E =
pno/2, whose value is exactly the same as that from
the Gaussian Law.

For P = 54TW, b = 18 and ng = 0.01, Fig.1
shows the radial profiles of the laser amplitude a
(dash—dot) and its modulated distribution of electron
density n derived from the two models. In the modi-
fied model (solid), the EC boundary lies at d = 22. To-
tal charge along radial profile keeps conserved. There
is a large electron density gradient at the EC bound-
ary where the ponderomotive force is balanced by the
strong electrostatic field from the positive charge in
the cavity.[') In the simplified model (dash), the EC
boundary is at d’ = 15. The total charge is negative.
For a fixed laser power, d’ < d, so the power required
to generate the EC with a certain size must be over-
estimated in the simplified model.
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Fig.1. The radial profiles of the laser field a (dash—dot)
and the corresponding electron density n distribution from
the modified cavitation model (solid) and from the simpli-
fied cavitation model (dash) for P = 5.4TW, b = 18, and
no = 0.01. d and d’ are the boundaries of the EC in two
different models.

Figure 2 shows the cavity radius as a function
of laser spot size for different initial plasma densities
and different laser powers. For a given laser power
and plasma density, the EC appears when b is less
than a critical spot size b.. It means that the thresh-
old for the generation of EC is determined not only by
the laser power, but also by the laser spot size. Taking
P =54TW and ng = 0.1 (solid) for example, b, = 11.
Increasing the laser power to P = 21 TW (dash) or de-

creasing the initial plasma density to ng = 0.01 (dash—
dot) can lead to a higher b.. Because the higher laser
power provides a stronger ponderomotive force, and
the lower initial density is easier to empty. The EC is
easier to generate as the high power laser propagates
in low density plasmas. Figure 2 also shows that as
the laser keeps focused, the radius of the cavity first
increases due to the enhancement in the ponderomo-
tive force. When most of the laser energy is confined
within the cavity (d > b), the ponderomotive force at
the cavity boundary becomes weaker than the elec-
trostatic force, so that the radius of cavity decreases,
with laser spot size sustaining the balance between
two forces.
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Fig.2. Dependences of radius of EC d on the laser spot size
b for different plasma densities and different laser powers,
with b being the critical laser spot size for the EC.

3. Envelope equation

In this section, we study the propagation of the
laser pulse with Gaussian transverse profile in a self-
induced EC. In an initially uniform plasma with re-
fractive index 7, by introducing £ = z — ¢t and ex-
pressing the normalized vector potential as a(&, z, p) =
a(z, p) exp(if), the paraxial wave equation of the vec-
tor potential can be written as "]

(V2 +2i0.)a = (1 — n%)a. (9)

The time coordinates are normalized by wg ! Sub-
stituting 72 = eg + ie; into Eq.(9) gives the energy

conservation equation

/(‘9Az|a|2 + eilal?)pdp = 0, (10)
0
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where ¢; is the imaginary part of the dielectric con-
stant € = n2, representing the coefficient of the energy
consuming. Subject to the absence of energy dissipa-
tion, the refractive index is

n:ﬁ:./l—g, (11)

where eg is the real part of e. Assuming that the trans-
verse profile of the laser field remains approximately
being of Gaussian form during propagation, and that
ap and by are independent of p and z, Eq.(9) can be
solved by the SDE method.['% Tt gives the envelope
equation for laser spot sizel'?! as follows:

D.:b=0"%4+2b"1G, (12)

where the term of b=3 is responsible for natural diffrac-
tion and the term containing G, a function of 7, is re-
sponsible for both relativistic and ponderomotive self-
focusing. The solution of Eq.(12) describes the laser
diffraction, self-focusing and guiding. In the absence

of EC, the function G is given by!'?

G = dx(1 —7*)(1 — x) exp(—X)

N~

dx—(1 - x) exp(—x), (13)

N =

0\8 0\8

n
Y

where x = p?/b2. In the presence of EC, the integra-
tion should start from the boundary of the cavity

G = %/dx%(l — x) exp(—x)
Xd
e Xd 1+X
1
+b—2(21nX—X2+1)}, (14)

where X = /1+ (aobo/b)?exp(—xa), xa = d*/b?,
and d is obtained from Eq.(8). As is known above,
when b > b, the cavity radius d = 0 and Eq.(14) re-
duces to Eq.(13). For a laser pulse propagating in the
axial uniform plasmas without energy dissipation, G
is only a function of b. Equation (12) can be rewritten
as

D..b=—0,U =b73 + 207G, (15)

where U(b) is an effective potential for the laser spot
size. By taking z as time, b as the displacement of
the particle, and db/dz as the velocity, the evolution

of spot size during laser propagation can be compared
to a particle motion in an effective potential well.

Figure 3 shows the effective potential U as a func-
tion of spot size b. The laser power is P = 5.4TW.
For n = 0.01, the solid line is for G given by Eq.(14),
and the dashed line is for G given by Eq.(13). Two
lines separate at b = b. as expected. For the b < b,
region, whether the EC is taken into consideration or
not, the characteristic of the potential well can be di-
rectly affected. Ignoring the EC, Eq.(13) leads to the
nonphysically continuous focusing of the laser spot as
the potential keeps falling. No stationary state ex-
ists. Only when the EC is taken into account, will
the whole system be energy conserved, that is, U has
the bottom satisfying 9,U|p=p,, = 0. A particle posi-
tioned at b = by, with zero initial velocity 9,b|,—0 =0
will remain there. Correspondingly, a laser beam with
an initial spot size b; = by = by, will propagate, with
b = by, a long distance without change. So, the laser
self-guiding condition is b; = by = b,,. For ng = 0.01,
we have b,, = 18 and d,, = 22. In the following, we
study only the case with b; = by, where the laser focal
spot is right at the plasma boundary.
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Fig.3. The effective potential U(b) versus spot size b for
P = 5.4TW in the two cases: in the presence of EC for
no = 0.01 (solid) and 0.1 (dash—dot) and in the absence
of the EC for ng = 0.01 (dash).

Comparing to the case of n = 0.1 (dash—dot), the
bottom of the potential well is found to always lie at
b < b, which means that the formation of the electron
cavitation is the prerequisite for the self-guiding. The
difference from the result in Ref.[12] is that the combi-
nation of the ponderomotive force with the relativistic
focusing can realize the self-guiding in the absence of
the EC. Because in Ref.[12], 77 = 92 is not in the
polar coordinates, which is unlike ours. Moreover, we

note that d,, is always larger than b,,. The stable
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self-guiding requires most of the laser energy to be
confined within the self-induced cavity.

Figure 4 shows the dependences of b,, on ng for
P =5.4TW (solid) and 21 TW (dash). For the same
laser power, b, decreases as plasma density increases;
for the same plasma density, b,, increases with laser
intensity increasing. The dependences of b, on ng and
P are the same as the dependences of b, on P and ny.
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Fig.4. Dependences of self-guiding spot size b,, on plasma
density ng for P = 5.4 (solid) and 21 TW (dash).

For P = 5.4TW, ng = 0.01, when a laser pulse
irradiates under b; = 35 that is not the self-guiding
condition, the laser spot size (dashed curve) and cav-
ity radius (solid curve) evolve with position z as shown

in Fig.5.
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Fig.5. The spot size b (dash) and the corresponding ra-
dius of the EC d (solid) vs position z for P = 54TW,
ng = 0.01, and by = 35.

The laser spot size oscillates between b = 35 and
12, around b,,. The radius of the EC varies with the
laser spot size according to the relation shown in Fig.2.
It can be illuminated by the effective potential shown

in Fig.3. For a particle initially not staying at bot-
tom, with an initial velocity db/dz|.—o being not large
enough to escape from the potential, it can oscillate
around the potential bottom, subject to the energy
conservation. Therefore, a laser beam not incident
with self-guiding parameters will undergo an envelope

oscillation around b,,,.

4. Energy dissipation

During the propagation of an intense laser beam
in an underdense plasma, there exist some energy dis-
sipation processes, such as the laser energy transfer-
ring to electrons through the ponderomotive force.
The length of the plasma channel will be limited by
the energy dissipation. It can be easily understood
that the laser beam will diffract quickly when P is
less than P..

Equation (9) should be solved with Eq.(10) when
the energy dissipation is taken into consideration. The
basic assumption made in the SDE method is that ag
and by are independent of z, which means that P can-
not change during propagation. Only when dP/dz
is small enough, can Eq.(12) be still valid. Substi-
tuting P = o(z)Py into Eq.(12) yields the evolve-
ment of spot size with energy dissipation. Here Py =
P(z = 0) = 11 x 107 *(agby)?> TW, and o is found to
obey d,o = €jo. Taking ¢, = —1073 for example,
Fig.6(a) shows the power dissipation (dash—dot) and
the laser spot size evolvement (solid) for Py = 5.4 TW,
ng = 0.01. b; = by, = 18 is the self-guiding condi-
tion for Py and ng. With energy dissipation, the laser
power decreases as shown by the dash—dotted curve.
The ponderomotive force becomes weaker and weaker,
so that b, decreases with P. Consequentially, conical
shaped EC is generated. For other irradiation condi-
tions, such as b; = 16, 19, and 20 around b,,,, the laser
spot size will oscillate around b,, for local P. The
laser diffracts more quickly for b; = 16 and 20 since
the derivation db/dz is very large. But for b; = 18
and 19, the diffraction is mainly due to the weak laser
power. In Fig.6(a), b = 19, which is quite close to
bm, is the optimal initial spot size for the longest laser
channelling. The optimal by changes with ¢;. For most
values of ¢;, the optimal condition is by = b,, for Py,
and the propagation of the laser beam is most smooth
for by = b,,.

Figure 6(b) shows the laser spot size (solid) and
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5.4 and
8.4TW under the self-guiding condition b; = b,,, i.e.
b; = 18 for Py = 5.4TW and b; = 19 for Py = 8.4TW.

cavity radius (dash) for laser power P, =

As we expected, more powerful laser can be guided a
longer distance in a plasma channel.
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Fig.6. (a) In the presence of the energy dissipation of the laser power (dash—dot) with Py = 5.4TW and ¢; = —1073

in a uniform plasma ng = 0.01, the evolution of the laser spot size b (solid) with position z under different incident
parameters (bg = 16,18,19,20) among which bg = 18 is the self-guiding condition for P = 5.4TW and no = 0.01;
(b) The evolvement of the laser spot size b (solid) and the corresponding radius of the EC d (dash) of different laser

powers with position z in a uniform plasma ng = 0.01 with bg = by,,. For Py = 5.4TW, bg = b, = 18, while for

Py =84TW, bg = by, =19. ¢ = —1073 remains in two cases.

5. Conclusions

For an intense circularly polarized laser beam
with Gaussian transverse profile propagating in an ini-
tially uniform underdense plasma, the ponderomotive
force can be so strong that the EC can be generated
near the axis. The appearance of the EC changes the
properties of relativistic self-focusing and ponderomo-
tive self-channelling dramatically. The intense laser
beam can be self-guided in the EC.

The envelope equation in the presence of EC is

solved to obtain the condition of self-guiding. The
presence of EC is found to be a requirement for beam
guiding, and the radius of the stable channel must be
larger than the guided laser spot size.

With the energy dissipation taken into account,
the conical shape channel is found and the boundary
condition for the self-guiding still can be chosen to ob-
tain the optimal channelling. The channel length in-
creases with laser power increasing, and the diameter
of the guided beam decreases as the plasma density
increases. These results are in accordance with the

experimental measurements.
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