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Higher-order nonlinear Schrodinger equation with the Hirota constraint conditions is considered, and an analytic

solution, which can describe the modulational instability process, is presented. Based on the solution, a new pulse

train without continuous wave (CW) background is generated in quadratures and the propagation of the pulse train

is discussed in detail by simulating numerically. The results show that, unlike the propagation of the picosecond pulse

train, under the effects of the higher-order terms, the pulse train cannot propagate along the fibre when the energy is

very high; however, for some medium energy the pulse train can stably propagate. We also investigate the stability of

the pulse train against violation of the Hirota conditions, and the results show that the pulse train can still propagate

stably when the Hirota conditions are broken.
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Since the propagation of optical pulses in dis-
persive fibres in the form of bright and dark soli-
tons under certain conditions was first described in
a seminal work by Hasegawa and Tappert,!! opti-
cal solitons have been regarded as good information
carriers and now have become particularly attrac-
tive for applications in long-distance and high-bit-rate
optical communications due to their remarkable ro-
bustness against various perturbations. In the pi-
cosecond regime, the propagation of optical pulses

in monomode optical fibres is well governed by the

¢ = i(oge + 0<2|Q|2Q) + asqee + a4(|Q|2Q)t + a5Q(|Q|2)t,

where z and t are the propagation distance and re-
tarded time, ¢(z,t) is the slowly varying envelope of
the electric field, and the parameters «a;, s, as, oy,
and aj are real constants related to the GVD, the
SPM, the TOD, the self-steepening and the delayed
nonlinear response effect, respectively. For picosec-
ond light pulses, the last three terms on the right-hand
side of Eq.(1) can be omitted, and Eq.(1) reduces to
the standard NLS equation, which is completely in-

nonlinear Schrédinger (NLS) equation, in which only
group velocity dispersion (GVD) and self-phase mod-
ulation (SPM) are considered. However, in the range
of subpicosecond or femtosecond pulses, higher-order
effects, such as the third-order dispersion (TOD),
self-steepening and self-frequency shift due to the
intra-pulse stimulated Raman scattering (SRS), be-
come important.l>? Considering those effects, Ko-
dama and Hasegawal¥ proposed a higher-order non-
linear Schrédinger (HNLS) equation in the form

(1)

tegrable and has been studied extensively. However,
for subpicosecond or femtosecond light pulses, whose
duration is shorter than 100fs, the last three terms on
the right-hand side of Eq.(1) are important and should
be retained.

In recent years, many authors have investigated
the HNLS equation (1) from different points of view,
and presented some exact solutions for special pa-

rameter relations, such as N-soliton solutions,!®~14
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the dark soliton solutions,!>=9 combined solitary

s,20:21] and soliton solutions on the

wave solution:
continuous-wave (CW) background.?2=2% To our
knowledge, however, the problem of generation, com-
pression and transmission of soliton trains in systems
described by the HNLS equation including the higher-
order terms was less considered. Recently, we pro-
posed a new approach to generation, compression and
transmission of soliton trains based on the soliton so-
lutions on the CW background for NLS equation with
distributed coefficients?6! and HNLS equation with
exponentially distributed control system.?”) The re-
sults show that the pulse train generated by modula-
tional instability can propagate a long distance undis-
tortedly along fibres with exponentially distributed
parameters, and the interaction between pulses in the
pulse train is greatly reduced by using a suitable con-
trol system. However the counterpart for HNLS equa-
tion with constant coefficients was not considered.

In this paper, we first present the explicit, an-
alytic solution describing the modulational instabil-
ity process for the HNLS equation (1) with Hirota

constraint conditions. Based on the solution, we will
study in detail the generation and propagation of pulse
trains under higher-order effects, and compare the
propagation behaviour in both the presence and ab-
sence of the higher-order effects. Furthermore, we also
investigate the stability of the pulse train against vi-
olation of the Hirota conditions. These results will
be very useful for understanding more deeply the
properties of optical transmission and realizing exper-
imentally the undistorted transmission of femtosecond
pulse trains in optical fibres.

Generally, the HNLS equation (1) is not inte-
grable. However, to solve Eq.(1), we consider the spe-
cial parametric choice of as = 2u’ar, a4 = 6u’as,
and a4 + a5 = 0, which are usually called the Hirota
conditions, so that Eq. (1) becomes

¢- = i(onqu + aslq|®q) + asqee + aalg)®qr,  (2)

which is usually called the Hirota equation. Here the
parameter 4 is an arbitrary real constant. By employ-
ing Darboux transformation, one can obtain the exact

solution for Eq.(2) in the form[?42%]

q= eiwc <AC + AS

where

2A. cosp — Agcoshf + iM sinh 6 3)
2A.cosh — A, cos o ’

0 = u? AsM(ay + 3was)z — to,

p = pMt — pM[2wan + (3w? — 202 A2 — p® A)az)z — o,

e = wt + Kz,

with M = /242 — A2, and & = (—w? + 2uA?)a; +
w(—w? + 62 A?)as. Here Ay and A, with 442 > A%
and w,tp and o are arbitrary real constants. Es-
pecially, when A, vanishes, the solution (3) reduces
to the CW solution of the form ¢. = A.exp(ip.) for
Eq.(2). A simple analysis reveals that the solution (3)
is periodic with period L = 27 /(M) in the temporal
coordinate and aperiodic in the space variable. There-
fore, it can be considered as describing the modula-
tion instability process.[?®! In order to understand the
modulation instability process, we linearize the initial
value of solution (3), which can be approximated by

q(0,t) ~ [p + ex cos(uMt — po)le™”, (4)

where p = (242 — A2 — iA,M)/(24.) with |p|? =
A2 x = ASM(M — iAg)/(2A2), and € = exp(—to)
is a small quantity for ¢ty > 0 and the second-order
terms in € are neglected. By numerical simulations,
we find that the solution of the initial value problem
associated with Eq.(2) with initial condition (4) can be
well described by the exact solution (3). This means
that a small periodic perturbation of the CW solu-
tion may lead to the onset of instability. Based on
this approximation, we can conveniently investigate
the modulation instability process. Indeed, in prac-
tical applications, the modulation instability can be
used to produce a train of optical solitons of the form
(3).[2°] However this soliton train cannot be directly
applied to the description of established transmission
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regimes in the optical fibre because of the presence of
the background wave

. 2A. + Agcoshf — iMsinh
05 = el <Ac A, + Agcos iMsin ) )

2A.coshf + A,

which is dependent on z only. To investigate a realis-
tic situation, we subtract this background wave from
formula (3), thus we can obtain a new train of pulses
with zero background as follows:

AsM (Mcoshf + 1Asinhd) (1 + cosyp)
(2A.coshf + Ag)(2A.coshf — Ascosp)

qr = €'%°

Note that the expression (6) is not an exact solu-
tion, which may be regarded as generating an array
of raised-cosine pulses.l?”] Our intention is to use the
expression (6) as an initial approximation, and to in-
vestigate the propagations of the raised-cosine pulse
(6) by direct simulations.

From the expression (6) we can directly obtain the
full-width at half-maximum (FWHM) and the energy
of each pulse in the pulse train (6) in the form

2 1 12(v2 = 1)A.coshd + A,
7(2) = ——cos (7)
M 2A.coshf + (V2 — 1) A,
and
27TM
/ jarPat = X 12, (8)
where
2A.coshf — Ag 2A.coshf — 2A,
I(z) =

2A.coshf + A, B

\/4A2cosh? — A2

Figures 1(a), (b) and (c) present the intensity dis-
tribution in the pulse train (6) at different distances
z =0,z =35,z =6.0, and z = 7.5, and the evolu-
tions of the FWHM given by the expression (7) and
the energy given by the expression (8) for the differ-
ent parameter values as = 0,0.02,0.04 and 0.06 re-
spectively. From Fig.1, one can see that each pulse
in the pulse train (6) narrows in width in succession
(see Figs.1(a) and (b)), and the energy increases (see
Fig.1(c)) until the propagation distance reaches the
value z = 21, which is given by

zZ1 = to/[,u2AsM(Oél + 30}043)].
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Fig.1. (a) The intensity distributions in the pulse train (6)
at different values of distance z = 0, 3.5, 6.0, 7.5. (b) The
evolution of the FWHM pulse width given by the expres-
sion (7), and (c) the energy given by the expression (8) for
Here, solid, dashed,
dotted and short dashed curves correspond to as = 0, 0.02,

the different parameter values of as.

0.04 and 0.06, respectively. Other parameters are As = 1.1,
Ac=06,w=0.2t1=4,p0=0,p=1,and a3 = 1.

Figure 2 shows the dependence of the energy max-
imum point z; on the parameter 3. Comparing the
corresponding results with those obtained in Ref.[26]
for the model without the higher-order terms (a3 = 0),
we conclude that, under the action of the higher-order
terms, the centre of each pulse gradually shifts from
the initial position, and the energy maximum point
z1 decreases with the parameter as increasing. Es-
pecially, when w = 0 the value z; is independent of

Qas.

In the following, we will take the pulse train (6) at
the different values of distance z (which correspond to
the different energy values) as the initial condition to
trace their propagation by solving numerically Eq.(2).
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Fig.2. The energy maximum point z; versus the parameter
«a3. Here the parameters are the same as those in Fig.1.

First, we consider the case without the higher-
order effects, i.e. a3 = 0, which implies that ay =

as = 0 according to the Hirota conditions. The nu-
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merical simulations reveal that the pulse train gener-
ated by Eq.(6) can propagate stably along the fibre
when the energy of each pulse in the pulse train is
larger than some threshold value. Figure 3 presents
the contour plots with over 1000 normalized propa-
gation units, of the pulse train (6) at different val-
ues of distance z = 6.3, 6.4, 7.0, and 7.6 (where we
take w = 0 for convenience), respectively. From Fig.3
we can see that the pulse train generated initially by
Eq.(6) can stably propagate in the fibre when the en-
ergy of each pulse is larger than 2.8608 (corresponding
to z = 6.4), and the larger the energy, the more sta-
ble the propagation of the pulse trains (6); especially,
the propagation of the pulse train with the maximum
energy is the best of all (see Fig.3(d)).
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Fig.3. The contour plots showing the evolutions of four different input pulse trains of the form (6) without
the higher-order effects corresponding to (a) z = 6.3; (b) z = 6.4; (¢) z = 7.0; (d) z = 7.6 in Eq.(6),
respectively. Here the other parameters are the same as those in Fig.1 except for w = 0.

Next we investigate the propagation of the pulse
train (6) in the presence of the higher-order effects,
in which the parameter a3 is not equal to zero. We
trace the propagation of input pulse train (6) with
the different energies, and the results show that the
characteristic of the propagation of the pulse train (6)
in the presence of the higher-order effects is different
from that in the absence of the higher-order effects,
i.e. the pulse train (6) cannot propagate a long dis-

tance in the fibre when the energy is very high. This
results from the rapid increase of each pulse velocity
in the presence of the higher-order effects as shown in
Fig.4. Also, as seen from Fig.4(d), the pulse train near
the maximum energy cannot propagate. However, for
some medium energy the pulse train can stably prop-
agate a long distance as shown in Fig.4(b). Compar-
ing the corresponding results with those obtained in
Ref.[27] for the model with exponentially distributed
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control system, we conclude that the interaction be-
tween pulses in the pulse train is greatly reduced by
using a suitable control system. Also, Fig.5 presents
the contour plots with over 200 normalized propaga-
tion units, of the pulse train (6) at different values
of distance z = 5.9, 6.0, 6.5, 6.8, 7.0, and 7.1. From
Fig.5, we can see that over a moderate distance, such
as 200 normalized distance units, the pulse train with

the moderate energy can stably propagate along the
fibre as shown in Figs. 5(b)-(f).

It should be noted that the above results are ob-
tained under the Hirota conditions as = 2u2aq, aq =
6u2as, and ay + a5 = 0, which impose strict relations
on the TOD, the self-steepening and the delayed non-
linear response effect. However, these conditions may
not be rigorously satisfied in real waveguides, there-
fore making a study of the deviation from Hirota con-
ditions is necessary. Here, we consider four situations
for the pulse train (6) at z = 6.5 as shown in Fig.6.
The results show that the pulse train can still prop-
agate stably over 200 normalized propagation units

Distance z

Distance z

when the Hirota conditions are broken.

In summary, we have considered the Hirota equa-
tion and presented the explicit, analytic solution de-
scribing the modulational instability process, which
can be used in practice to produce a train of ultra-
short optical soliton pulses. Based on the solution, a
new pulse train without the CW component has been
generated in quadratures and the propagation of the
pulse train has been discussed in detail by numerical
simulation. The results show that, unlike the propaga-
tion of the picosecond pulse train, under the effects of
the higher-order terms, the pulse train cannot prop-
agate along the fibre when the energy is very high;
however, for some medium energy the pulse train can
stably propagate. Furthermore, we also have investi-
gated the stability of the pulse train against the vio-
lation of the Hirota conditions, and the results show
that the pulse train can still propagate stably over 200
normalized propagation units when the Hirota condi-
tions are broken.
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Fig.4. The contour plots showing the evolutions of four different input pulse trains of the form (6) in the

presence of the higher-order effects corresponding to (a) z = 6.3; (b) 2 = 6.4; (¢) 2 =7.0; (d) 2z = 7.6 in

Eq.(6), respectively. Here the parameters are As = 1.1, Ac = 0.6, w =0,t =4, po =0, pu =1, a1 = 1,

a3z = 0.01.
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Fig.5. The contour plots showing the evolutions with over 200 normalized distance units, of six different
input pulse trains of the form (6) in the presence of the higher-order effects corresponding to (a) z = 5.9;
(b) 2=16.0; (c) 2 =06.5; (d) z=16.8; (¢) z=7.0; (f) z = 7.1 in Eq.(6), respectively. Here the parameters are
the same as those in Fig.4.
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Fig.6. The contour plots of the input pulse train (6) in the presence of the higher-order effects corresponding
to z = 6.5 in Eq.(6), when the Hirota conditions are broken by setting (a) a1 = 1, a2 = 2, a3 = 0.011,
aq = 0.06, s = —0.06; (b) a1 = 1, @z = 2, ag = 0.01, ag = 0.066, a5 = —0.06; (¢) a1 = 1, @z = 2,
a3 = 0.01, aqg = 0.06, a5 = —0.066; and (d) a1 = 1.1, ag = 1.8, a3 = 0.01, oy = 0.06, a5 = —0.066. Other
parameters are the same as those in Fig.4.
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