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An alternative scheme is proposed for engineering three-dimensional maximally entangled states for two modes of a

superconducting microwave cavity. In this scheme, an appropriately prepared four-level atom is sent through a bimodal

cavity. During its passing through the cavity, the atom is coupled resonantly with two cavity modes simultaneously

and addressed by a classical microwave pulse tuned to the required transition. Then the atomic states are detected to

collapse two modes onto a three-dimensional maximally entangled state. The scheme is different from the previous one

in which two nonlocal cavities are used. A comparison between them is also made.
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Entanglement lies in the heart of the
Einstein-Podolsky-Rosen (EPR) paradox,! Bell’s

2l and quantum nonlocality.[) Further-

inequalities,
more, entanglement is a central resource for many
applications of quantum information theory,*—>! in-
cluding quantum cryptography,® quantum dense

(8] Researches

coding,[” and quantum teleportation.
in quantum information processing are mostly based
on two-dimensional systems. Recently, much atten-
tion has also been paid to multi-dimensional (more
than two) quantum systems. It has been shown
that violations of local realism by two entangled N-
dimensional (N > 3) systems are stronger than that
by two-dimensional systems.l®) The proof of Bell’s
theorem without the inequalities by Greenberger,
Horne, and Zeilinger (GHZ) was extended to multi-
particle multi-dimensional systems.['9=11 It has been
demonstrated that quantum key distributions based
on three-dimensional systems are more secure than
those based on two-dimensional systems.['2=14 Pro-
tocols for quantum key distributions based on three-
dimensional systems have also been proposed.[!5—16]
Experimental realization of multi-dimensional en-
tanglement by parametric down-conversion has been
reported.[t7—18]

Cavity quantum electrodynamics (QED), with
Rydberg atoms crossing superconducting microwave

cavities, offers an almost ideal system for quantum in-

formation processing.!'® In the context of cavity QED,
various schemes have been proposed for realizing

multi-atom maximally entangled states,2°=22] multi-

cavity maximally entangled states,!23~25

[26—29]

quantum

teleportation, [30—31]

and quantum logic gates.
Experimental demonstration of EPR states of two
atoms, 32733 GHZ states (two atoms and one cavity
mode),[34] and quantum logic gates,®®! has been re-
ported. Recently, Zou et al[*% have proposed a scheme
for engineering three-dimensional entanglement be-
tween two three-level atoms by nonresonant interac-
tion with cavity-assisted collisions. In the scheme,
two three-level atoms are simultaneously sent into a
nonresonant cavity. During the passage of the atoms
through the cavity, one of the two atoms is addressed
by a strong classical microwave pulse. In the scheme,
the cavity field is virtually excited, no information is
transferred from the atoms to the cavity, thus it is in-
sensitive to cavity losses. Zhengl®” has proposed an
alternative scheme for generating multi-dimensional
entanglement between two or more multilevel atoms
in a thermal cavity. In the scheme, two or more multi-
level atoms are simultaneously coupled with the cavity
mode in a nonresonant manner and driven by a clas-
sical field. The scheme requires that all the atoms are
simultaneously addressed by another strong classical
field tuned to the required transition. For generating

N-dimensional entanglement between more than two
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atoms, N + 1 atoms are required and a conditional
measurement is needed. The scheme is insensitive to
not only the cavity decay, but also the thermal field.

More recently, Zheng!®®! has proposed a scheme
for engineering three-dimensional maximally entan-
gled states between two cavity modes. In the scheme,
an appropriately prepared atom is sent through two
nonlocal resonant cavities sequentially. In each cav-
ity, the atom is addressed by a classical field tuned
to the required transition, then the atomic states are
detected to collapse two cavity modes onto a three-
dimensional maximally entangled state, each mode
contains no more than two photons. As far as we
know, this is the first scheme for engineering such a
type of entangled states for two cavity modes. In this
paper, we propose an alternative scheme to prepare
the same type of entangled state for two modes dis-
tributed in a single superconducting microwave cav-
ity. In the scheme, an appropriately prepared atom
is sent across a bimodal cavity. The atom is coupled
resonantly with two cavity modes simultaneously and
addressed by a strong classical microwave pulse. Then
the three-dimensional maximally entangled state can
be engineered by detecting the atom in a definite

o B

state. The obvious difference between the above two
schemes is that, we use a bimodal cavity, in which the
atom interacts simultaneously with two cavity modes,
whereas in the scheme of Ref.[38], the atom interacts
Thus the
present scheme requires a smaller number of opera-
tions than that required by the scheme of Ref.[38],

which makes it easier to implement. Furthermore, we

with each of two nonlocal cavity modes.

will show that the time required in the present scheme
is shorter than that required by the scheme of Ref.[38],
which is very important in view of decoherence.

Figure 1 displays the set-up for engineering three-
dimensional entangled state for two modes of a bi-
modal cavity. The atom is produced in zone B by
the excitation of a velocity-selected atomic beam ef-
fusing from oven O, Fi, F5, and Fj3 are three classical
fields tuned to the transitions |e) «— |¢), |e) < |7},
and |e) < |g’) respectively, the superconducting mi-
crowave cavity C sustains two non-degenerate reso-
nant modes a and b, S denotes the classical microwave
pulse tuned to the transition |i) «— |e) inside the cav-
ity, and D, (Dgy ) denotes the atomic ionization detec-
tor for the state |e) (|g’)).
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Fig.1. Scheme of set-up for engineering three-dimensional entangled state for two modes in a bimodal cavity.

The atom considered here has four states—/e},
lg), |%), and |¢’), with energies we, wg, w; and wy re-
spectively (we > wg > w; > wy). Let us consider
such an atom coupling to a two-mode cavity field, as
sketched in Fig.2(a). The transition between states |e)
and |g) is coupled to cavity mode 1, while the tran-

H = Hoy + Hi,

sition between states |g) and |i) is coupled to cavity
mode 2. The transition between states |z) (z = e, g,1)
and g’} is highly detuned from both the cavity modes,
respectively, thus the state |¢’) is not affected by the
atom—field interaction. The Hamiltonian for such a
system is written as (i = 1)[B9-41

Hy = wele)(e| +wy g9){g] + wi [i) (i| + wiaf a1 + wea3 as, (2)
Hy = g1 (af [g){el + a1 le){g]) + g2 (a3 |i){g| + a2 |g)(il) , (3)



No. 2

Engineering three-dimensional maximally entangled states for ... 437

where a (a3) and a1(ag) are the creation and anni-
hilation operators for the cavity mode 1(2) with fre-
quency wi(ws), g1 (g92) is the atom—field coupling con-
stant for the transition |e) «— |g)(|g) «— [i)). Sup-
posing that both the cavity modes are resonant with

the corresponding transitions
W1 = We — Wy, Wy = Wy — Wi, (4)

we can see that the free Hamiltonian Hy commutes

with the interaction Hamiltonian H;. Thus we can

define an interaction picture with the Hamiltonian
H{ = eHot e ot — . (5)

We assume that both the atom-field coupling con-
stants are equal, i.e.

g1=92=19, (6)

1
2

which can be satisfied by choosing appropriate transi-
tions in atomic systems,!*? thus the effective Hamil-
tonian for the system is written as

Hi = g (af |g){el + a3 |i)(g]) + H.c. (7)

Now we use the above system to engineer three-
dimensional entanglement between two modes of the
cavity. We assume that the cavity is initially in the
two-mode vacuum state |0,0). The atom, initially

prepared in the state

alg) +ble), a*>+b* =1, (8)

by a classical field F1, is sent through the cavity. The
interaction is described by the Hamiltonian (7) that
causes no effect on the state |¢’) |0,0). After an inter-
action time 77, the system combined by the atom and
the cavity evolves into the state

191 (1)) = alg’)]0,0) +b {— [cos (V3gri) +1] e} 10,0)¢

2

41 [cos (\/ign) - 1} i) |1, 1), — —= sin (\/ign) lg) |1,o>c} . 9)

V2

If the velocity of the atom is adjusted approximately so that v/2¢gm = 7 is fulfilled, we have

[¥1)a—c =alg’)10,0)c = bi) |1, 1)¢ - (10)
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Fig.2. (a) Schematic diagram of energy levels of a four-level atom with the corresponding transitions. (b)

Scheme for freezing the atom-field interaction through Stark effect.
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Now we turn the atomic transitions |e) «— |g)
and |g) < |¢) far off-resonant with the corresponding
field modes by an amount of detuning A, separately,
which can be achieved through the Stark effect*3] as
sketched in Fig.2(b).
be a large value so that the atom—field interaction is

Such a detuning can be set to

frozen. At the same time, the atom is addressed by
a classical microwave pulse S tuned to the transition

i) — |e),130] thus we have

V1) ac=0alg)10,0)c =ble)[1, 1) (11)

Then we again turn the atomic transitions |e) «—— |g)
and |g) «— [i) resonant with the corresponding
modes, respectively. After another interaction time

T2, the whole system evolves into the state

P2 = alg) 0.0 = {3 foos 20m) + 1[0) 1, e

i

4 feos 2072) = 1) 2:2)c = —=sin (29m) ) 2 1} (12)

Choosing the interaction time in such a way that 2¢gm = g is fulfilled, we have

b b . ib
| 92),—c = alg} [0.0)c = 5 le) [L.1)e + 5 [ 12.2)c + = 19) 12, ) - (13)

After the atom exits from the cavity, it traverses a classical field Fy, which leads to the transformation!

1

le) = —=(le) +18),

V2

then we have

i) —

V2

44]

1
7 (I2) = 1le)), (14)

b

[3)ac = alg)0,0)¢ — ﬁ[l@ (I, Do +12,2)c)

+m0Lwc—mamn+§%mszo (15)

Then the atom traverses another classical field F3, which leads to the transformation

le) = —=(le) +1¢)),

thus we have

lg") — 7

|050>C

() - len, (16)

- 211+ 12:2)0)

~l | S5 0.0 + (1.1 +12.2)0)

,>c—uak»+§%mnzwc. (17)

The atom is finally detected by the field ionization detector D, (D, ), if the atom is found in state |g’), the

cavity modes collapse onto the state

V2

7= | 51000 - F (1 1e+12:20)]. (13)

Or, if the atom is found in state |e), two cavity modes are in the state

v =
| >C€ Ne \/5

| 551000+ 5 (1L Dc +2200)] (19)
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1
Ny and N, are two normalization factors. Setting the parameters a and b of the classical field F; to be 3 and

2V2

5 respectively, we obtain the three-dimensional maximally entangled states for two cavity modes, i.e.

Sl

and
1

3

Sl

respectively. The probability for each of the two states

1
lg') and |e) detected is 6 thus the probability of suc-

.1
cess is —.

We now give a brief discussion on the experimen-
tal realization of the proposed scheme. To generate
three-dimensional maximally entangled state as de-
scribed above, we may consider a four-level Rydberg
atom with states |e), |g), |¢) and |¢'), of which the ra-
diative lifetimes are of the order of T,; = 30ms. In
the experiment reported in Ref.[19], the photon life-

time in the bimodal cavity is Tc = —— ~ 10735,

TV
thus the lifetime for the two-photon state should be

T
Top = 2 =5 x10%s. By using a velocity selector
and app%ying a Stark field adjustment, we can make
the atom resonant with the cavity field for the right

amount of time.[¥ Setting g = 27 x 25kHz, we have
7T

V2g

Considering the travelling time of the atom,!*®! we ob-

T = ~ 14 pus and 12 = 41 o~ 5 us in our scheme;
g

tain that the total time required to complete the pro-
cess is about 190 us (this time is shorter than that of
Ref.[38], in which the total time is about 350 us, with
the same atom—field coupling constant.), much shorter
than T, and Top. Therefore, by employing the super-
conducting microwave cavity with an enough high-Q
and Rydberg atom of long lifetime, there is sufficient
time to complete the process for engineering three-

(|070>C - |17 1>C - |272>C)7

(|070>C + |17 1>C + |272>C)7

(lg"y is detected),

(le) is detected),

dimensional maximally entangled state for two modes
of a bimodal cavity.

In conclusion, we have proposed an alternative
scheme for engineering three-dimensional maximally
entangled states for two modes of a superconducting
microwave cavity. The scheme is based on resonant
interaction of two cavity modes with an atom. By
comparison the present scheme is distinctively differ-
ent from that of Ref.[38]. Similarly, based on reso-
nant atom-field interaction (combined with Stark ef-
fect and classical addressing of an atom), the present
scheme uses a bimodal cavity, in which an atom inter-
acts simultaneously with two cavity modes, whereas in
the scheme of Ref.[38], an atom interacts separately
with two nonlocal cavity modes. Thus the present
scheme requires a smaller number of operations, which
makes it easier to implement than that of Ref.[38].
Moreover, it has been shown that the total time in
our scheme, required to complete the process is much
shorter than that required by the scheme in Ref.[38],
thus the present scheme can be quickly completed,
which is very important in the sense of decoherence.
Based on the recent microwave cavity QED technique
or the technique to be improved soon, the present
scheme might be realizable, and it might have appli-
cations in testing fundamental principle of quantum
mechanics and quantum information processing.
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