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Enhancement of Kerr nonlinearity with

vanishing absorption in a tripod scheme∗
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The giant enhancement of Kerr nonlinearity in a four-level tripod type system is investigated theoretically. By

tuning the value of the Rabi frequency of the coherent control field, owing to the double dark resonances, the giant-

enhanced Kerr nonlinearity can be achieved within the right transparency window. The influence of Doppler broadening

is also discussed.
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1. Introduction

There are many interesting phenomena in quan-

tum optics and atomic physics, induced by quan-

tum coherence and interference. Examples include

electromagnetically induced transparency (EIT),[1−5]

coherent population trapping or transfer (CPT)[6,7]

and lasing without inversion (LWI).[8−12] In nonlin-

ear optics,[13] the third-order Kerr nonlinearity χ(3)

plays an important role, and the enhanced Kerr non-

linearity has some useful applications in cross-phase

modulation[14] and self-phase modulation for the gen-

eration of optical solitons.[15] In a multi-level atomic

system with EIT, nonlinear optical processes, such as

four-wave mixing[16−18] and frequency conversion[19]

can be greatly enhanced. It is desirable to realize the

giant Kerr nonlinearity with low light powers,[20−22]

since it can be used to realize single-photon nonlinear

devices. In recent years, both theoretically[23−26] and

experimentally,[27−30] tremendous interest has been

aroused in the study of large third-order nonlinear

susceptibility with reduced, especially with vanishing,

linear absorption. In Ref.[23], Matsko et al, based on

multilevel atomic coherence, proposed a new method

of resonant enhancement of Kerr nonlinearity where

one-photon resonant absorption is suppressed by co-

herence effects. By use of autoionizing resonance, the

third-order nonlinearities can be enhanced while the

absorption is cancelled.[24] Considering the interaction

of dark resonances,[31] the Kerr nonlinearity can be en-

hanced several orders of magnitude accompanied by

vanishing linear absorption.[25]

In this paper, enlightened by the work in Refs.[25]

and [32], the enhancement of Kerr nonlinearity in a

four-level tripod atomic system is studied theoreti-

cally. As pointed out in Ref.[32], there are two trans-

parency windows, and changing the value of the Rabi

frequency of the coherent-control field will lead to an

asymmetric spectrum. This is different from that in

Ref.[31], where the asymmetric spectrum was achieved

by tuning the detuning of the coherent-control field.

In this atomic system, the magnitude of Kerr nonlin-

earity can be enhanced several orders within the right

transparency window by appropriately choosing the

value of the Rabi frequency of the coherent-control

field due to the double dark resonances. The en-

hancement is achieved by the presence of the coherent-

control field, since it can induce the quantum coher-

ence of the lower states. At the end of this paper, the

influence of Doppler broadening[33] is discussed.

2. Model and basic equations

The conserved atomic system, i.e. there is no de-

cay to states outside this system, considered in this
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paper is the same as that in Ref.[32] and is shown in

Fig.1, which can exhibit double electromagnetically

induced transparencies. Three lower states |b〉, |c〉,
and |d〉 are coupled near-resonantly to the excited

state |a〉 by the probe, the pump and the coherent-

control fields, with carrier frequencies ν1, ν2, and ν3,

respectively; γ1, γ2, and γ3 denote the population re-

laxation decay rates from the excited state |a〉 to the

lower states |b〉, |c〉, and |d〉, respectively. Within the

rotating wave approximation, the full set of density

matrix equations are given by

ρ̇aa = −i(g∗ρab − gρba) − i(G∗ρac − Gρca) − i(Ω∗ρad − Ωρda) − (γ1 + γ2 + γ3)ρaa, (1)

ρ̇bb = i(g∗ρab − gρba) + γ1ρaa, (2)

ρ̇cc = i(G∗ρac − Gρca) + γ2ρaa, (3)

ρ̇dd = i(Ω∗ρad − Ωρda) + γ3ρaa, (4)

ρ̇ac = i∆0ρac + igρbc + iG(ρcc − ρaa) + iΩρdc −
γ1 + γ2 + γ3

2
ρac, (5)

ρ̇ad = i∆cρad + igρbd + iGρcd + iΩ(ρdd − ρaa) − γ1 + γ2 + γ3

2
ρad, (6)

ρ̇ab = i∆ρab + ig(ρbb − ρaa) + iGρcb + iΩρdb −
γ1 + γ2 + γ3

2
ρab, (7)

ρ̇cd = i(∆c − ∆0)ρcd + iG∗ρad − iΩρca, (8)

ρ̇cb = i(∆ − ∆0)ρcb − igρca + iG∗ρab, (9)

ρ̇db = i(∆ − ∆c)ρdb − igρda + iΩ∗ρab. (10)

Fig.1. Schematic diagram of energy levels for a four-level tri-

pod system studied. It consists of three lower states and an

excited state, denoted by |b〉, |c〉, |d〉, and |a〉, respectively.

The three lower states are respectively coupled to the excited

state via the probe, the pump and the coherent-control fields.

The above equations are constrained by
∑

i ρii =

1 and ρij = ρ∗ji, (i, j = a, b, c ,d, and i 6= j).

Here ∆, ∆0, and ∆c are the detunings of the probe,

the pump and the coherent-control fields respectively.

They are defined as ∆ = ωab − ν1, ∆0 = ωac − ν2, and

∆c = ωad − ν3. In the simplified case, the dephasing

rates between states |b〉, |c〉, and |d〉 are not included.

Furthermore, the strengths of the atom-field coupling

are given by the Rabi frequencies g = µba ·E1/~ on the

|b〉 ↔ |a〉 transition, G = µca · E2/~ on the |c〉 ↔ |a〉
transition, and Ω = µda ·E3/~ on the |d〉 ↔ |a〉 tran-

sition, where µba, µca, and µda denote the electric

dipole matrix elements.

3. Results and discussions

The third-order nonlinear susceptibility is the pa-

rameter for special consideration. By taking ρ
(0)
bb = 1.0

and assuming that the intensity of the probe field

is very small as compared with those of the pump

and the coherent-control fields, ρ
(1)
ab and ρ

(3)
ab can be

solved in the steady state. By combining with χ =

χ(1) +3|E1|2χ(3), the linear susceptibility χ(1) and the

third-order nonlinear susceptibility χ(3) are given by

χ(1) = −2N |µab|2
~ε0Z

[(∆ − ∆0)(∆ − ∆c)], (11)
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χ(3) =
2N |µab|4
3~3ε0gQ

(

ARe[ρ
(1)
db ] + BIm[ρ

(1)
db ] + CRe[ρ

(1)
cb ] + DIm[ρ

(1)
cb ] + FIm[ρ

(1)
ab ]

)

, (12)

where

Z = [∆ + i(γ1 + γ2 + γ3)/2](∆ − ∆0)(∆ − ∆c) − G2(∆ − ∆c) − Ω
2(∆ − ∆0). (13)

Here A, B, C, D, F , Q are functions of G, Ω , ∆, ∆0,

∆c, γq (q = 1, 2, 3), (their explicit expressions are so

complicated that they will not be presented here), and

N is the atom density.

For the sake of convenience, all parameters are re-

duced to dimensionless ones by scaling with γ1. Con-

sidering the case when ∆0 = −1.0, ∆c = 1.0, the vari-

ations of the refractive part of the third-order nonlin-

ear susceptibility (solid curve) and the imaginary part

of the linear susceptibility Im[χ(1)] (dashed curve) ver-

sus the probe detuning ∆ with different intensities of

the coherent-control field are plotted in Fig.2. For

brevity, the effect due to the different value of the

population decay from the excited state |a〉 to differ-

ent ground state sublevels |i〉 (i = b, c, d) is not con-

sidered. Parameters are taken to be γ2 = γ3 = 1.0,

G = 1.0, (a) Ω = 1.0, (b) Ω = 0.2. The magni-

tude of Im[χ(1)] in Fig.2(b) is magnified 10 times for

the sake of clarity, and the inset shows the behaviour

within the right transparency window. In agreement

with that demonstrated in Ref.[32], it can be obtained

from Fig.2(a) that there are two transparency win-

dows, whose positions are determined by ∆0 and ∆c,

namely, the positions of the two transparency windows

can be shifted by changing ∆0 or ∆c. This can also be

derived from Eq.(11). The real part of χ(3) is symmet-

ric around the two transparency windows, however it

has also a strong linear absorption. This is undesirable

for application. Fortunately, we can get around this by

changing the value of Rabi frequency of the coherent-

control field Ω , since it can cause the refractive part of

χ(3) to be asymmetric. By comparing the case when

Ω = 0.2 with that in Fig.2(a), one can find that the

magnitude of the real part of χ(3) is increased about

one order. More important is that, by decreasing the

Rabi frequency of the coherent-control field, the large

real part of χ(3) is shifted into the right transparency

window, i.e. with vanishing linear absorption. This

can be seen more clearly from the inset. This is desir-

able for the application of it.

Fig.2. Variations of Re[χ(3)] (solid) and Im[χ(1)] (dashed)

versus the probe detuning ∆. The common parameters are

taken to be γ2 = γ3 = 1.0, ∆0 = −1.0, ∆c = 1.0, G = 1.0, (a)

Ω = 1.0, (b) Ω = 0.2. In (b), Im[χ(1)] is magnified 10 times

for clarity. The inset illustrates the behaviour in the vicinity

of the right transparency window.

It is instructive to compare the enhanced Kerr

nonlinearity with that in a three-level Λ type system

and to consider the influence of the detuning of the

pump field and the intensity of the coherent-control

field, because they can change the absorption prop-

erty correspondingly. The variations of Re[χ(3)] in

the presence (solid curve) and absence of the coherent-

control field (long-dashed curve) and Im[χ(1)] (dashed

curve) versus the probe detuning ∆ are plotted in

Fig.3. The parameters are γ2 = γ3 = 1.0, ∆0 = 0.0,

∆c = 1.0, G = 1.0, (a) Ω = 0.2, (b) Ω = 0.1. In

Figs.3(a) and (b), Im[χ(1)] are magnified 10 and 20

times, respectively. In comparison with the solid and
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long-dashed curves in Fig.3(a), the magnitude of the

real part of χ(3) is much larger than that in a three-

level Λ type system. From Figs.2(b) to 3(a), one can

find that the enhanced Re[χ(3)] within the right trans-

parency window is varied from asymmetric to sym-

metric. By reducing the value of Rabi frequency of

the coherent-control field to Ω = 0.1 (see Fig.3(b)),

the magnitude of Kerr nonlinearity can be increased

much more.

Next, we investigate the physical mechanism lead-

ing to giant enhancement of Kerr nonlinearity. Con-

sidering the case γ2 = γ3 = 1.0 and ∆0 = 0.0 for

convenience, we have A, B, C, D, F , Q in Eq.(12) as

follows:

A = [2∆(∆ − ∆c)]/Ω ,

B = − 4∆

3Ω∆c
[(∆ − ∆c)(G

2 − ∆
2
c) + Ω

2(∆ − 2∆c)],

C = [2∆(∆ − ∆c)]/G,

D =
4(∆ − ∆c)

3G∆c
[∆(G2 + Ω

2) + G2
∆c],

F =
1

3G2Ω2∆2
c

{(∆ − ∆c)[8∆∆
2
cG

4 − 9∆∆
2
c(G

2 + Ω
2) − 4∆∆

4
cG

2 − 4∆(G2 + Ω
2)3]

−∆
2
c [4∆(10∆− 9∆c)G

2
Ω

2 − 4G2
Ω

2(G2 + Ω
2) + 6i(2∆ − ∆c)G

2
Ω

2]},
Q = (∆ − ∆c)(2G2 − 2∆2 − 3i∆) − 2∆Ω

2.

Fig.3. Variations of Re[χ(3)] with (solid curve) and without

the coherent-control field (long-dashed curve) and Im[χ(1)]

(dashed curve) versus the probe detuning ∆. Parameters are

γ2 = γ3 = 1.0, ∆0 = 0.0, ∆c = 1.0, G = 1.0, (a) Ω = 0.2, (b)

Ω = 0.1. The insets show the behaviour in the vicinity of the

right transparency window.

Equation (12) exhibits that there are five major

contributions to the third-order nonlinear susceptibil-

ity. In order to make their influence more clearly,

in Figs.4(a) and 4(b), Re[χ(3)] and their contribu-

tions versus the probe detuning ∆ are plotted, re-

spectively. The inset in Fig.4(b) demonstrates the

behaviour within the right transparency window, and

the contribution from Im[ρ1
db] is magnified 1.5 times

for clarity. The parameters are the same as those in

Fig.3(b). Figure 4(a) shows that, in the region be-

yond the right transparency window, Kerr nonlinear-

ity (dashed curve) is influenced dominantly by one-

photon resonant absorption (solid curve), and the con-

tributions of the other four terms are very small. How-

ever, within the right transparency window, the con-

tribution from Im[ρ
(1)
ab ] is reduced dramatically. The

enhanced giant refractive part of χ(3) is mainly at-

tributed to the quantum coherence of states |b〉 and

|d〉, and it is induced by the coherent-control field,

which can be seen clearly from Eqs.(14) and (15).

Equations (14)-(17) show that, when the value of the

Rabi frequency of the coherent-control field is much

smaller than that of the pump field, A,B ≫ C,D, the

contributions from ρ
(1)
cb are very small, and can be ig-

nored.
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Fig.4. Re[χ(3)] ((a) dashed) and the contributions from

Im[ρ
(1)
ab

]) ((a) solid), Im[ρ
(1)
db

] ((b) dotted), Re[ρ
(1)
db

] ((b) long-

dashed), Im[ρ
(1)
cb

] ((b) dot-dashed), Re[ρ
(1)
cb

] ((b) double dot-

dashed) versus the probe detuning ∆. The parameters are

the same as those in Fig.3(b). The inset shows the behaviour

in the vicinity of the transparency window. For clarity, the

magnitude of the contribution from Im[ρ
(1)
db

] is magnified 1.5

times.

4. Doppler broadening

The above treatment ignores the effect of Doppler

broadening. In practice, the atoms may move with a

velocity v, giving an effective frequency for the probe,

the pump and the coherent-control fields of ν1 − k1v,

ν2 − k2v, and ν3 − k3v due to the Doppler effect,

where k1,2,3 = ±ν1,2,3/c with +(−) indicating that

the probe, the pump and the control fields propagate

in the same (opposite) direction of the atom motion.

For the sake of simplicity, we assume k1 = k2 = k3 = k

and the probe, the pump and the coherent-control

fields propagate in the same direction of the atom

motion. By using ν1 → ν1 − kv, ν2 → ν2 − kv,

ν3 → ν3 − kv, and integrating over the Maxwell–

Boltzmann distribution for velocities, the third-order

nonlinear susceptibility is then given by

χ(3) =

∞
∫

−∞

χ(3)(v)f(kv)d(kv), (14)

where

f(kv)d(kv) =
1√

2πδ2
exp(−k2v2/2δ2)d(kv); (15)

and

δ =
√

kBTν2
1/Mc2, (16)

is a measure of the Doppler width in the Maxwell–

Boltzmann distribution.

Figure 5 shows the variation of the refractive part

of the third-order nonlinear susceptibility versus the

probe detuning ∆ with different Doppler broadenings:

δ = 0.0 (solid curve), δ = 0.2 (double dot-dashed

curve), and δ = 1.5 (dashed curve). The parameters

are the same as those in Fig.3(b). The result when

δ = 0.2 (double dot-dashed curve) shows that the

refractive part of the third-order nonlinear suscepti-

bility is not sensitive to Doppler broadening because

the Doppler width is much smaller than the Rabi fre-

quency (G = 1.0) of the pump field. However, for

large Doppler width, it is no longer the case. For in-

tensity, when δ = 1.5, the magnitude of the refractive

part of the third-order susceptibility is dramatically

reduced. It can be understood that the quantum co-

herence is weakened because of Doppler broadening.

In order to overcome the influence of the decoherence

due to Doppler broadening, we can choose cold atoms

to obtain the giant enhancement.

Fig.5. Variations of Re[χ(3)] versus the probe detuning ∆ with

different Doppler broadenings: δ = 0.0 (solid curve), δ = 0.2

(double dot-dashed curve), and δ = 1.5 (dashed curve). Pa-

rameters are the same as those in Fig.3(b).

5. Conclusions

In conclusion, the possibility of enhancing the

Kerr nonlinearity based on double dark resonances

in the four-level tripod system has been investigated.

Owing to the double dark resonances, the Kerr non-

linearity can be enhanced several orders of magnitude
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with vanishing linear absorption at a certain detun-

ing by choosing the value of the Rabi frequency of the

coherent-control field appropriately. This is due to

the presence of the coherent-control field, which can

induce the quantum coherent of states |b〉 and |d〉. In

principle, the magnitude of Kerr nonlinearity can be

enhanced much more by decreasing the intensity of the

coherent-control field. Beyond this window, the one-

photon resonant absorption is dominantly responsible

for the Kerr nonlinearity. The contributions from the

quantum coherence of the states |b〉 and |c〉 are very

small and can be ignored because the value of Rabi

frequency of the coherent-control field is chosen much

smaller than that of the pump field.
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